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AN' ALPHABET of ANALOGICAL APPLICATIONS 

A is for Amplifying, accurately and articulately, according to algebraic or analytic authority, 

automatically to achieve aspirations. B is for Balancing bridges and other networks, nonlinear 

as well as linear, in order to compute or test or control something. C is for Computing, con

trolling, causally reversing, closing of many categories of loops, in cosmology, communications, 

chemistry, et cetera.D is for Differentiating of variables, for example with respect to time; also 

dividing one by another; also dynamically transforming them. E is for Educating one's self or 

others, using electronic models of the objects in point: quick to assemble, to operate, and to alter. 

F is for Findipg the finest set of design parameters for, say, a feedback system, giving maximum 

performance and reliability. G is for Generating functions in great variety, whether of time or 

of other variables, giving glorious graphical generality.H is for Hybridizing of logical and 

analogical apparatus, thus harmonizing the continuous and the discrete by natural procedures. 

I is for Inversion in the sense of sign-reversal, but
' 

more broadly too; also integrating; also 

isolation of influences; also inciting intuitions. J is for Judging and judicating, perhaps auto

matically, in the course of evaluating result s against justifiable criteria. K is for Keeping a 

physical state intact or predictable, in spite of disturbances, and thus assuring some static or 

dynamic outcome (desirable). L is for Linearizing the nonlinear, if desired; conversely, for 

example, limiting or otherwise liberalizing the linear realm.Mis for Modelling, measuring, 

and manipulating, as on the front cover, but also multiplying, memorizing, and maximizing 

or minimizing. N is for Neutralizing or nullifying of nuisances or unwanted effects in an 

experiment or on-line process; also normalizing. 0 is for Operating and organising systems, 

including self-organising ones; also optimizing by parameter search; also oscillating. p is 

for Perceiving physical states, or patterns; also predicting aqd prolonging desired conditions; 

also pedagogy on dynamical theory and practice. Q is for Questioning Nature, sometimes 

obliquely, always diplomatically, flattering her through imitation; also quickening of responses. 

R is for Realizing in the routine sense, and also in the sense of making real, as when making 

mathematics come to life. S is for Simulating or synthesizing of systems, whether already on 

hand or simply on the dwg. boards; also statistics and stochastics. T is for Testing of machines 

and components, as well as of brainwaves and brainstorms; also training of technologists; also 

trying out of tolerances. U is for Unilateralizing, or restricting causality to a single direction 

when this is required, between subsystems; also, unlearning the untrue. V is for Varying experi

mental conditions automatically, according to space-filling excursions, regular or random; also 

vibrating.Wis for Weighting of averages, generalizing the simple summation of functions of 

time; also waveform development and analysis. X is for X-ray instrumentation in experimental 

physics, as for the velocity regulator of the Mossbauer apparatus. y is for Yield-estimation 

for planned or existing production processes, in which intricate or implicit inter-relationships ob

tain. Z is for Zero-seeking, both in the sense of nulling and in the finding of the roots of a 

function. & itself is for all additional applications of analogical artifices. 

,ECTRONIC ANALOG COMPUTING EQUIPMENT for MODELLING, MEASURING, MANIPULATING, and MUCH ELSE 
Mathematicians and others are welcome to approach PHILBRICK RESEARCHES, INC., Boston, Mass., 02116 © 1964 SCIENTIFIC AMERICAN, INC



Ohm's Law - 1964 
It's called van der Pauw's theo
rem. And in my opinion, it is a 
most striking example of how a 
rather sophisticated piece of ma
thematics led to an extremely 
practical result. Why? Because 
of its outstanding elegance and 
simplicity. Before van der Pauw 
came along, the determination of 
specific resistivity - especially in 
the case of semi-conductors -
while not exactly difficult, was a 
time-consuming and lengthy pro
cedure. The best procedure avail
able was to grind cylindrical or 
prismatic rods and to determine 
accurately both length and cross 
section. 

Van der Pauw, on the other hand, 
showed that it is possible to 
measure the specific resistivity of 
a Hat sample of constant thick
ness but otherwise arbitrary shape 
merely by placing four small 
contacts (1, 2, 3, 4) on the cir
cumference. Then if we define 
R 12 as the ratio of the voltage 

between 1 and 2, and the current 
between 3 and 4, and similarly 
R23, we have: 

-ndRJ2/(! -ndR23/(! 
e +e =1. 

where d is the thickness of the 
s�mple. 

Let me indicate the proof. First 
take an infinite half plane. Then 
all potentials are logarithmic and 
the proof is elementary. Next 
map conformly to obtain the 
desired contour and remember 
that resistance is a conformal in
variant. That's all. Very simple 
once you begin to think about it -
which apparently no one did 
before van der Pauw. And very 
useful; one measures two resis
tance values and reads eld from a 
set of curves. We not only apply 
this in the research laboratories, 
but also in our factories to test 
specific resistance. 
Incidentally, if you would like 

the complete proof of van der 
Pauw's work, send for Philips 
Technical Review vol. 13, No. l. 
It's called "A Method of Illeasur
ing specific resistivity and· Hall 
Effect of discs of arbitrary shape". 
I think you'll enjoy it. 

The Philips Research Laboratories carry out research in many fields of fundamental science. Among these: Acoustics, 
Chemistry, Cryogenics, Perception, Plasma, Material testing, Nuclear physics, Solid state physics,· Telecommunications. 

The laborato"" are an integral adj unet to the 

I 
International Concern whose simple slogan is: r. 

trust in PHILIPS is world-wide IE 
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West Germany: A Bliss arrest· 
ing gear "catches" a landing 
U. S. A. F. jet fighter on the 
runway after a brake failure. 

Memphis: Antiquated fire 
alarms are replaced by a 
modern, more extensive Bliss
Gamewell coded alarm system. 

technologies 
for better, 
safer living 

Australia: Vitally-needed alu
minum strip comes whirling 
off a new Bliss cold mill near 
Sydney. 

Brazil: Auto body sections are 
stamped out on huge Bliss 
mechanical presses at a plant 
in Sao Paulo. 

Chicago: A Bliss Mackintosh
Hemphill roll is readied for 
service in a rolling mill at a 
giant steel plant. 

Cape Kennedy: Bliss-built noz
zles and engine parts help 
guide a Minuteman missile 
5,000 miles down range. 

Tampa: Revolutionary Bliss
Eagle traffic control system 
uses an electronic brain to 
synchronize traffic flow. 

Even as these events are taking place, others are in the making. Bliss dedicates a new press

building plant for Israel ... ships a complete can-making machinery line to a big food packer ... 

announces a new plant in Canada to manufacture precision timers and other products ... negotiates a 

contract for prototype production of parts for an advanced rocket system. 

Everywhere in this growing, changing world, you'll find Bliss ... growing 

and changing with it. Write for our 20-page booklet of Bliss activities. 

E.W. BLISS COMPANY • Canton. Ohio 
BLISS 

Facilities in: Canton & Salem, Ohio; Hastings, Michigan; Pittsburgh, Midland & Drexel Hill, Pa.; Worcester and Newton, Mass.; 

Portland, Maine; Moline, Illinois; Davenport, Iowa; Baraboo, Wisconsin; France; England; Canada; Australia; Israel. 
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PLANALOG* 
SYSTEMS 
Breakthrough in 

program planning 
and control 

Have you ever wished program planning 
techniques were less complicated ... or 
faster . . . or capable of showing profit 
opportunities more clearly? 

Planalog Systems have everything you've 
been wishing for. They are easy to use. 
They are the first systems capable of 
showing instantly how changes will affect 
a plan. And with Planalog, it is a simple 
matter to analyze a plan for greater effec
tiveness. Planalog is a genuine "break
through" in planning and control tech
nology. 

A dynamic projection of information is 
the basic tool of a Planalog System. Activi
ties and events symbolized in a Planalog 
function with the same relationships as 
the actual activities and events. In effect, 
the projection is a simple analog computer. 

The Planalog System can be profitably 
applied to any program which involves a 
sequence of related activities and events. 
Up to 300 interrelated activities and 
events can be symbolized, displayed, and 
manipulated in a space 36 inches by 18 
inches. Equipment is compact and easily 
portable. 

4 

SEND FOR ADDITIONAL INFORMATION 

Specific uses of Planalog Sys· 

terns are described in our bro

chure. Write on company 

letterhead for a free copy, 

stating your area of interest. 

PLANALOG INC. 
800-1 Suburban Station Building 

Philadelphia, Pa. 19103 

'Trademark Patented in U.S.A. 
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THE COVER 

The cover of this issue poetically represents 
the theme of the issue: mathematics in the 
modern world. It is a detail of a painting by 
Rene Magritte; the entire painting is shown in 
the small reproduction at left. The painting 
symbolizes that aspect of mathematics which 
makes outrageous new assumptions to erect 
new mathematical systems. Through the closed 
half of the window one sees a sunlit sea and 
sky. The open half shows that behind the win
dow is nothingness; one assumes, then, that 
the scene is painted on the glass. But wait! At 
the top of the open half of the window one 
can see the window frame through the glass. 
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GIANT QUANTUM EFFECT 
IN SUPERCONDUCTORS 

Ford Motor Company scientists report a macroscopic system that 
obeys the laws postulated by the Quantum Theory 

Superconductivity-the complete disappearance of re
sistance to electrical current in certain metals at tem
peratures near absolute zero-has long tantalized 
scientists with unfulfilled promises of technological 
advances in computers and communication. The 
principal obstacle to future advances was a lack of 
basic understanding of the nature of superconduc
tivity. Now Ford scientists report confirmation of a 
novel concept that basic laws governing the current 
flow in superconductors are identical with the laws, 
postulated by the Quantum Theory, describing the 
motion of electrons in the atom themselves. 

These laws are an attempt to account for atomistic 
nature in terms of wave characteristics presumed 
associated with particles. This allows a strange kind of 
addition-two large waves can combine "out of phase" 
-the crests of one joining the troughs of another-to 
produce a wave disturbance smaller than the original 
waves. 

ANALOGY BETWEEN ELECTRON ORBITS IN ATOMS AND ELECTRON 

CURRENT IN SUPERCONDUCTORS 

An electron traveling in its orbit is a lossless-current comparable to the loss
less current observed in superconductors. If this analogy is valid, other 
Quantum effects proposed for atoms should be applicable to superconductors. 
For example: wave properties in phase add constructively; waves out of 
phase cancel. 

Wave-like characteristics have been discovered in 
supercurrents equivalent to those hypothesized by the 
Quantum Theory as existing in atomic orbits. How
ever, in the Ford experiments the "orbits" extend over 

several inches, distances hundreds of millions of times 
larger than those of the atomic world. 

This giant quantum effect was detected by measuring 
the flow of electrical current between two supercon
ductors. The wave properties of the electron current 
between the two superconductors allow current to 
combine with varying phases. When they are in phase, 
the resulting current is larger than either of the 
original currents; when they are out of phase, the 
resulting current is smaller. Whether the interference 
is in or out of phase depends upon the strength of the 
magnetic flux within the superconducting material. 

FORD EXPERIMENTS PROVE THE WAVE NATURE OF SUPERCONDUCTORS 

ill_�_: _ 

- -400 -200 0 200 400 

MAGNETIC FIELD (MICROGAUSS) 

By watching the current strength change on conven
tional measuring devices, Ford scientists now can 
"see" the giant quantum wave motion of the electrons. 

Ford scientists view this breakthrough in the control 
of superconductivity as possibly leading to a whole new 
family of solid state devices. For instance, a supercon
ducting magnetometer has been built in the Ford Labo
ratories with a field resolution of small fractions of a 
microgauss, the highest resolution yet obtained in the 
measurement of magnetic flux. Amplifiers, oscillators 
and computer elements employing super conducting 
quantum effects are other applications being explored 
at the Ford Research Laboratories. 

PROBING DEEPER TO SERVE BETTER 

The American Road, Dearborn, Michigan 
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MICROMINIATURE CIRCUITRY 

TRANSPORTABLE TACTICAL COMMUNICATION STATION 

TACTICAL DATA SYSTEM 

DATA EQUIPMENT 

AIRBORNE TRANSCEIVER 
-

--

AIRBORNE WEATHER RADAR 

Invisible 
Products 

... The hundreds of behind-the-scenes 

Collins products for 

comm unication/ compu tation/ control 

systems serving industry and 

government around the world ... 

24 hours a day, every day. 

Backed by more than three decades 

of effort in advancement of the 

state-of-the-art, a new kind 

of company enters a new era in 

pursuit of a new science: Applied 

Information Science. 

Applied Information Science 

combines automatic communication, 

computation and control equipment 

into total systems which acquire, 

transfer, store, extract, process and 

condense information for man's use. 

Collins is one of the 

leading suppliers of equipment 

and systems to expand or 

modernize facilities around 

the world for 

COMMUNICATION / COMPUTATION / CONTROL 

&� 
COLLINS 

��# 

COLLINS RADIO COMPANY I WORLD HEADQUARTERS I DALLAS. TEXAS 
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More than a calculator - Almost a computer 
... and now with automatic input- $4350 

THE WYLE SCIENTIFIC IS THE FIRST DESK-TOP COMPUTATIONAL CENTER designed specifically for the solution 

of complex scientific and engineering problems. Almost as simple to operate as an adding machine, it provides 

arithmetic capability, efficiency and speed never before available in a calculator. 

WITH AUTOMATED DATA ENTRY, it eliminates all the tedious, wasted time of multi-step repetitive arithmetic 

problem solving. You enter only the variables manually. All the repetitive procedures are run off automatically 

from a prepared program library of simple punchcards fed into the calculator reader. And you don't have to be a 

programmer or need additional equipment to prepare your own input library. You simply punch in your instruc

tions by hand on a Wyle stored-program card, which has the calculator keyboard reproduced on it. With this auto

mated input added to the Wyle Scientific versatility, you will solve complex problems at speed approaching that 

of a computer. 

NEVER BEFORE CAPABILITIES LIKE THESE 
The contents of all registers are displayed, 
on an eight-inch cathode ray tube, as indi
cated in the following diagram. 

Multiplier-Quotient Register 
Entry Register 
Accumulator Register 

Storage Register 1 
Storage Register 2 
Storage Register 3 

All parts of a problem are visible. The 
contents not only of the three active arith
metic registers, but also of the three stor
age registers are displayed at all times. 
Numbers entered from the keyboard are 

8 

seen as they are entered and can be veri
fied before use. 

Transcription errors are eliminated 
through complete versatility of transfer 
from any register to any other without loss 
of desired data. 

All registers handle 24-digit numbers. 
Decimal points are entered the same 

as digits, using an eleventh key, and all 
input and answers are correctly aligned 
with decimal point on the output display. 

Automatic square root is provided, as 
is single entry squaring and multiple sub
totals. 

The calculator has plug-in compatibility 
with auxiliary input-output devices includ
ing printers, paper tape equipment, and 
other EDP equipment. 

Its operation can be learned in minutes, 
and it functions with the speed, quiet, and 
reliability of its solid state design. 

These capabilities, combined with 
automatic entry, for the first time fill the 
technical and economic gap between cal
cu lators and computers. 

$3950 for basic calculator 
(You can add automatic 
input later) 

$4350 complete with automatic input 

For further information, write Dept. G. 
Products Division, Wyle Laboratories, 
EI Segundo, California. Or telephone (213) 
ORegon 8-4251. 

WYLE LABORATORIES 
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11Jhat happens when we put wings on our economy? 

America prospers-as utility aircraft 

enable companies to do business more 

efficiently. Today some 40,000 planes 

owned by corporations, plus another 

80,000 owned by individuals, are cutting 

costs-saving time. Executives, salesmen, 

engineers, prospectors, maintenance 

crews, farmers-all kinds of people in 

business-are using utility aircraft to 

help give our economy a new lift. 

This "general aviation" fleet makes 18 
million flights a year, compared to 7 
million by the airlines. Of the 8,000 air 

fields in this nation, 576 are served by 

the scheduled airlines, but the business 

fleet uses virtually all of them. 

Next year more than 200 million 

dollars will be invested in utility aircraft. 

It is an investment in time, an 

investment in cutting business costs by 

cutting business distances. 

What has Avco to do with this growth 

industry? Plenty-because about half of 

this business fleet flies with engines 

produced by Avco's Lycoming Division. 

Ever since the first Lycoming aircraft 

engine was produced in 1927, the 

Lycoming name has been synonymous 

with dependable power. Today Lycoming 

engines- both piston and gas turbine

are used in more than 100 different 

types of airplanes and helicopters. And 

Avco engineers are constantly striving 

for improved performance through 

better design for aircraft of the future. 

Avco means leadership in broadcasting, 
aircraft engines, farm equipment, and space 
alld defense research, development, 
production. If you are interested in a career 

at Avco-an Equal Opportunity 

Employer-please write us. 

vc:o 
Aveo Corporation, 750 Third Avenue, New York 17, N.Y. 
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CHART 

RECORDERS 
Moseley, pioneer and world 
leader in servo recorders, 
today offers over 40 X·Y 
recorders in all paper sizes, 
1 and 2 pens , bench, rack 
or metric models, plus wide 
line of ultra'compact solid 
state 5" and 10" str ip chart 
recorders, for laboratory or 
industrial use. 

Mode17000A, typical Mose· 
ley X·Y recorder, features I 
new silent Autogrip* elec'

l 

[' 
tric chart holddown, 100 � 
/Lv/in sensitivity, 1 megohm 
input impedallce on all 
fixed and variable ranges. 
ACinput ranges to 5mv/in, l 
new high-reliability poten--, 
tiometers, time sweeps , 

both axes, multi·scale zero : 
offset; $2575. ' I 

Model 7100A, typical Mose· 
ley str ip chart recorder, fea· 

es 1 megohm input im. 
pedance on all 10 ranges, 1 
mv sensitivity full scale 
(optional), % second bal· 
ance time, instant chart 
speed cllange and quick 
paper roll change, remotely 
controlled "jump" speed, 
many options for recorder· 
controller use; $1800. 
Write forcatalog: F.l. Mose· 
ley Co., 433 N. Fair Oaks 
Av., Pasadena" Cal. 91102 

� 

MOSELEV @jJ 
An affil iate of Hewlett·Packard 

-r rade Mark. Pat Pend. 

LETTERS 

Sirs: 
The critical momentum of his review 

of Bernard Berelson and Gary A. Stein
er's Human Behavior: An Inventory of 
Scientific Findings [SCIENTIFIC AMERI
CAN, July] carries Jules Henry into cer
tain errors concerning the study of hu
man and animal behavior. He speaks of 
"the Skinner box, an automatic baby
tender that makes it unnecessary for 
parents to touch their babies." The de
vice does nothing of the sort. It was 
designed to improve the physical en
vironment of the baby. If it has any ef
fect on the social environment, it is in 
furthering warmer, happier and more 
productive contacts between parent and 
child. But Henry has got the wrong box. 
He should be talking about a quite dif
ferent piece of equipment used in the 
study of operant behavior. He refers to 
operant conditioning but confuses the 
reader by moving at once to an isolated 
phenomenon as if it characterized the 
whole field. The particular fact he refers 
to is this: if an apparatus delivers small 
amounts of food to a hungry organism, 
the organism develops a superstition in 
the sense that it begins to behave as 
if the delivery of the food were contin
gent on its behavior. It acts "as if it 
were causing the food to appear." 

Professor Henry argues that to ex
trapolate this principle to superstition in 
man breaks "the law of homologous ex
trapolation" because rats and pigeons 
are not homologous with man. One 
would suppose that a very considerable 
homology has been established in the 
biological and medical sciences, much of 
which is relevant to behavior. Whether 
a fact about a lower organism also 
holds for man is a question to be de
cided not by anthropological fiat but 
by research. Many characteristic fea
tures of operant behavior hold for a 
surprisingly wide range of species, in
cluding primates and among them man. 
For example, certain subtle and com
plex schedules of reinforcement are for· 
mally homologous in the environments 
of men and animals and prove to have 
similar effects. The schedules built into 
gambling devices have been extensively 
studied in operant laboratories, and ef
fects on rats and pigeons are surprisingly 
close to those to be seen in Las Vegas. 

The reinforcing contingencies that 
generate superstitious behavior over a 
wide range of species do not explain 

all superstitious phenomena. The par
ticular response adopted by a pigeon 
is due to a temporal accident, and two 
pigeons are not likely to hit on the 
same response. The fact that different 
Zuni Indians appear to behave in more 
or less the same way suggests that the 
behavior is transmitted, and transmis
sion requires its own explanation. The 
contingencies that first led to dancing 
in a given way, singing particular songs 
or making prayer sticks of a given kind 
are not now available for study. But 
the contingencies that maintain the 
transmitted forms can be examined. 
Zuni Indians do dance as if their danc
ing produced rain. It is relevant that 
rain coming at the end of a long drought 
is strongly reinforcing, and that the 
more conspicuous and stereotyped the 
behavior with which it coincides, the 
more effective the contingencies. It is 
also relevant that aversive conditions 
that tend to be self-limiting are particu
larly favorable to the development of 
superstition. Recovery from illness, for 
example, is likely to be reinforcing, and 
short-term illnesses breed many sup
posed "cures." 

Henry can no doubt support his claim 
that "extrapolation from animals to hu
mans leads to absurdity sometimes com
pounded by ignorance." Anthropolo
gists have abundantly demonstrated that 
the same can be said for extrapolations 
from one human group to another. But 
extrapolations may also have happier 
consequences. Etymology may restrain 
anthropologists from enjoying them, 
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When eomputers need a eo", eold heart ... 

[ 

Aireo helium ereates a minus 45Zo, llioodstream 

Research into "superconductivity" promises exciting 

new electronics advances, including major reductions 

in the size of computers. This is possible through the 

use of smaller components, such as cryotrons, which 
become superconductive when immersed in a 

-452°F. bath of liquid helium and operate on very low 

power sources in this state. 

Other electronic uses for helium include the produc

tion of gaseous discharge tubes and voltage regulator 
tubes, and the protective shielding of silicon and 

germanium crystals during growth. To meet these 

expanding uses, Airco has developed the first large

scale liquid helium distribution system, comprising 

special cryogenic shipping containers, over-the-road 

liquid tank trucks, and three liquid-to-gas conversion 
plants. 

Airco serves many industries with dependable sup

plies of liquid and gaseous helium. You can also rely 
on Airco for oxygen, nitrogen, hydrogen and argon, in 

both liquid and gaseous forms. Write for more details 
to: Air Reduction Sales Company, 150 East 42nd Street, 
New York, N.Y. 10017. 

�� AIR REDUCTION 

" 
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Output of Scientific and Professional 
Manpower Increase� by 100% 

• Contour mapping by computers and CalComp plotters doubles the 

number of studies that can be generated by an oil company's scientific 

and prof essional manpower-thereby increasing by 100% the chances 

of drilling producing wells. 

Other examples: CalComp plotters are used to plot and annotate 

rocket firing data in 2Y2 minutes, instead of 5 hours manually; plot 

missile test firing telemetry data in 3 hours instead of 2 weeks. 

GOVERNMENT - Microminia. 
ture techniques were used in this 
pulse code modulated telemetry 
system for NIMBUS and TIROS 
weather satellites. 

INDUSTRY 8. BUSINESS
Latest CalComp magnetic tape 
plotting system speeds data 
reduction, mapping and auto· 
matic drafting. 

Specialists in Digital Technology 

CALIFORNIA COMPUTER PRODUCTS, INC. 

305 Muller Avenue 
Anaheim, California 

Write Marketing 

, since their subject is anthropos, but they 
should not play dog in the manger-if 
an extrapolation from a lower organism 
may be forgiven. 

Harvard University 
Cambridge, Mass. 

Sirs: 

B. F. SKINNER 

Nobody denies the importance of 
reinforcement. The owners of gambling 
casinos understood it long before psy
chologists made it the foundation of 
theory. This is not the issue in the ex
trapolation of operant-conditioning the
ory to man. In the pigeon case the 
positions assumed by the pigeon are 
determined by random (that is, largely 
unknown) neural impulses and rein
forcement fixes a particular position. In 
man, however, the idea comes first. For 
example, bone-pointing in Australia is 
reinforced and sustained by the imag
ined effect of the pointing on the enemy 
-he is "killed." Btlt the idea of the 
pointing had to come first. Pigeons have 
no ideas, hence it is a fatal error to say 
the pigeon "acts as if it were causing 
the food to appear." No-it merely looks 
that way to psychologists. The expres
sion "as if" is inadmissible in scientific 
thinking when the units compared are as 
different as man and pigeon, but it is 
precisely "as if" thinking that has mis
led a generation of psychologists. It is 
a kind of magical thinking in its own 
right. The motto is "If the pigeon be
haves as if it were a man, it is a man." 

There is no magical process however 
simple that cannot be examined in the 
same context. My friends the Kaingang 
Indians, for example, shout at thunder
storms to make them go away. It is 
obvious that the continuance of the 
shouting is guaranteed by the fact that 
sudden squalls always go away-that is, 
shouting is "rewarded." But the idea of 
shouting was an invention-an idea. 

My cliticism of the book was based 
on the uncritical extrapolation of experi
mental results from animals to man and 
was not a criticism of learning theory 
in general. Learning theory has two 
simple points to make and does so with 
Talmudic ingenuity, variability, intrica
cy and insistence. They are reinforce
ment and extinction. What has to be 
left out, because the subjects are mostly 
animals, is thought. 

JULES HENRY 

Northwestern University 
Evanston, Ill. 
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I: 
Communicate
regardless of 
enemy hits! 

The latest technique in communication -to deliver a 

message to an appointed terminal-despite cata

strophic faults in the network and heavy interference_ 

mobility and dispersal of the missile launchers over large 

areas-thus enhancing their survivability and the com

mander's controlled response capabilities. 

Missile electronics is a familiar field for us - we've 
been building rugged, reliable equipment for nearly five 

years. This is one of many ways in which the vast systems 

Ideal for application to tactical situations, this tech

nique, developed by our Sylvania subsidiary, is currently 
being applied in a command and control development 

project. This new technique provides a mis-

sile system with command and control Crl--'E 
communications despite direct hits and/ or & -1 
enemy jamming_ The small size and weight 

of the communications �quipment permits 

capabilities of GT&E, directed by Sylvania 

Electronic Systems, are serving the nation. 

Sylvania Electronic Systems, Division of 
Sylvania Electric Products Inc., 40 Sylvan 
Road, Waltham, Massachusetts. GENERAL TELEPHONE & ELECTRONICS 

lotll CommuniCitions from a Sinill. source through 

SYLVANIA ELECTRONIC SYSTEMS 
GT&E SUBSIDIARIES: Telephone Operating Cos . •  GT&E Laboratories ' GT&E International ' General Telephone Directory · Automatic Electric ' Lenkurt Electric ' Sylvania Electric Products 
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One of a series briefly describiny GM's researc/, in depth 

From Mathematical Research: 

Automatic Approximations of 

Tables and Graphs 

The search for unknown relationships is basic to science 
and engineering ... and results in a steady outpouring of new 
tables and graphs. To store this mass of data economically 
and retrieve it quickly from a computer, mathematicians 
suggest the use of formulas that closely approximate 
or "fit" the data. 

Here at the General Motors Research Laboratories, one 
of our four mathematical science departments has taken 
the first giant stride toward making such formulas easy to 
obtain. Through pioneering work in approximation theory, 
our mathematicians have been able to develop automatic 
computer procedures- "black boxes" that can crank 
out very efficient approximation formulas. 

The formulas might be weighted polynomials ... or the 
more flexible rational functions ... or the little known, 
highly versatile spline functions. But in any case, their 
generation by delicately tuned computer programs goes well 
beyond standard "curve-fitting" techniques. In using 
these programs, for example, our scientists and engineers 
may ignore such mathematical subtleties as the 
Tchebycheff norm and unisolvence. Just feed the table in, 
pull a formula out. 

A practical result of mathematical research, automatic 
approximations, we believe, well illustrate the exciting 
work going on in General Motors to make the computer 
a more efficient, more useful problem-solving tool. 

General Motors Research Laboratories 
Warren, Michigan 
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Who says a relay this small can't be reliable! 

This relay was designed to be reliable. It's our He Series ... non
latching, non-polarized. Data compiled from a comprehensive test
ing program validate the design for use in critical applications. 

Superior performance is obtained through the employment of 
bifurcated contacts ... special materials not found in other similar 
relays . . . manufacturing tools and techniques in step with the 
state-of-the-art. A vigilant quality assurance program demands 
production within the scope of MIL-Q-9858A. 

All this, of course, is only what you would expect from P&B, 
a major supplier of microminiature relays to the aerospace industry. 
Full information can be obtained from your P&B representative 
or by writing direct. 

He ENGINEERING DATA 
GENERAL: Non-polarized half crystal case size 

non-latching relay. 

Shock: 50g for 11 ms. } No contact 

. . opening in either 
Vlbrabon: 20g to 3000 cps. armature position. 

Operate Time: 3 milliseconds max. at nominal 

voltage @ +25°C coil temperature. 

CONTACTS 

Arrangements: DP DT (bifurcated, gold-plated 

silver-alloy). 

Rated: Dry circuit to 2 amps at 28.0 VDC res. 

Life: 100,000 operations at maximum rated load. 

Temperature Range: _65°C to +1250C. 

Size: .800' long, .400' wide, .400' high (seated). 

Weight: Approx. X oz. 

RIDE THE AMF MONORAIL AT THE NEW YORK WORLD'S FAIR 
STANDARD P&B RELAYS ARE AVAILABLE AT LEADING ELECTRONIC PARTS DISTRIBUTORS 

POTTER & BRUMFIELD 
Division of American Machine & Foundry Company, Princeton, Indiana 

In Canada: Potter & Brumfield, Division of AMF Canada Ltd., Guelph, Onto 
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RCA brings your total 
management infonnation system 

a year closer 
Today's RCA 3301 computer ... with a full spectrum of 

communications and peripheral devices, plus unparal

leled low-cost mass random access memory ... outvalues 

every competitive system, including those announced 

for delivery years from now. 
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Consider all the things you would like a computer to do for 

your business. Count up the advantages of shifting smoothly 

from business data processing to operations-wide communica

tions to management science ... to on-line, real-time control. 

Now you have a picture of a total infol'mation system ... capa

ble of decision-making guidance that increases YOUl" competi

tive edge and decreases your costs ... all attainable with one 

modular RCA 3301 computer system. 

The RCA 3301, deliverable this year, has the lowest cost-per

formance index ever achieved in commercial data processing. 

It creates a new generation of computer values. Its wide range 

of communications devices, drawing on RCA experience in mili

tary command-control systems, permits a flexible two-way data

flow between the computer and all your operating points, local 

and remote. Its array of peripherals meets every total-system 

requirement, as this sampling shows: 

The 3488 RANDOM ACCESS MEMORY ... stores 5.4 

billion characters at the unprecedented low cost of 5¢ per 

month per 10,000 characters ... with retrieval speed 60% 

higher than similar devices. 

High-speed MAGNETIC DRUM STORAGE ... available 

in six capacities, from 0.3 to 2.6 million characters, with 

average access time of 8.3 milliseconds. 

Five choices of MAGNETIC TAPE STORAGE ... includ

ing industry-compatible units with data transfer rates up 

to 120,000 characters per second. 

Three types of VIDEO DATA TERMINALS ... utilizing 

RCA television technology to display computer output at 

remote locations, via standard communication lines. 

COMMUNICATIONS MODE CONTROL . . .  enabling 

simultaneous on-line input-output of data between the com

putel' and up to 160 branch locations, via leased telephone 

or telegraph lines-or public dial network. 

DATA EXCHANGE CONTROL ... linking two or more 

RCA computers memory-to-memory for more work-power 

on the same program. 

EDGE ... RCA's powerful electronic data gathering equip

ment, which can report every major production step to a 

central computer from mUltiple input stations throughout 

the plant. 

Total management information systems are not a deferred 

promise of the future. They are an RCA reality today. The 

RCA 3301 concept of "functional modularity" allows this single 

system to expand in function and capacity over the broadest 

growth radius, answel'ing your computer needs for years ahead. 

With a stepped-up memory cycle time of 1.5 microseconds ... 

the availability of every required peripheral ... comprehensive 

software ... shortened delivery schedules ... and pricing to 

encourage total systems in more of today's business and govern

ment ... the RCA 3301 is your best computer buy. 

Contact your nearest RCA EDP office for information, analysis 

and an RCA 3301 system scaled to your business. 

RCA ELECTRON IC DATA PROCESSING, CHERRY H ILL, N.J. 

The Most Trusted Name in Electronics 
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How 'llypaper' technique 
speeds pumping 
01 gas molecules 

Most people who need clean, con
taminant-free vacuums today are 
using a sort of molecular fly trap 
called an ion pump. It takes advan
tage of the ability of reactive metals 
like titanium to ensnare gas mole
cules by turning them into solids, 
and thus lower the gas pressure 
within the system. 

But conventional ion pumps, like 
ma ny flytra ps, ca n catch on Iy so 
many gas molecules at a time. To 
catch twice as many, you need twice 
as big a pump. That is, you did until 
Ultek invented the BoostiVac." 

The BoostiVac traps more gas 
molecules faster. It does so by hang
ing out a very special kind of molec
ular flypaper, a sublimated film of 
titanium which renews itself, like 
fresh flypaper, as soon as it has 
trapped all the gas molecules it can 
hold. Compared with a conventional 
ion pump, its speed is twenty-five 
times as fast. And at less than half 
the cost. 

If you want to make sure there 
aren't any flies on you, or on the 
vacuum pumping techniques you're 
using for tube processing, thin-film 
deposition, or space simulation, we 
suggest you send for details. We'll 
also send you a copy of "A Little Bit 
About Almost Nothing:' our 52-page 
pamphlet on ion pumping which has 
attracted readers like, well, flypaper. 
Ask for data # 46. 

BOX 10920, PALO ALTO. CALIFORNIA 

'U.s. Patent No. 3112864; Foreign Patents Granted. 
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50 AND 100 
YEARS AGO 

� SCmNmCAMEiICAN ij 
SEPTEMBER, 1914: "To appreciate 

the stupendous character of the 'War of 
the Nations which is now in full swing 
on the continent of Europe, we must 
bear in mind two facts: first, that it is 
a war to the death; second, that in the 
full realization of the absolute finality of 
the result, every one of the contending 
nations has already called out, or has 
stated that it will do so, the whole of 
its trained reserves, thus putting some 
16 millions of men under arms. The 
one mournful consolation to be drawn 
from this unspeakable calamity is to be 
found in the belief that the loss of life, 
the destruction of property, the paral
ysis of trade and industry and the total 
setback of civilization will be so stu
pendous as to bring the nations of the 
earth together, when the war is over, 
in the endeavor to substitute for the 
present brutal armaments an Interna
tional Tribunal backed by an Interna
tional Military Police." 

"At the beginning of the war it was 
well understood (for a distinguished 
German general had written it all out 
in a book) that the grand strategy of 
Germany would be to concentrate the 
flower of her army against the French, 
overwhelm and scatter them in the first 
two or three weeks of the war, invest 
Paris and then turn against Russia in 
an equally swift and crushing onslaught. 
At the present writing, with the war 
over a month in progress, nothing of 
the kind has happened. The French and 
British armies are intact and everywhere 
in touch; they have fallen back upon 
the line of forts and strongly entrenched 
positions provided years ago by France 
to meet the inevitable German attack; 
for the past three weeks they have not 
only presented an impregnable wall of 
defense, through which the Gennans 
have failed to break, but also in the 
rearward movement to their present po
sition they have fought a series of de
fensive battles in selected and en
trenched positions, which, on the theory 
that the losses are three to one against 
the attackiI�g force, must have cost the 

German army already not less than 
200,000 men in killed, wounded and 
otherwise disabled." 

"Ernest Solvay, known the world over 
for his remarkable soda process and one 
of the wealthiest industrialists in Eu
rope, is being held by the Germans as 
a hostage for the payment of the $40,-
000,000 war levy imposed on Brussels 
by the Germans." 

"A Berlin paper states that Prof. 
Roentgen does not care to retain the 
English medal presented to him by the 
Royal Society in recognition of his dis
covery of X-rays and has therefore given 
it to the Red Cross. The medal contains 
$250 worth of gold." 

"The South Magnetic Pole has not 
yet been definitely located, according 
to recent l'eports from Dr. Mawson's 
Australian Antarctic expedition. Hereto
fore it has been assumed that Dr. 
David visited this pole in the course of 
Shackleton's expedition in 1909, but 
according to Mawson's recent investiga
tions the spot reached by David, al
though lying within the region in which 
the magnetic needle is at times vertical, 
is not the center of that region, which 
appears to be of much greater extent 
than was formerly supposed. Moreover, 
there appear to be several local poles 
around the principal pole." 

"A discussion of a systematic search 
for nebulae in Kapteyn's 'selected areas' 
by E. A. Fath is given in the Astro
nomical Journal, plates having been 
taken covering 139 out of the 206 re
gions comprising the scheme. The ex
posures were made with the 60-inch re
flector at Mount Wilson, each lasting 
one hour. A number of new nebulae are 
noted and an interesting series of con
clusions as to the general distribution is 
given. The concentration of nebulae 
near the north galactic pole is very 
noticeable, but there are great varia
tions in the density of distribution. 
There is a complete absence of these 
nebulae where the Milky Way crosses 
the sky." 

SEPTEMBER, 1864: "The recent 
naval engagement at Mobile Bay is a 
convincing proof of the views we have 
always expressed regarding the invul
nerability and utility of the monitors. 
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Mathematician W. S. Brown and program design trainee Mrs. L. A. Needham discuss 

an application of ALPAK programming to wave propagation in crystals under pressure. 

ALGEBRA ON A DIGITAL COMPUTER 

0 PHI!3,O) 

NUMERAT0R 
0 

A A A A Q 
4 3 2 1 

0 
-2 88 ° ° ° 3 3 
1152 ° ° ° 3 4 

_0 -1896 ° ° 0 3 5 
1656 0 0 0 3 6 
-816 0 0 0 37 

� � 

rc:rrrrm 1 0 0 r.; 

A portion of the printout from an 

ALPAK computation: each row repre

sents a polynomial term consisting of a 

coefficient and five exponents; the vari

able names appear as column head

ings. The first term is thus -288A/Q3. 
ALPAK can handle polynomials and 

rational functions in several variables, 

as well as truncated power series 

and systems of linear equations with 

rational- function coefficients. 

Much laborious manipulation of 
routine algebraic expressions can 
be eliminated by a computer pro
gramming system devised at Bell 
Laboratories .  Called ALPAK 
(ALgebra PAc Kage), the n ew 
system makes it possible to per
form algebraic calculations on a 
digital computer at ten thousand 
times human speed. 

Digital computers work with 
numbers, not algebraic symbols. 
But algebraic expressions include 
numbers as coefficients and ex
ponents. For example, the term 

3X2y4z5 

can be written in the form 

3 2 4 5 

where 3 is the coefficient and 
2, 4, and 5 a re, respectively, the 
exponents of x, y, and z. This 
numerical representation permits 
a computer to perform algebraic 
addition, subtraction, multiplica-

tion, division, substitution, and 
differentiation. The exponents and 
coefficients are reassociated with 
the variables at the output. 

Unlike the human algebraist, the 
digital computer does not become 
weary and make mistakes. It can 
quickly carry to completion com
putations that hitherto seemed 
prohibitively long. For example, 
at the left is a printout of the 
result from a computation related 
to a telephone traffic problem. 
The problem involved 9 linear 
equations in 9 unknowns, with a 
total of over 800 terms. The 
computer running time was six 
minutes: the time required for a 
human mathematician to work the 
problem and check the answer 
would be approximately one year. 

BELL TELEPHONE LABORATORIES 
.. Wodd ceotN of com· @ 
munications research a. 

� and development. 
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MODERN EFFICIENCY-MINDED LABS are turning to corro

sion-resistant Nalgene® labware. Strictly a product of twentieth cen

tury research and technology, plastic labware has really come of age. 

Not only less costly than glass, but endowed with superior qualities 

• • •  unbreakable, lighter-in-weight and ever-so-much safer. They're 

so easy to handle, and shatter-proof. Nalgene wash bottles, for in

stance, have many unique design features. Blow-molded, with dis

pensing tube set in a boss on the shoulder of the bottle. Tip the bottle, 

the tube is always in the fluid. Fill the bottle, tubing is not exposed to 

contamination. Use Nalgene plastic labware, available in a multitude 

of items. See how really efficient a 

laboratory can be. Ask your laboratory 

supply dealer or write for your copy 

of Catalog N-164 Dept. 2509, The Nalge 

Co., Inc., Rochester 2, New York. 

• 

i-.. NALGENE 
tJ.I'LABVVARE 
Leader in quality plastic labware since 1949 

From the published account it appears 
that Admiral Farragut recognizes their 
value; he sent one of them forward
the Tecumseh-and had others of the 
iron-clad fleet in his squadron. The rebel 
ram Tennessee was disabled only after a 
long fight, during which the wooden 
vessels were of no value whatever. The 
shots that penetrated the rebel iron-clad 
were all from the I5-inch guns on the 
monitors, while the broadsides so brave
ly poured in by the flag-ship Hartford 
rebounded from the iron armor without 
injuring it in the least. None can admire 
more than ourselves the skill, courage 
and coolness of Admiral Farragut and 
we cheerfully add our voice to the 
praise showered upon him from all 
sides; but let us hear no more of the 
'worthless monitors.' Iron hearts in 
wooden ships are undoubtedly good, 
but iron hearts in iron ships are better 
still." 

"A correspondent of the Cincinnati 
Commercial, writing from near Atlanta, 
says:-'Among the many modifications 
and new features of warfare that have 
been introduced during the present 
struggle, the one most noticeable and 
most revolutionizing in its tendency is 
the practice becoming so universal on 
both sides of intrenching and fortifying. 
"Open-field fighting" has almost passed 
into history. It only occurs now when 
the party attacked is either surprised 
or flanked. Experience has abundantly 
shown that no general can afford very 
often to storm well-manned breastworks, 
for although he may carry his point, 
yet he does it at an enormous sacrifice 
of life and a sacrifice generally greatly 
dis proportioned to the injury he in
Hicts.' " 

"M. Lemaire denies that a special 
ferment for every kind of fermentation 
exists. He finds the same microscopic 
beings present whether sugar is being 
changed into alcohol or alcohol into 
acetic acid. But in the case of natural 
animal and vegetable matters he has as
sured himself that microzoa begin the 
decomposition, which, when the matters 
become acrid, is carried on by micro
phytes. By means of a little acid these 
latter can be made to appear at will and 
the author consequently argues that 
mycoderms do not make the acid but 
appear in consequence of its presence." 

"Mr. Nobel announces that by damp
ing mining powder with nitro-glycerine 
its explosive power is trebled and the 
noise of the explosion is much less than 
when ordinary powder is used." 
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our 50th year 

ACHIEVEMENT 

changing the 
mathematics 

of refining ... 

1914 • 1964 

In the new mathematics of petroleum refining five can now become six. For 

example, run 5000 barrels of low-value oil through UOP's new Isomax* process 

... get back 6000 barrels of gasoline. 

For Isomax is the new method of "cracking" in the presence of hydrogen. 

Product yields of 120% are just one of its many advantages. Even more important, 

this new process allows the oil refiner much greater flexibility. It permits 

him to produce, simply and quickly, the quantities of gasolines, kerosines, 

heating oils and jet fuels that his customers need ... when they need them. 

The Isomax process is only one of many ways UOP offers new technology 

to industry throughout the world. And constant research at UOP is developing 

new processes and products for future industrial progress. 

unlUERSAl 011 PRODU[TS [OmPAnV 
Des Plaines, Illinois, U. S. A., in the Greater Chicago Area 

WHERE RESEARCH IS PLANNED WITH PROGRESS IN MIND® 

*Trademark 
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From computers 

to cryogenics, Westinghouse 

creates systems that increase 

profits for industry. 

Westinghouse proven 

systems capability can 

increase steel oxygen 

furnace output by as 

much as 20%, save ove 

$250,000 for a paper 

mill, and over $100,000 
annually for a glass pia 

Whether you need cont 

systems, computerizati , 

automation, cryogenics, or 

lasers; whether your industry 

is metals, textiles, glass, 

rubber, chemicals, or 

transportation, call on 

Westinghouse. We have 

the proven capabilities 

to create the system 

you need to reduce· 
. 

your costs, improve 

efficiencies, 

Increase 

production. 

You can be sure if it's Westinghouse 
P.o. BOX 868, DEPT. A, PITTSBURGH, PA. 15230 
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Half our sales 
come from replacing 
our competitor's 
dry copiers.- Meet 

The reason: 
Our Bruning 
2000 makes 

Mr. Bruning 
and his wonderful 
copying machine 

copies twice as fast, 
often at half the cost 

These businessmen aren't fickle. 

They just approach costs with a needle-sharp pencil. 

So when they punch a hole in inflated office copy
. ing costs, the copier they loved and chose in May 

usually becomes a Bruning 2000 in December. 

Reasons: 

The Bruning 2000 produces sharp, top-quality copies 
for as little as 2112 cents each (including materials, 
labor and depreciation for volume purchasers). 
Lowest cost per copy among dry copiers. 

Copies range from check size to 11 inches by any 
reasonable length-ledger or even roll. 

It spins these copies out at 14 per minute. Because 
it's the fastest copier, the office help spends less 
time standing around waiting for copies. 

And, depending on your needs, you can rent, buy 
or lease a Bruning 2000. 

Sound tempting? The Bruning man has a 10-min
ute demonstration that's downright irresistible. 

He's waiting in the Yellow Pages for your call. 

(�RUNING)/ 2000 
Charles Bruning Company / Division of Addressograph Multigraph Corp., Mt. Prospect, Ill. 

23 
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Front and rear view of spectrum shaping 
control. Two of these units plus a five chan· 
nel low frequency chassis are used in each 
ASDE-80. Rear view shows repeated use of 
Allen·Bradley Type J variable resistors for 
spectrum shaping. 

Each of the 85 channels of the shaping controls uses 2 
Type J variable resistors-a total of 170 in each ASDE-80. 
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• Since switching to exclusive use of Allen-Bradley 

Type J hot molded variable resistors -shortly after 

introducing their first equalizers in 1956 -LTV 

Ling Electronics Division has achieved improved 

performance and reliability. 

The superiority of the Type J is the result of an 

exclusive A-B process-the solid resistance element, 

terminals, faceplate, and threaded bushing are hot 
molded into a single solid structure. Operation is 

always smooth and free from abrupt changes during 

adjustment. In addition, the Type J features an 

exceptionally low noise level when new, and it 

becomes even low�r with use. And on accelerated 

tests, they exceed 100,000 complete rotational cycles 

with less than 10% resistance change. 

Whenever you have a particularly critical appli

cation, benefit from the experience of LTV Ling 

Electronics Division and standardize on Allen

Bradley hot molded variable resistors. For more com

plete details on the Type J variable resistors and 
other quality electronic components in the A-B line, 

please send for Publication 6024: Allen-Bradley Co., 

1204 So. Third Street, Milwaukee, Wisconsin 53204. 
In Canada: Allen-Bradley Canada Ltd., Galt, Onto 

ALLEN-BRADLEY 
QUALIT Y ELECTRONIC COMPONENTS 
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Mars can travel (live' 
down this light beam 
The laser can carry huge 
amounts of information 
over 100,000,000 miles in 
space-enough data to 
make live TV of Mars from 
a space vehicle practical. 
As it is conceived by 
Perkin-Elmer, a cw gas laser 
would be modulated byTV 
signals, focused by a servo-

controlled lens system and 
aimed at an Earth based 
optical antenna by an 0.02 

arc-second accuracy align
ment system. The heart of 
the light-weight, deep-space 
communications package 
is an unusual 36-inch 
cassegrain telescope with 
diffraction-limited optics. 

A sharp cut-off filtering 
system which screens out all 
but the 6328 A carrier 
frequency will make optical 
communications possible 
even in broad daylight. All 
the elements for this system 
are now ready to bring Mars
or our man on the moon 
-into two-way visual 

communications with Earth. 
This is another example of 
Perkin-Elmer's dedication 
to the development of 
instruments and techniques 
of precise measurement for 
industry, science and 
defense. The Perkin-Elmer 
Corporation, Norwalk, 
Connecticut. 

PERKIN-ELMER 
© 1964 SCIENTIFIC AMERICAN, INC



They saw Wimbledon, live, on Eurovision. 

This year Europeans witnessed the 
staccato action of the Wimbledon 
matches, live, on Eurovision. 

Eurovision telecasts between 15 
and 45 programs a week and some 
20 newscasts a month throughout 
Europe-much of it via microwave 
systems by ITT. 

ITT System companies have played 
a major role in European 
microwave transmissions since 
1931 when they conducted the 
first public demonstration of 

microwave between the United 
Kingdom and France. 

Today, thousands of route miles of 
line-of-sight microwave by ITT are 
in operation or on order in 
Europe alone. 

Microwave communication 
equipment is manufactured by ITT 
companies in ten countries and 
is in service in thirty. 

In addition to Europe, ITT's 
systems are operating in the 
Caribbean, in Australia, across the 
Malaysian jungles, and across 
Canada. And a portion of the new 
nationwide Philippine 
communications system will 
also be ITT microwave. 

In the U.S., ITT microwave services 
American industry in all 50 states. 
And ITT military microwave 
systems are working for NATO, 
the U.S. Army, Navy and Air Force 
around the world. 

ITT microwave capability: one 
more reason why International 
Telephone and Telegraph 
Corporation is the world's largest 
international supplier of electronic 
and telecommunication equipment. 

ITT World Headquarters: 
320 Park Avenue, 
New York, New York 10022. 
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this is the way the 
cookie crumbles 

The mo isture/vapor barrier that kept 

these cooki es dry is a Geon hi gh poly· 

vinylidene latex used as coating on the 

paper in the package. This new Geon 

latex offers a number of exciting proper· 

ties. The film is strong, flexible, resists 

so lvents and aci ds, and can be h e a t  

sealed. I t  i s  F.D.A.·acceptable, does not 

impart taste to foods it touches. It's 

odorless and grease resistant, and offers 

low gas perme abili ty. If an improved 

coating interests yo u, ask us abo ut 

this new Geon latex. Write 

B.F.Goodrich Chemical 

Company, De pt. EA ·9, 

3135 Eu cl i d  Ave n u e ,  

Cleveland, Ohio 44115. In 

Canada: Kitchener, Ont. 

B.EGoodrich Chemical 
a d,YISlOn 01 The 8.r.GOOd"�h Comp,ny 
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THE AUTHORS 
RICHARD COURANT ("Mathemat

ics in the Modern 'World") is professor 
emeritus of mathematics at New York 
University, Courant was born in Lu
blinitz, Poland, in 1888 and was edu
cated at the universities of Breslau, 
Zurich and Gbttingen, receiving a Ph,D, 
from the last-named institution in 1910, 
He taught at Gbttingen and at the Uni
versity of Munster until 1920, when he 
was appointed professor of mathematics 
and director of the Mathematics In
stitute at Gbttingen, In 1932 he left 
Gbttingen to serve short terms as visit
ing professor of mathematics at the Uni
versity of California, Princeton Univer
sity and the University of Cambridge, 
He joined the N,Y,U. faculty in 1934 
and in 1936 became head of the mathe
matics department and director of the 
Institute of Mathematical Sciences at 
N,Y,U, He served in these capacities for 
22 years until his retirement in 1958. 
In 1961 the Institute of Mathematical 
Sciences was renamed the Courant In
stitute in his honor. Courant has written 
six books, including Methods of Mathe
matical Physics (with David Hilbert) 
and What Is Mathematics? (with Her
bert Robbins). 

PHILIP J, DAVIS ("Number") is pro
fessor of applied mathematics at Brown 
University, He obtained a B.S, and a 
Ph,D, in mathematics from Harvard 
University in 1943 and 1950 respec
tively. From 1952 to 1963 he worked in 
the Applied Mathematics Division of 
the National Bureau of Standards, Davis 
was awarded the Chauvenet Prize of 
the Mathematical Association of Ameri
ca in 1963 for his paper "Historical Pro
file of the Gamma Function," He is the 
author of two books: The Lore of Large 
NumbeTs, published in 1961, and InteT
polation and Approximation, published 
in 1963, At present he is working in the 
field of numerical analysis, which is con
cerned with the development of tech
niques for the solution of equations on 
high-speed computers. 

MORRIS KLINE ("Geometry") is 
professor of mathematics and chairman 
of the undergraduate mathematics de
partment at the Washington Square 
College of New York University, He is 
also director of the Division of Elec
tromagnetic Research at N,Y,U:s Cou
rant Institute of Mathematical Sciences, 

After receiving a Ph,D, from N,Y,U, in 
1936 Kline spent two years doing re
search at the Institute for Advanced 
Study in Princeton, N,J, He taught 
mathematics at N,Y,U, from 1938 to 
1942, when he jOined the U,S, Army as 
a physicist at the Signal Corps Engi
neering Laboratories, He returned to 
N,y'U, in 1945 and has been a member 
of the faculty there ever since. During 
the academic year 1958-1959 Kline was 
a Fulbright lecturer at the Technische 
Hochschule in Aachen, Germany, In 
addition to his numerous technical pub
lications Kline has written several popu
lar books on mathematics, including 
Mathematics in Western CultuTe, pub
lished in 1953, Mathematics and the 
Physical World, published in 1959, and 
Mathematics: A Cultural Approach, 
published in 1962, This fall he will teach 
a course entitled "Mathematics in West
ern Culture," which will appear on the 
CBS-TV Sunrise Semester program, The 
special feature of the. course, he writes, 
"is that it is an attempt to show that one 
can give a college freshman course in 
mathematics that stresses the cultural 
relations and implications of mathemat
ics, I am hoping that this course will 
make some contribution toward relating 
the two cultures, to use C, p, Snow's 
phrase," 

W, W, SAWYER ("Algebra") is pro
fessor of mathematics at vVesleyan Uni
versity, Sawyer was born in England in 
1911 and was graduated from the Uni
versity of Cambridge, where he spe
cialized in the mathematics of quantum 
theory and relativity, He taught mathe
matics at University College in Dundee, 
Scotland, and at the University of Man
chester from 1935 to 1945, when he 
was appointed head of the mathematics 
department at the Leicester College of 
Technology, In 1948 he became head of 
the mathematics department at the Uni
versity of Ghana (then University Col
lege, Gold Coast), From 1951 to 1956 he 
was a member of the faculty of the Uni
versity of Canterbury in Christchurch, 
New Zealand, He taught for a year at the 
University of Illinois before joining the 
Wesleyan faculty in 1958, Sawyer is 
the author of several popular books on 
mathematics, including Mathematics in 
Theory and Practice, Prelude to Mathe
matics and Mathematician's Delight, 

MARK KAC ("Probability") is profes
sor of mathematics at the Rockefeller 
Institute, Kac was born in Krzemieniec, 
Poland, in 1914 and educated at John 
Casimir University in Lwow, where he 
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Do you know what it means to find and care for 
a good programmer, and keep him happy? 

Or maybe a couple of him (or her) ? 

They don't grow in labs. 

They're an unusual breed. 

Practically speaking, a profession. 

It's not easy to tell who'll be a good 
programmer. Or who won't. Genius or 
plodder, once they're in the business, 
something within them comes out. 

We bring it out. 

Good programmers often come to us 
because we give them the company of 
so many others from whom they will 
learn. 

And place them in one of our centers 
where they'll be happiest. And give 
them lots of training and experience. 

And give them IBM computers to work 
with. The 1620, the 1401, the 7094, and 
soon the System/360. The latest. 

And a team of technicians who can run 

them. And seldom waste a second. 

They love to tackle matters like numer
ical control, multicomponent distilla
tion, Type II structural steel frame 
specification, refinery operations fore· 
casting, urban transportation planning, 
piping flexibility, rocket fuel evalua
tion, hydraulic network analysis, ther
mochemical equilibrium, supermarket 
chain and department store operations, 
high-rise apartment and industrial 
plant construction. 

They get a thrill from Linear Program
ming and critical path scheduling 
(PERT ) and generalized interrelated 
flow simulation (GIFS). 

They get their triumphs from giving the 
computer a program with fewer steps. 

So it solves problems faster. Cheaper. 
In the data processing business, it's a 

coup when one company gets such a 
programmer. 

Over 12,000 SBC customers know what 
we mean. 

They know that the difference between 
computer services in this day and age 
of data processing machines is people. 

What can we do for you? 

Linear Programming, Survey Data 
Processing, Numerical Control,'Statis
tical Analysis, Systems Programming, 
Computer Time Rental, Customized 
Computer Programming? Let us know. 

I�� The Service Bureau Corporation 
Computing Sciences Division 
425 Park Avenue 

® New York, N. Y, 10022 
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HYBRID 
ANALO 6/DI 6fTAL 

COMPUTERS 

For 

SCIENTIFIC ANALYSIS and 
DESIGN 
in operation throughout the world 

Computer systems are avai lable 

ranging from 24 - amplifier table top 
computers to the 256 - amplifier hy

brid system shown above. 

These field proven units feature out

standing static and dynamic per

formance and have been engineered 
for easy analog and digital program

ming. 

Representatives in: 
Argentina Holland 
Australia Israel 
Austria Italy 
Belgium Japan 
Canada Mexico 
Denmark Norway 
Finland Spain 
France Sweden 
Germany United Kingdom 

Write for: 
o Name of nearest representative 

o Computer Literature 
o Applications Information 

APPLIED DYNAMICS 
2275 Platt Rd., Ann Arbor, Mich . •  Phone 313·665-3601 
TWX 313-665-6082 Cable: COMPUTERS 
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received a Ph.D. in 1937. He came to 
the U.S_ in 1938 as a Parnas Foundation 
Fellow at Johns Hopkins University and 
a year later joined the faculty at Cornell 
University. During the academic year 
1951-1952 he was a member of the 
Institute for Advanced Study in Prince
ton, N.J. He left Cornell in 1961 to take 
up his present post. Kac was awarded 
the Chauvenet Prize of the Mathematics 
Association of America in 1950 for his 
paper "Random Walk and the Theory 
of Brownian Motion." His main scien
tific activity for the past few years has 
been in the field of statistical mechan
ics; he is particularly interested in the 
study of mathematical models of 
changes of phase. 

W. V. QUINE ("The Foundations of 
Mathematics") is Edgar Pierce Profes
sor of Philosophy at Harvard University. 
He was graduated in 1930 from Oberlin 
College, where he majored in mathe
matics. Two years later he obtained a 
Ph.D. from Harvard, having written his 
dissertation in logic under Alfred North 
Whitehead. After a year of informal 
study at the universities of Vienna, 
Prague and Warsaw, Quine was elected 
to Harvard's Society of Fellows in 1933. 
He began teaching at Harvard in 1936 
and in 1948 became professor of phi
losophy and Senior Fellow in the So
ciety of Fellows. Since then he has also 
lectured and studied at the University 
of Oxford, the Institute for Advanced 
Study in Princeton, N.J., and the Center 
for Advanced Study in the Behavioral 
Sciences in Palo Alto, Calif. In the sum
mer of 1959 he lectured in Japan and 
Australia. Of the eight books he has 
written, the latest, Set Theory and Its 
Logic, was published in 1963. Quine 
was the author of the article entitled 
"Paradox" in the April 1962 issue of 
SCIENTIFIC AMERICAN. 

FREEMAN J. DYSON ("Mathemat
ics in the Physical Sciences") is profes
sor in the School of Mathematics of the 
Institute for Advanced Study in Prince
ton, N.J. A native of England, Dyson 
was educated at Winchester College 
and the University of Cambridge. His 
undergraduate career at Cambridge was 
interrupted by a wartime stint in the 
Royal Air Force, where his mathemati
cal talents were employed in investigat
ing the cause of the heavy loss of 
bombers on night missions. After read
ing the Smyth report on atomic energy 
in 1945 he decided to return to Cam
bridge to study physics. He was a fellow 
at Trinity College, Cambridge, for a 

year and then came to the U.S. on a 
Commonwealth Fund Fellowship to 
study at Cornell University with Hans 
A. Bethe and Richard P. Feynman. 
After two years as professor of physics 
at Cornell he joined the Institute for 
Advanced Study in 1953. For the past 
10 years he has worked on various prob
lems lying on the border line between 
physics and mathematics, particularly 
in quantum field theory and in the sta
tistical mechanics of complex systems. 
Of the three other articles Dyson has 
written for SCIENTIFIC AMERICAN, the 
latest, "Innovation in Physics," was 
published in September, 1960. 

EDWARD F. MOORE ("Mathemat
ics in the Biological Sciences") is a 
mathematician in the switching research 
department of the Bell Telephone Lab
oratories in Murray Hill, N.J. A gradu
ate of the Virginia Polytechnic Institute, 
Moore acquired a Ph.D. in mathematics 
from Brown University in 1950. After 
working on digital-computer program
ming at the National Bureau of Stand
ards and the University of Illinois, he 
joined the staff of the Bell Telephone 
Laboratories in 1951. During the aca
demic year 1961-1962 he was simul
taneously Cordon McKay Visiting Lec
turer on Applied Mathematics at 
Harvard University and visiting pro
fessor of electrical engineering at the 
Massachusetts Institute of Technology. 
Moore has done research on a wide vari
ety of computers, ranging from game
playing machines to machines for de
signing switching circuits. His chief cur
rent interest is in the theoretical capa
bilities and limitations of automata. This 
is Moore's second article for SCIENTIFIC 
AMEHlCAN; the first, "Artificial Living 
Plants," appeared in October, 1956. 

RICHARD STONE ("Mathematics in 
the Social Sciences") is P. D. Leake Pro
fessor of Finance and Accounting at the 
University of Cambridge. Born in Lon
don in 1913, Stone studied law and 
economics at Conville and Caius Col
lege, Cambridge. During World War II 
he did statistical work for the War Cabi
net and also served as assistant to John 
Maynard Keynes at the Treasury. In 
1945 he was appointed the first director 
of the Department of Applied Econom
ics at Cambridge. He acquired an Sc.D. 
from Cambridge in 1955. Stone's past 
work has been mainly in the fields of 
social accounting and econometrics. At 
present he is engaged, with a group of 
colleagues at Cambridge, in construct
ing a computer model of the British 
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The Olivetti Underwood Divisumma 
24 can add, subtract, multiply and 
divide ... separately, or as part of a 
single combined calculation, with· 
out manual re·entry of intermediate 
results. It provides a tape record of 
each operation. 

The Divisumma 24 Grand Total, 
now available through Olivetti 
Underwood Representatives, is 
even more flexible and versatile. It 
can automatically accumulate indi- 0 
vidual sums and products for a = 

. grand total- or hold them until C 
they're wanted as elements in addi- • 
tiona I calculations. It can provide a == 
constant dividend without manual .-

re-entry. I: 
May we leave a Divisumma 24 GT in :s 

your office for one week? (It's a =
pretty good salesman, too.) Tele- ., 
phone your Olivetti Underwood I: 
Representative. Or write to Olivetti 0 
Underwood Corporation, One Park 0 
Avenue, New York, New York 10016 Do 
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LOOK OVER LUCALOX 

QUIZ US ON QUARTZ 

ASK US FOR HOT INFORMATION* 

LU CA LOX CERAMIC IS  
UNIQUE-It's a polycrystalline 
alumina with full density, ex
treme hardness and translucency 
-highly suited to electronic uses. 
Why? Because of its purity, 
freedom from outgasing, high 
dielectric strength and ability to 
be metallized. Excellent micro
wave transmission also makes it 
ideal for windows. 0 Got pre

cision problems? Think of this unique material for guides, bearings and gyros 
(polishes to close tolerances). 0 Or maybe yours is a high temperature challenge. 
Crucibles, closed-end protection tubes, etc., can be made for you in many shapes 
and sizes. 0 Lucalox licks chemical problems, too. Because it resists corrosive 
vapors like sodium, potassium, cesium and fiourine, it works well for seals, in
sulators and liners. 

G-E QUARTZ IS VERSATILE 
- backed by the industry's 

most complete technology and 
variety of processes. For example 
o OPTICAL-Your choice of 

infra-red, ultraviolet and full

spectrum in five optical grades. 

Where homogeneity and high 

ultraviolet transmission is re
quired, new Type lSI is a must 

for you to know about. 0 SEMI

CONDUCTOR - standard or 

custom crucibles of maximum 

purity for crystal pulling, slice 

boats and tubing for zone refining. Ask us about the new type 510 crucible for 
heavy-duty melting. Has same high purity as Type 204. 0 MICROWAVE, ELEC
TRICAL-Fused quartz has the insulating and dielectric properties needed for 
these applications and retains them at high temperature. Radomes made to your 
specifications. 0 LABORATORY-High thermal shock resistance, high melting 
point, chemically inert, extremely pure quartz fabricated to your specs. 0 FIBER 
-Fused quartz fiber comes in yarn, roving, wool and matt, readily becomes cloth 
or tape. Unlimited possibilities for ablative and radome applications. 

*WRITE FOR FULL HIGH TEMPERATURE INFORMATION on Lucalox 
and G-E Quartz to General Electric Co., Lamp Glass Dept. 670, Nela Park, 

Cleveland, Ohio 44112. Or call: Lucalox-Area Code 216 266-3468; Quartz-Area 
Code 216 266-4001. 

�ogress Is Our Masf Imporl.1I1f Prodvc.! . 

GENERAL e ELECTRIC 

economy designed to study the possi
bilities of stimulating economic growth. 
He is also working on an international 
survey of economic planning models. 

RICHARD BELLMAN ("Control 
Theory") is a mathematician on the staff 
of the RAND Corporation. A graduate 
of Brooklyn College, Bellman received a 
Ph.D. in mathematics from Princeton 
University in 1946. During World War 
II he taught radar in the Air Force, 
worked on sonar for the Navy and 
served the Army as a member of the 
Special Engineering Division working at 
Los Alamos on the atomic bomb. After 
the war he taught for two years at 
Princeton before joining the faculty of 
Stanford University in 1948. He left 
Stanford in 1951 to work on thermonu
clear weapons at Princeton as a member 
of Project Matterhorn. He joined the 
RAND Corporation in 1952. Bellman is 
the author of 17 books and more than 
375 published research papers on a 
wide range of mathematical topics. 

STANISLAW ULAM ("Computers") 
is a research adviser at the Los Alamos 
Scientific Laboratory of the University 
of California. A native of Lwow, Poland, 
Ulam received an M.A. and a D.Sc. in 
mathematics from the Polytechnic In
stitute at Lwow in 1932 and 1933 re
spectively. He lectured at various insti
tutions in Poland, England and France 
before coming to the U.S. in 1936 
as a visiting member of the Institute 
for Advanced Study in Princeton, N.J. 
Shortly thereafter he became a fellow of 
the Harvard University Society of Fel
lows. He left Harvard in 1940 to join 
the faculty of the University of Wis
consin. Since going to Los Alamos in 
1943 to work on the atomic bomb as a 
member of the Manhattan Engineer Dis
trict, Ulam has taught for short terms at 
the University of Southern California, 
Harvard, the Massachusetts Institute of 
Technology, the University of Colorado 
and the University of California at San 
Diego. At Los Alamos, Ulam collabo
rated with Edward Teller on the de
velopment of the hydrogen bomb. He 
also invented the so-called Monte Carlo 
method, a procedure for finding solu
tions to mathematical and physical 
problems by random sampling. This tech
nique, made practical by the develop
ment of high-speed computers, permits 
the solution of problems not amenable 
to more orthodox methods of analysis. 
Ulam is the author of A Collection of 
Mathematical Problems, published in 
1960. 
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The man who said 

��you can't take it with you" 

was born a long time before Garrett 

started making life support systems. 

A s a  matter 

of fact, 

unless man does take his earthly 

environment with him into space, 

he hasn't got a chance. 

For here is a world that has no 

oxygen, no pressure, no gravity. 

To live and work for weeks and 

months in orbital flight - a need 

dicta ted by urgen t space 

projects now in progress -

man must have the most 

sophisticated life support tI 
system ever built. 

I t has to provide him 

with oxygen, water, 

pressurization - complete 

climate control. 
.) It h a s  t o  g u a r d  h i m  ., 

against temperatures that 

range from near absolute 
zero to the re-entry heat of 

thousands of degrees. 

I t has to be a miracle package. 

The question becomes: Who is 

now building such an environ

mental system? 

The answer is, of course, Garrett. 

As long ago as 1941, Garrett 

management saw that man could 

go no higher, no faster, without 

pressurization of aircraft. When 

Garrett's AiResearch division 

delivered the first systems, 

suddenly the ceiling was 

off the world. 

Today over 90% of the 

free world's aircraft carry 

Garrett environmental 

systems. Millions of hours 

of operation have been 

accumulated by heat trans-

fer equipment, turbomachinery, 

controls. 

This experience led Garrett to 

build the life support systems 

that protected our astronauts on 

the recent Mercury flights. 

The same know-how is now at 

work supplying "shirtsleeve" envi

ronments for Gemini and Apollo. 

These systems will keep man alive 

for weeks in space. Now 

longer flights 

are being 

planned

manned 

orbiting 

laboratories and space stations. 

Garrett already knows how to solve 

life support problems for months 
in space. Much of the system work 

is completed and components built. 

What are the reasons for this 

unique capability? 

The most experienced men 

are Garrett men. The most 

advanced f a c i l i t i e s  are 

Garrett. The only applied 

system for outer space is 

Garrett built. 

When the problem is 

environmental, the solu

tion comes from Garrett 

because ... 

• • 

lS eXperIenCe 

Los Angeles· Phoenix 
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GOLD.PLATED HOT SPOT. In the manufacture of modern communications 

equipment, many processes require an efficient and economical method of 

heating components quickly and without contaminating them. A readily available 

source of heat for such purposes is radiant energy, particularly in the infrared. 

Western Electric engineers are developing new ways to apply it to manufactur

ing. One particularly successful technique employs a quartz-iodine lamp in an 

elliptical, gold-plated reflector. Work temperatures in excess of 2400°C have 

been attained within seconds, using such systems. The reflector is gold-plated 

because gold is a particularly efficient reflector of infrared; and it is elliptical 

so that the lamp can be placed at one of its two foci, and the heat will be con

centrated at the other. Just one of the many new and imaginative manu- @ 
facturing techniques that help Western Electric produce a continuous -.or

supply of quality products for the Bell Telephone System. WESTERN ELECTRIC 
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(Advertisement in the Public Interest.) 

ROVER STRONGLY OPPOSED TO CRIME 
------------.------------

THREE INSTANCES CITED. 

As WE KNOW, THE LAND-ROVER i s  
fi designed to bring its owners fuller, 
more fruitful lives. 

Unfortunately, a sordid few have their 
own peculiar notions of what it is to get 
more out of life the Land-Rover way. * 

Since these unwholesome activities are 
more newsy than family trips to the back 
country, beachbuggying, and an honest 
job of work, the papers have been chock
full of high and low crimes involving our 
apparently indispensable 4-wheel drive 
vehicle. 

So much so that we feel we must make 
our stand clear, and also point out how 
we are doing our bit to fight lawlessness 
wherever it appears in the world. Let us 
start with this example from Southeast 
Asia : 

(1) FIGHTS OPIUM SMUGGLERS 

This report of the Land-Rover's de
ploying on the side of law and order has 
been relayed to us by Joel Fort, M.D., 
consultant to the World Health Organiza
tion on narcotics matters. 

Dr. Fort, after a recent survey trip 
through Thailand, reports that the police 
use the Land-Rover to pursue opium 
smugglers. Their choice of our machine 
for this laudable assignment is doubtless 
prompted by the Land-Rover's awesome 
reputation among lawmen, being used by 
the police of 37 countries. 

Another reason may be that it's the 
only way they have a prayer of catching 
the opium smugglers, 10 out of 10 of 
whom prefer Land-Rovers in their ill
advised work. 

"Prefer " is not an apt word here, since 
it suggests an alternative. For your opium 
smuggler there is no alternative; the 
Land-Rover alone is rugged and adapta
ble enough to make it through the moun
tains from Burma, Laos, and China to 
market. 

So it boils down to: "Set a Land-Rover 
to catch a Land-Rover." For those of you 
interested in specifications, the vehicles 
of both the hunters and the hunted are 
Model 88's with the canvas tops removed. 

Guns Fore or Aft 

tripod mounted forward and elevated 
enough to clear the windscreen should a 
quick burst be necessary. 

This conjures up images of Our Prod
uct being blasted by shot no matter who 
is on top; an unhappy prospect for a firm 
that abhors forced obsolescence, profit
able though it may be. 

To forestall harsh correspondence we 
should like to clear up one thing: 

When somebody comes into our show
room in, say, Bangkok, we have no way 
of telling how he stands on decency. One 
of the most furtive looking customers 
one could ever hope to meet turned out 
to be a vicar. Also, Land-Rover prospects 
rarely sport Opium Running Association 
badges on their blazers. 

Supposing a man introduces himself 
as a planter from up country, and says 
he wants to mount a tripod so his little 
boy can whang away at vermin with his 
air gun? Were we to refuse to take his 
money graciously we'd be letting our
selves in for a very nasty court action. 

We hope this satisfies everyone. 

(2) AGAINST BOBBY SHOCKING 

We are distressed by the following mis
guided solution to the parking problem: 

Murky accounts from the British press 
tell of an over-zealous Londoner who rigs 
a heavily charged electric fence around 
his Land-Rover, ostensibly to protect it 
from thieves. 

However, police seeking to affix park
ing tickets have been laid out flat. Unfor
tunately there is no law against it, so the 
poor fellows have no recourse. 

While your Land-Rover is capacious 
enough to conveniently accommodate 
such a unit, we urge moderation. 

(3) DEPLORES WAGE SNATCH 

It was with dismay that we recently 
learned that the Land-Rover was not the 
only one of our stable in use by the 
underworld. Still, the following account 
from the London Daily Telegraph is not 
devoid of a certain curious charm. 

Under the headlines, "Three Hurt in 
The chief point of difference seems to Wage Snatch ", and, "Four-foot Eight

be that, whereas the opium version has inch Cleaner Was Escort for £890," the 
its machine gun tripod (not a catalogue story goes: 
accessory) mounted aft to discourage "A five man gang who rammed a wages 
tag-a-Iongs, the police model has its car and snatched £890 at South Totten-

*Last year's Great Train Robbery alone netted £2,500,000 ($7,000,000). 

ham, yesterday, attacked two women 
GPO employees and a man who were in 
the car. 

"The gang were waiting in a gray 
Rover car as the wages vehicle, a hired 
car with driver, approached the junction 
of Heysham Road and Seven Sisters 
Road. 

"Wildly With Coshes" 

"The bandits opened the vehicle. They 
forced open the hired car doors and 
struck out wildly with coshes at the peo
ple inside before escaping by car." 

The report goes on to state that the 
man who had been detailed to act as 
escort for the money was 4 ft. 8 in. high. 
In his statement he said, "I was not able 
to do anything as I was sitting in the back 
of the car and the money was in the 
front ... " 

"Asked why a bigger man was not sent 
to guard the money a Post Office spokes
man said: 'I can't comment on our secur
ity arrangements'." 

A PLEA FOR HELP 

Needless to say, we can't win the battle 
against crime all by ourselves; we need 
your help. 

Obviously, the best way we can show 
our sincerity is to sell cars to as many 
honest people as possible. It would help 
no end if you identified yourselves. Please 
use the coupon below, and thank you in 
advance for your public spirited action. 

----------------

HONEST PROSPECT 

COUPON 

Rover Motor Co. of N. America Ltd. 
405 Lexington A venue, 
New York 17, N. Y. 

D I am reasonably honest; please send 
me details on how I can help you in 
your fight. 

D I am not saying whether I am or not; 
just send the material please. 

Name __________________________ _ 

Address, _______________________ __ 

City _______________ State, _____ _ 

© 1964 Rover Motor Co. of North America Ltd. 
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Only one computer output 
device gives you all three • • • 

fast glance, 

Already proven to be the most versatile 
computer output device available in 
terms of what it will produce-the S-C 
4020 Printer/Plotter is equally as ver
satile in terms of how it will produce 
these various outputs. 

For example, the quick look capabil
ity allows an operator to check any 
selected page of a program in seconds 
without the normal turn-around time 
associated with developing microfilm 
or photo-recording paper. This option 
employs a compact automatic developer 
together with a mechanical paper
cutting and stacking unit. 

After the operator has produced se
lected quick look paper copies for pro
gram evaluation, the entire program 
may be run through a regular develop
ing cycle where high-quality pages are 
printed for use in report distribution 
or paper records. In addition, the same 
computer output can be recorded auto
matically on 16 mm or 35 mm micro
film by the S-C 4020 for permanent 
storage and rapid retrieval. 

GRAPHIC OUTPUT 
The S-C 4020 not only records alpha
numeric printing, it also converts and 
records digital output in combinations 
of curves, straight lines and charac-

long hard look, 

ters. To convert digital codes into more 
easily interpreted graphics, tapes from 
a large-scale computer (typically a 
7090 or 7094) are fed through the S-C 
4020. The numerical language from the 
computer is translated and displayed 
on a CHARACTRON® Shaped Beam 
Tube, where it is transferred optically 
to page-size photosensitive paper and/ 
or microfilm. 

SPEED 
The S-C 4020 will accept data from 
magnetic tape at input rates up to 
62,500 six-bit characters per second. It 
will record this data on film at speeds 
in excess of 17,000 alphanumeric or 
symbolic characters per second. 
Frames combining characters, vectors 
and curves vary with the complexity 
of the specific drawing, but an average 
annotated graph can be recorded by 
the S-C 4020 in less than a second. 

ECONOMICS 
The S-C 4020 can be leased or pur
chased. Also, service bureaus are in 
operation on east and west coasts 
where you can lease 4020 time and try 
some of your own problems on the 
machine for evaluation. The S-C 4020 

permanent film record 

is paying its way many times over in 
more than a score of computer labs 
throughout the world. The equipment's 
high density input tape adapter results 
in minimum use of computer time for 
tape preparation. 

APPLICATIONS 
The S-C 4020 can be used to record tab
ular and other alphanumeric informa
tion such as stock catalogs, program 
listings, cost records and other statisti
cal data. It can also be used to produce 
scientific curves, business graphs, tool 
path drawings, mapping and computer 
animated movies. 

USERS SOCIETY 
To achie�e maximum benefit from the 
versatile recorder. users of the S-C 
4020 share their' ideas, applications 
and programming techniques. To do 
this, they have formed a society of 
users of the S-C 4020 named UAIDE 
for "Users of Automatic Information 
Display Equipment." UAIDE has set 
up a software library to exchange pro
gramming and applications data. For 
details, write Dept. E-37, Stromberg
Carlson, P. O. Box 127, San Diego, 
California 92112. 

STROMBERG-C:ARLSON 
A DIVISION OF GENERAL OVNAMIC:S 
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Now put all these into a space 

Or, better yet, let us do it for you. 

Amphenol systems packaging ex

perts can rescue you from the thousand

and-one details, coordination of many 

suppliers, the ultimate and sticky re

sponsibility for every stage of your 

system. And we can probably do it for 

less money and with better results than 

if you did it yourself. 

Here's how we can help: 
I. We've already helped others-in 

computers, aircraft. missiles. semicon
ductors. communications. instrumenta
tion. controls ... and more. 

this big 

2. We are constantly handling a great 

variety of packaging and interconnec

tion problems. We own virtually every 

kind of equipment that we (or you) 

might need. 

3. So our engineers are not limited 

to any one approach. If you have to 

lower costs. we'll find a way to do it; if 

you are raising the ceiling on reliability 

or trying to achieve the ultimate in 

miniaturization. you couldn't be talking 

to a more savvy systems group. 

4. Our men are packaging experts. 

familiar with the most up-to-date mate-

rials. methods, and processes as well 

as the old standbys. 

The result? Integrated systems. 
Every connection from the diode 

leads. through the module. the mother

board. the back panel-the complete 

system-is made to 'play on the team." 

Each level of the system performs ac

cording to the original rules you set. 

So talk to the man from Amphenol 

Microelectronics. Jack Rolf is his name. 

Just phone 312-345-9000. If Jack's line is 

busy (it often is). ask for Steve Zelencik 

or Lee Eichenseer. 

CRmphen0D! 
A DIVISION OF AM PHENOL-BORG ELECTRONICS CORPORATION 
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In electronics, things happen when Westinghouse 

Today, 46 is the magic number. Tomorrow? Who knows? The Westinghouse 
integrated circuit in the tweezers above measures a mere 60 x 70 mils, yet it 
contains 46 individual components-the current level of practical complexity. 
(Count them if you can; we supplied the blow-up in the background to make 

it easier.) It's part of a distinguished family that boasts the highest noise 
margin available today-plus fast switching speeds, counting rates to 20 me, 
and reliability proved in major aerospace programs such as Advanced Min
uteman II, MMRBM, Apollo, Titan III and others. These advantages arise 
from the epitaxial process and Diode Transistor Logic (DTL), both pioneered 
for integrated circuits by Westinghouse. 

Within the Westinghouse Electronic Components and Specialty Products 
Group, molecular electronics meets other solid-state technologies, magnetics, 
metallurgy and cryogenics. The result is a unique interdisciplinary approach 
to design and product problems - across an unusually wide range of compo
nents, materials and scientific equipment (see examples at right). Next time, 
for a broader perspective, bring us your problem. 
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rubs the sciences together 
Televex opens a window on the heart at 6 G's. During the � 
acceleration of rocket launch, the blood of astronauts becomes about , six times heavier than normal. How this increased weight interferes 
with circulation is a matter of vital concern to the success of space 
programs. W estinghouse Televex equipment - a  combination of 
X-ray, closed circuit TV and videotape recording-makes it possible 
to record an X-ray image of the thorax reacting to this stress under 
simulated lift-off and re-entry conditions. Moreover, any desired 
area of the image may be brightened to measure passage of con
trast media. W hat is now shedding new light on space problems may 
soon do the same for heart disease. Write for more about Televex. 

Tiny neutron detector tubes control atomic reactors 
-from the inside. The red spots at right show the location 
of neutron detector tubes less than 1" high. By instantane
ously mapping neutron flux far more accurately than any 
other technique, they keep all core areas reacting equally 
and in balance. W hen they detect a laggard in the group, the 
signal immediately goes out and the offending area is brought 
back into balance. Westinghouse neutron detectors come in 
75 different models-for industrial reactors, marine propul
sion and space probes. Write for reference guide, ET-1436. 

Meet the new generation of ceramic magnets: 16% stronger. 
The two ceramic magnets in the tube on the right are the old, con
ventional barium ferrite. On the left is our new modified strontium 
ferrite, WestroT beta. Note how in repelling each other, the two 
pieces of Westro-beta support a greater weight than the two pieces 
of barium ferrite. This new high magnetic energy-the highest of 
any known ceramic magnetic material-means smaller, lighter 
magnets are possible for traveling-wave tubes, loudspeakers, lin
ear accelerators, etc. Or the efficiency of low-friction ceramic mag
net bearings can be greatly improved. Interested? 

When you come up with a 100-
nanosecond diode, what do you do 
for an encore? The first high-speed 
diode with a reverse recovery time of 
100 nanoseconds was a pretty remark
able thing in itself. Then one of our en
gineers wondered what would happen 
if he strung a whole series of them to
gether. W hat happened was a revolu
tionary 32 kw rectifier cartridge 6 %" x 

'lis" that takes 1150 the space of any 
stack capable of handling 16 kv at 2.0 
amps. Perhaps it could help squeeze some 
bulk out of you,· high-voltage power 
supplies. We'll be glad to tell you more. 

F'ro'nt integrated Ci1'cuits to ce1*amic magnets, Westinghouse offers 

systems-01·iented solutions to compo�ent problem�. You'll find many 

answe1'S in Westinghouse tubes, semtconductors, tntegrate.d molec
.
u

lar circuits, electronic capacito'rs, instru/m,ents . and detectton equtp

ment, cryogenic syste1ns, t'rans!o..,'nte..,'s, rnagne
.
tw alloys and magnets, 

and X-,·ay systems. For facts and attentwn to you,· problem, 

write S. N. Donahoe, Marketing Manager, westinghouse@ 
Electronic Components and Specialtll Products Group, 

Box 868, Pittsburgh 80, Pennsylvama. J·09001·2 W 
You can be sure if it's Westinghouse -
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SCIENTIFIC 
Established 1845 .AMERICAN September 1964 Volume 211 Number 3 

MatheIllatics in the Modern World 

Presenting an lssue on mathelnatics In both its pure and applied 

aspects. Although the two are sOlneti,nes separated, a line cannot 

be drawn between them, and they' traditionally fruct�fy each other 

T
he expanding role of mathematics 
in the modern world is vividly 
reflected in the proliferation of 

mathematicians. Since 1900 member
ships in the several professional mathe
matical organizations in the U.S. have 
multiplied by an estimated 30 times. To
day the number qualified by the doctor
ate stands at 4,800. During the past 25 
years the number of mathematicians at 
work outside the universities in industry 
and Government has increased twelve
fold. Activities of a more or less mathe
matical character now employ tens of 
thousands of workers at all levels of 
competence. In the colleges three times 
as many undergraduates were majoring 
in mathematics in 1962 as in 1956. 
Mathematics is no longer the preoccupa
tion of an academic elite; it is a broad 
profession attracting talented men and 
women in increasing numbers. The 
scope of mathematical research and 
teaching has been greatly extended in 
the present period, and mathematical 
techniques have penetrated deep into 

by Hichard Courant 

fields outside the mathematical sciences 
such as physics, into new realms of tech
nology, into the biological sciences and 
even into economics and the other so
cial sciences. Computing machines and 
computing techniques have stimulated 
areas of research with obviously enor
mous and as yet only partly understood 
importance for mathematics itself and 
for all the sciences with inherent mathe
matical elements. 

The contemporary role of mathemat
ics is best appraised, however, by com
parison with previous stages in its 
development. As recently as three cen
turies ago the main fabric of mathemati
cal thought was supplied by geometry, 
inherited from the ancients and only 
meagerly augmented during the inter
vening 20 centuries. Then began a 
radical and rapid transformation of 
mathematics. The rigorous, axiomatic, 
deductive style of geometry yielded to 
inductive, intuitive insights, and purely 
geometric notions gave way to concepts 
of number and algebraic operations em-

SECTION OF ANCIENT EGYPTIAN PAPYRUS on the opposite page reflects one of the 

earliest applications of mathematics: the measurement of land. Called the Rhind Papyrus 

after its modern discoverer, A. Henry Rhind, the entire work is a handbook of practical 

problems compiled about 1550 B.C. by a scribe named A'h-mose. The horizontal lines sepa

rate five of the problems, which read from right to left. At the top is a section of "an ex

ample of reckoning area" of "a rectangle of land khet 10 by khet 2." Second from the top 

is a calculation of the area of a "round field" with a perimeter of khet 9_ Other examples 

shown in the section calculate the area of triangular and trapezoidal fields. The title page 
of the papyrus describes it as a guide to "accurate reckoning of entering into things, knowl
edge of existing things all." The main portion of the papyrus is now in the British Museum. 

bodied in analytic geometry, the cal
culus and mechanics. It was the small 
intellectual aristocracy of the new math
ematics that now spearheaded the for
ward thrust of science. By the time of 
the French Revolution the accumulated 
wealth of results and the demonstrated 
power of the mathematical sciences 
brought a widening of the narrow hu
man basis of scientific activity, with the 
writing of textbooks to make the new 
mathematics more widely accessible, the 
systematic training of scientists and 
mathematicians in the universities and 
the opening up of new careers in the 
expansion of human knowledge. 

The "classical" mathematics that had 
its beginnings in the 17th century 

retains its power and central position 
today. Some of the most fruitful work 
has come from the clarification and gen
eralization of the two basic concepts of 
the calculus: that of function, which is 
concerned with the interdependence of 
two or more variables, and that of limit, 
which brings the intuitive notion of con
tinuity within rigorous scrutiny. The 
concepts of mathematical analysis, in
cluding the theory of differential equa
tions for one or more variables, which is 
an essential tool for dealing with rates 
of change, pervade the vastly extended 
territory of modern mathematics. That 
territory is surveyed in the next three 
articles in this issue of Scientific 
American from three points of van
tage-number, geometry and algebra-
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that offer perspectives familiar to the 
nonmathematician. As will be seen, ge
ometry has had a most fruitful growth, 
liberated by the concepts of function 
and of the number continuum; its young
est offspring, topology and differential 
geometry, rank among the most active 
and "modern" branches of mathematics. 
The special field of probability deserves 
a chapter in itself because it has found 
such wide application in science and 
technology and because it gives mathe
matical expression to some of the deep 
unsolved problems in the philosophy 
of science. 

Mathematics today also reflects a 
vigorous trend, started early in the 19th 
century, toward solidification of the new 
conquests in the spirit of the mathe
matical rigor practiced by the ancients. 
This effort has inspired intense work on 
the foundations of mathematics, di
rected at clarifying the structure of 
mathematics and the meaning of "ex
istence" for the objects of mathematical 
thought. 

Inevitably the expansion of mathe
matics has enhanced immanent tenden
cies toward specialization and isolation; 

Ar----..,B 
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mathematics is threatened with a loss 
of unity and cohesion. Mutual under
standing among representatives of dif
ferent fields of mathematics has become 
difficult, and contact of mathematics 
with other sciences has been weakened. 
Yet remarkable advances continue to be 
won, mostly by young talent amply sup
ported by a society that recognizes the 
increasing importance of mathematics. 
At the same time the growing volume of 
mathematical activity has led to a be
wildering avalanche of publications, a 

multiplicity of meetings, administrative 
tangles and pressures of commercialism. 
It becomes the urgent duty of mathe
maticians, therefore, to meditate about 
the essence of mathematics, its motiva
tions and goals and the ideas that must 
bind divergent interests together. For 
this purpose they can find no better oc
casion than the opportunity to explain 
their work to a wider public. 

The question "What is mathematics?" 
cannot be answered meaningfully by 

philosophical generalities, semantic defi
nitions or journalistic circumlocutions. 
Such characterizations also fail to do 

TRANSLATION 

ROTATION 

REFLECTION 

DILATION 

> 

PROJECTION 

justice to music or painting. No one can 
form an appreciation of these arts 
without some experience with rhythm, 
harmony and structure, or with form, 
color and composition. For the appre
ciation of mathematics actual contact 
with its substance is even more nec
essary. 

\\lith this caution, some remarks of 
a general nature can nevertheless be 
made. As is so often said, mathematics 
aims at progressive abstraction, logical
ly rigorous axiomatic deduction and 
ever wider generalization. Such a char
acterization states the truth but not the 
whole truth; it is one-sided, almost a 
caricature of the live reality. Mathe
matics, in the first place, has no monop
oly on abstraction. The concepts of 
mass, velocity, force, voltage and cur
rent are all abstract idealizations of 
physical reality. Mathematical concepts 
such as point, space, number and func
tion are only somewhat more strikingly 
abstract. 

The model of rigorous axiomatic de
duction for so long impressed on mathe
matics by Euclid's Elements constitutes 
the remarkably attractive form in which 
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TYPES OF GEOMETRY were classified by Felix Klein according 
to tbe invariant properties of figures when they undergo various 

groups of transformations. Euclidean geometry is represented at 
top left as the study of properties such as "angle" that are retained 

when the square ABeD is translated, rotated, reflected or dilated. 
Affine geometry, represented at bottom left, permits all these 

transformations, and projection by parallel rays to a plane that 

can be tilted. In this instance the ratio of collinear points is con· 

stant. (If P is a point on the line AB, then the ratio of AP to PB 

does not change when the figure is transformed.) At top right is 

a representation of projective geometry, which permits point

source projection to a randomly tilted screen. An invariant prop-
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the end product of mathematical 
thought can often be crystallized. It 
signifies ultimate success in penetrating 
and ordering mathematical substance 
and laying bare its skeletal structure. 
But emphasis on this aspect of mathe
matics is totally misleading if it sug
gests that construction, imaginative 
induction and combination and the elu
sive mental process called intuition play 
a second my role in productive mathe
matical activity or genuine understand
ing. In mathematical education, it is 
true, the deductive method starting 
from seemingly dogmatic axioms pro
vides a shortcut for covering a large ter
ritory. But the constructive Socratic 
method that proceeds from the particu
lar to the general and eschews dogmatic 
compulsion leads the way more surely to 
independent productive thinking. 

Just as deduction should be supple
mented by intuition, so the impulse 
to progressive generalization must be 
tempered and balanced by respect and 
love for colorful detail. The individual 
problem should not be degraded to the 
rank of special illustration of lofty gen
eral theories. In fact, general theories 

• z-= 
--

- --

A .-____ --, B 

emerge from consideration of the spe
cific, and they are meaningless if they 
do not serve to clarify and order the 
more particularized substance below. 

The interplay between generality and 
individuality, deduction and construc
tion, logic and imagination-this is the 
profound essence of live mathematics. 
Any one or another of these aspects of 
mathematics can be at the center of a 
given achievement. In a far-reaching 
development all of them will be in
volved. Generally speaking, such a de
velopment will start from the "con
crete" ground, then discard ballast by 
abstraction and rise to the lofty layers 
of thin air where navigation and obser
vation are easy; after this flight comes 
the crucial test of landing and reaching 
specific goals in the newly surveyed low 
plains of individual "reality." In brief, 
the flight into abstract generality must 
start from and return again to the con
crete and specific. 

These principles are dramatically and 
convincingly illustrated in the evo

lution of the mathematical sciences. 
Johannes Kepler, with the genius of the 

PROJECTION FROM POINT SOURCE 
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true diagnostician, abstracted from the 
wealth of Tycho Brahe's observations 
the elliptical shape of the planetalY or
bits. Isaac Newton, by further abstrac
tion, derived from these models the 
universal law of gravitation and the 
differential equations of mechanics. On 
this elevated level of unencumbered 
mathematical abstraction mechanics 
gained an enormous mobility. On de
scent to concrete and specific earth
bound problems it has won success after 
success in enormous regions outside its 
original province of celestial dynamics. 

Similarly, in electromagnetism �'li
chael Faraday established a body of ex
perimental findings linked by his own 
ingenious interpretations. From these 
some mathematical qualitative laws of 
electromagnetism were soon abstracted. 
Then, behind the formulations for spe
cific, simple configurations, the genius 
of James Clerk Maxwell divined a very 
general quantitative law that combines 
in a system of differential equations the 
magnetic and electric forces and their 
rates of change. These equations, ab
stracted and cut loose from specific, 
tangible cases, may at first have seemed 

A 

C 

D 

4 
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erty of figures projected this way is the cross ratio of collinear 

points. (If P and Q are points on the line AB, the ratio of AP / PQ: 

AD/PD is unchanged by the transformation.) Topology, a fourth 

type of geometry that is represented at middle right, studies prop

erties preserved during the bending, stretching and twisting opera

tions called continuous deformation. The order of four points A, B, 

C and D remains after the deformation. In point·set theory, the 

type of geometry shown at bottom right, the order of points is not 

retained during the kind of transformation called "scattering." The 
scattered points do remain conumerous with the points in the orig

inal figure. Thus point-set theory can be described as the study of 
the properties preserved under all one-to-one correspondences. 
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25xJ2 + 22x;'2 + 16x32 + 20x;x;' - 4X;X3 - 16x;'x3 - 36 = 0 

Xl = Xl + 1 

X3 = X3 + 2 

ALGEBRA AND GEOMETRY of bringing a quadratic surface into 

normal form is sbown for the case of an ellipsoid with center at 

point 0, 1, 2) of the coordinate system in which it is considered. 

By parallel translation the coordinate system can be moved to a 

new position (colored axes at left) so the center of the ellipse is 

at its OrIgm (0, 0, 0). The algebra of this translation calls for 

the substitutions yielding the equation above tbe middle diagram. 

The principal axes of the ellipsoid can be made coincident with 

the translated coordinate system by rotation of its axes to the 

position given by the colored lines in the middle diagram. Further 

too esoteric for application. It soon be
came clear, however, that Maxwell's 
ascent to abstraction had opened the 
way to further progress in a number of 
directions. The Maxwell equations il
luminated the wave nature of electro
magnetic phenomena, inspired the ex
periments of Heinrich Hertz on the 
propagation of radio waves, started 
the growth of an entire new technology 
and led investigators to new lines of 
research, including, for example, the 
now very active field of magnetohydro
dynamics. 

It cannot be said that Maxwell's 
equations were the product of sys
tematic deductive thinking. Neither 
should his achievement be ascribed to 
purely inductive Socratic processes. In
stead Maxwell must be counted among 
those rare minds that recognize similar
ities and parallels between seemingly 
remote, disconnected facts and arrive at 
a major new insight by combining pat
ently diverse elements into a unified 
system. 

In mathematics proper a correspond
ing arc of development-from concrete 
individual substance through abstrac
tion and back again to the concrete and 
individual-endows a theory with its 
meaning and significance. To appreciate 
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this basic fact one must bear in mind 
that the terms "concrete," "abstract," 
"individual" and "general" have no 
stable or absolute meaning in mathe
matics. They refer primarily to a frame 
of mind, to a state of knowledge and 
to the character of mathematical sub
stance. What is already absorbed as 
familiar, for example, is readily taken to 
be concrete. The words "abstraction" 
and "generalization" describe not static 
situations or end results but dynamic 
processes directed from some concrete 
stratum to some "higher" one. 

Fruitful new discoveries in mathemat-
ics sometimes come suddenly with 

relatively little apparent effort: the view 
is cleared by abstracting from concrete 
material and laying bare the structurally 
essential elements. Axiomatics, irrespec
tive of its Euclidean form, means just 
that. A recent instance of the fruitful 
use of abstraction is the generalization 
by John von Neumann and others of 
David Hilbert's "spectral" theory, from 
what proved to be the special case of 
"bounded" linear operators to "un
bounded" ones. 

This far-reaching development can 
be traced in a succession of abstractions 
upward from the familiar concrete 

ground of analytic geometry. In the 
elementary analytic geometry of a three
dimensional space with coordinates Xl, 
X2, Xa a plane is characterized by a 
linear equation, and a quadratic surface, 
such as that of a sphere or an ellipsoid, 
is characterized by a quadratic equation 
(that is, an equation in which the high
est power of an unknown is its square) 
in the variables Xl> X2, Xa' For example, 
an equation of the general form AlX12 + 
A2x22 + Aaxa2 

= 1 describes a quadratic 
surface centered at the origin of the 
coordinate system and with its three 
principal axes pointing in the direction 
of the coordinate axes. In the case of the 
ellipsoid the "coefficients" AI, '\2, Aa 
stand for fixed positive numbers; they 
represent the expressions 1/a12, 1/a22, 
l/al, in which al> a2, as are the semi
axes of the ellipsoid. The ellipsoid con
sists precisely of those points for which 
the values of the variables Xl> X2, Xa sat
isfy the equation [see illustration on 
these two pages J. 

Now, without much ado, the alge
braization of geometry permits one to 
speak of a space of more than three 
dimensions, say n dimensions, with co
ordinates Xl> X2, xa . • .  X", In this space 
planes are again defined by linear equa
tions and quadratic surfaces by quad-
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A, = �=� a,2 4 
A2=�=� a22 2 
A3 =�= 1 a32 

substitution yields the equation in normal 

form, shown at the right above the ellipsoid 

it describes. The lengths of the semiaxes 

(aI' a2, (Is) are related to the coefficients 

of the terms in the equation as indicated. 

ratic equations in the variables Xl, X2, 
Xa ... X". It is one of the most important 
results of "linear algebra" that quad
ratic surfaces can be brought into the 
algebraic normal form AlX12 + A2Xl + 
Aaxa2 ... A"Xn� = 1 after a suitable trans
formation of the coordinate system (or 
a rigid motion of the figure) that centers 
the figure at the origin with its principal 
axes along the coordinate axes. This 
theorem is the key to many applications; 
for instance, to the theory of mechanical 
or electrical systems involving the vi
brations of a finite number n of mass 
points or circuit elements about a state 
of equilibrium. 

Physicists such as Lord Rayleigh did 
not hesitate to apply this result, without 
mathematical justification, in a much 
more general way by letting the number 
of dimensions n tend to infinity. This 
step toward greater generalization and 
abstraction of the underlying mathe
matics has served well in the study of 
vibrating systems consisting not of a 
finite number of mass points or circuit 
elements but rather of a continuum of 
matter, such as a string, a membrane or 
a transmission line. 

Hilbert, one of the truly great mathe
maticians of the past generation, rec
ognized that such quadratic forms of 

infinitely many variables ought to be 
secured in a complete mathematical 
theory. In this endeavor he found it 
necessary first to restrict the domain of 
the variables by requiring that the sum 
of their squares should "converge," that 
is, have a finite value. Another way of 
stating this, with the help of a "gen
eralized" Pythagorean theorem, is to say 
that a point in a "Hilbert space" of 
infinitely many dimensions must have 
a finite distance 1 = YX12 + X2� + ... 
from the origin. Next, Hilbert defined 
the quadratic form in infinitely many 
variables-the bounded fOIID-as a dou
ble infinite sum of the form 

allXI2 + a12xIx2 + alaXlXa + .. . 
+ a22x/ + a23x2Xa + .. . 
+ ... , 

where the first index (that is, Xl in the 
first row, X2 in the second row and so 
on) goes to infinity from row to row and 
the second index (that is, X2 in the first 
row, X3 in the second row and so on) 
goes to infinity along the row. This 
double infinite sum is under the crucial 
restriction that it must converge at 
every point in a Hilbert space. 

In such a space many concepts relat
ing to the properties of planes and the 
quadratic surfaces in finite-dimensional 
geometry remain meaningful. This is 
true in particular of the theory of the 
transformation of quadratic forms to 
their principal axes. Hilbert showed that 
every quadratic form in this class can 
be brought into a normal form by a 
rotation of the coordinate system. By 
analogy with the finite-dimensional case 
Hilbert called the set of values AI, A2, 
Aa appearing in this normal form the 
"spectrum" of the quadratic form. 

In his generalization of the principal
axis theory from ordinary quadratic 
forms in n variables to forms in infinite
ly many variables Hilbert discovered 
many new phenomena, such as the oc
currence of continuous mathematical 
spectra. Moreover, Hilbert's work served 
well in the emergence of quantum 
mechanics. His term "mathematical 
spectra" found a prophetic relevance to 
the spectra of energy states in atoms and 
their constituent particles. But Hilbert's 
theory of quadratic forms was not quite 
equal to the task of handling quantum 
mechanics; the forms occurring there 
turned out to be "unbounded." 

At this point von Neumann, inspired 
by Erhard Schmidt and more inclined 
toward abstraction than his elders, car
ried. the process of abstraction another 
crucial stratum upward. By discarding 

Hilbert's concept of a quadratic form as 
something that can be expressed con
cretely as an infinite algebraic expres
sion and instead formulating the con
cept abstractly, he was able to avoid its 
earlier limitations. Thus extended, Hil
bert's spectral theory was made to an
swer the tangibly concrete needs of 
contemporary physics. 

The theory of groups, a central con-
cern of contemporary mathematics, 

has evolved through an analogous pro
gression of abstractions. Group theory 
traces its origins back to a problem that 
has fascinated mathematicians since the 
Middle Ages: the solving of algebraic 
equations of degree greater than two by 
algebraic processes, that is, by addition, 
subtraction, multiplication, division and 
extraction of roots. The theory of quad
ratic equations was known to the Bab
ylonians, and the solution of equations 
of the third and the fourth degree was 
accomplished by the Renaissance math
ematicians Girolamo Cardano and Nic
colo Tartaglia. The solution of equations 
of the fifth degree and higher degrees, 
however, encountered insurmountable 
obstacles. 

Early in the 19th century a novel and 
profound attack on these old problems 
was launched by Joseph Louis La
grange, P. Ruffini and Niels Henrik 
Abel and, in a most original way, by 
Evariste Galois. These new approaches 
started from the known facts that an 
algebraic equation of degree n of the 
form x" + a,,_lxn-1 + ... + a1x + ao = 

o has n roots 1h 12" .1", and that this 
set of n roots determines the equation 
uniquely. (For example, if 1 and 3 are 
roots of a quadratic equation, then 
(x - 1) (x - 3) = X2 - 4x + 3 = 0 is the 
equation determined by the roots 1 and 
3.) The coefficients of the equation are 
symmetric functions of the roots; that is, 
they depend on the set of roots regard
less of the order. (For example, in a 
cubic equation xa + ax2 + bx + c = 0 
with roots 11, 12, 1a the coefficients can 
be written -a = 1\ + 12 + l'a, b = 1112 + 
121a + 1a1'1, c = 1\1�l'a, and if 11, 12, 13 
are permuted, a, b and c are not 
changed.) 

Over the years work with such equa
tions revealed that the key to the prob
lem of expressing the roots of the 
equations in terms of the coefficients 
lies not only in the study of symmetric 
expressions but also more decisively in 
the study of not completely symmetric 
expressions and in the analysis of what
ever symmetries they possess. The ex
pression E = 1112 + 1314 does not, for 
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example, remain unchanged for all arbi
trary permutations of the four symbols 
f1' f�, 1"3, r.1• If the indices 1 and 2 or 
3 and 4 are interchanged, E is invariant, 
that is, remains unchanged. If 1 and 3 
are interchanged, however, the resulting 
expression is not E. On the other hand, 
the succession of two permutations that 
changes and then restores E amounts to 
a permutation that clearly leaves E in
variant. The set of these permutations, 
called a "group" by Galois, represents 
the intrinsic symmetries of the expres
sion E. The understanding of permu
tation groups was recognized by the 
ingenious Galois as the key to a deeper 
theory of algebraic equations. 

Soon afterward mathematicians were 
discovering permutation groups in other 
fields. The set of six motions that carry 
an equilateral triangle into itself, for 
example, forms a group [see illustration 
on page 71]. Other groups have been 
uncovered as fundamental structural 
elements in most of the branches of 
mathematics. 

To embrace such groups, in all their 
different guises and manifestations, in a 
single concept and to anticipate the 
even wider scope of undiscovered pos
sibilities required formulation of the 

underlying group concept in the most 
abstract terms. This has been done by 
calling a set of mathematical objects a 
group if a rule is given for "combining" 
two elements so as to obtain again an 
element S of the set; this rule is required 
to be associative, that is, (ST)U = 

S(TU) = S. Furthermore, the set must 
include a "unit" element I that, when 
combined with any other element S of 
the set, yields S, that is, IS = SI = S. 
Finally, for every element S in the set 
there must be an "inverse" element S-l 
such that the combination SS-l yields 
the unit element, that is, SS-l = l. 

The specific "substantial" nature of 
the group is left wide open, of course, 
by this abstract definition. The elements 
may be numbers, rotations of geometric 
bodies, deformations of space (such de
formations may be defined by linear or 
other transformation of the coordinates) 
or, as above, the permutations of n 
objects. 

Altogether the group concept and 
1\.. the clarification and unification it 
brought to the diverse branches of 
mathematics must be reckoned a major 
achievement of the past 150 years. 
Much of the effort has been expended 

on the intermediate, lofty sector of tbe 
arc of development, that is, on the struc
tural analysis of the abstracted concepts. 
The work has contributed all along, 
however, to illuminating more specific 
concrete areas, such as number theory 
and algebra. One of the remarkable suc
cesses along this line was Felix Klein's 
famous classification in the 1870's of the 
various branches of geometry according 
to groups of transformations under 
which certain geometrical properties re
main invariant [see illustration on pages 
42 and 43]. 

Abstract group theory has found sig
nificant application in the still more 
concrete problems of particle physics. 
Here the occasion is provided by the 
intricate group of open and hidden sym
metries that prevail in the configuration 
and interaction of the nuclear particles. 
The success of group theory in bringing 
order to a great mass of data and pre
dicting the existence of new particles 
[see "Mathematics in the Physical Sci
ences," page 128] shows convincingly 
how abstraction can help in the search 
for hard facts. 

Intuition, that elusive vital agent, is 
always at work in creative mathematics, 
motivating and guiding even the most 

INFLUENTIAL MATHEMATICIANS who helped to direct the 
course of 20th-century thought are shown on these two pages. Georg 

Cantor (left) suggested an order for infinite sets, thus focusing 

mathematical sp�culation on set theory. Henri Poincare (middle) 
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abstract thinking. In its most familiar 
manifestation, geometrical intuition, it 
has figured in the many major recent 
advances in mathematics that have oc
curred in or Rowed from work in ge
ometry. Yet there is a powerful compul
sion in mathematics to reduce the visible 
role of intuition, or perhaps one may 
better say to buttress it, by precise and 
rigorous reasoning. 

Topology, the youngest and most vig-
orous branch of geometry, illustrates 

in a spectacular way the fruitful work
ing of this tension between intuition and 
reason. With a few' isolated but impor
tant earlier discoveries-for example the 
one-sided Mobius band-as its stock-in
trade, topology emerged as a field of 
serious study in the 19th century. For 
a long period it was almost entirely a 
matter of geometrical intuition, of cut
ting and pasting together surfaces in an 
effort to visualize the mathematical sub
stance of topology, that is, the proper
ties of surfaces that do not change under 
arbitrary continuous deformation. Early 
in the evolution of the new discipline, 
however, Georg Friedrich Bernhard Rie
mann brought it to the center of atten
tion. In his sensational work on the 

them,),: of algebraic functions of a com
plex variable (a variable incorporating 
the imaginary number �) he showed 
that the topological facts concerning 
what are now called Riemann surfaces 
are essential to a real understanding 
of these functions. 

During the 19th century investigators 
discovered and systematically explored 
a wide range of topological properties 
of surfaces of two, three and then of n 
dimensions. Still on a more or less intui
tive basis, early in this century, the 
great Henri Poincare and others built 
a fascinating edifice of topological 
theory. This work proceeded in close 
relation to the development of group 
theory and found uses in other fields of 
mathematics and in the evolution of 
the mathematical sciences to higher 
levels of sophistication. It was put to 
work, for example, in celestial mechanics, 
specifically in the construction of plan
etary orbits in space curved by gravita
tional fields. 

Topologists soon began to feel with 
urgency the need to sharpen their tools 
in order to catch the products of geo
metrical intuition in the vise of modern 
mathematical precision-without de
stroying their convincing beauty. This 

warned against preoccupation with set theory. David Hilbert (right) generalized the 

principal·axis theory. In 1900 he proposed 23 projects for 20th·century mathematicians. 

task was accomplished almost single
handed in the first decades of this cen
tury by the Dutch mathematician 
L. E. J. Brouwer. Thanks to his gigan
tic effort, topology is now as amenable 
to rigorous treatment as the geometry 
of Euclid, and advances in the field 
proceed on the solid ground of logically 
impeccable reasoning. 

j\t the center of the difficulties con-
fronting Brouwer was the dilemma 

presented by the concept of continuity. 
Everyone has a sure intuitive idea of 
what continuity is, for example the 
smoothness of a curve. But the begin
ning student of calculus loses his assur
ance at the very outset as he attempts 
to capture continuity in a precise mathe
matical formulation. Difficulty is inher
ent in the task because the geometrical 
intuition of continuity and the mathe
maticallogical concept do not perfectly 
match. Rigorous definition brings to the 
surface whole areas of cases, perhaps 
marginal, that confound the intuition 
with paradox. It is easy to construct, for 
instance, continuous curves (in the exact 
sense of the definition) that do not have 
a length [see lower illustration on page 
49], that have nowhere a direction or that 
wind around, without any self-intersec
tion, within a square so that they come 
arbitrarily close to any given point in 
the square. Such bizarre constructions 
highlight the need for careful reasoning 
in proofs of the topological properties 
of surfaces or other objects subjected to 
complex continuous deformations. 

That need is not at once intuitively 
apparent to the nontopologist. Consider, 
for example, C. Jordan's famous theorem 
stating that any non intersecting contin
uous closed curve in a plane bounds two 
separate domains-the interior and the 
exterior [see upper illustration on page 
49]. Every scientist, engineer and stu
dent in his naive right mind will regard 
the effort to prove such a theorem as an 
unnecessary, self-imposed, almost maso
chistic exercise. Yet in writing his classi
cal textbook on analysis Jordan felt 
strongly the need for a proof and pre
sented one. It is a measure of the sub
tlety of the problem thdt Jordan's proof 
turned out to be not completely correct! 
Similarly, no one will doubt that the 
dimensionality of a two-dimensional or 
three-dimensional geometric figure re
mains unchanged under any continuous 
deformation. Yet the precise proof of 
this fact, under the general assumption 
of mere abstract continuity, stands as 
one of Brouwer's major achievements. 

It is possible, of course, to evade some 
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MAPPING A FUNCTION of a complex variable from an infinitely many·sheeted Riemann 

surface produces the figure shown at top of this illustration. The circle·arc polygons that 

grow infinitely small toward the outer circle correspond to straight.line polygons (bottom) 
that extend infinitely without changing size throughout the plane on which they are shown. 
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of the difficulties in the notion of 
continuity by restricting the group of 
continuous deformations-by demand
ing,. for example, "smoothness" or differ
entiability instead of pure continuity. 
This has been done with great success. 
Differential topology, as it is called, has 
recently achieved outstanding results. 
Investigation of deformations conducted 
under the requirement of "reasonable" 
smoothness has produced significantly 
different classifications of topological 
structures than would be yielded under 
a regime of completely general con
tinuity. 

These developments may also be wel
comed as indicating a healthy deflection 
of the trend toward boundless gener
ality. Ever since Georg Cantor's achieve
ments in the theory of sets, in the last 
decades of the 19th century, that trend 
has occupied many mathematical minds. 
Some great mathematicians, notably 
Poincare, have fought it bitterly as a 
menace to mathematics, in particular 
because it leads to unresolved para
doxes. If Poincare's militant criticism 
has proved to be overly restrictive and 
even reactionary, it was nonetheless 
salutary because it encouraged construc
tive mathematicians concerned with 
specific and graspable matters. 

Various motivations, in the same in
dividual or in different people, inspire 
mathematical activity. Certainly the 
roots in physical reality of large parts 
of mathematics-especially analysis
supply powerful motivation and inspira
tion. The situation with respect to other 
realms of reality is not much different. 
In number theory and algebra it is the 
intriguing reality of the world of num
bers, so deeply inherent in the human 
mind. Still more removed from physical 
reality, one might think, is the reality 
of the logical processes involved in 
mathematical thinking. Yet basic ideas 
from esoteric work in mathematical 
logic have proved useful for the under
standing and even for the design of 
automatic computing machines. 

In brief, mathematics must take its 
motivation from concrete specific sub
stance and aim again at some layer of 
"reality." The flight into abstraction 
must be something more than a mere 
escape; start from the ground and re
entry are both indispensable, even if the 
same pilot cannot always handle all 
phases of the trajectory. The substance 
of the purest mathematical enterprise 
may often be provided by tangible 
physical reality. That mathematics, an 
emanation of the human mind, should 
serve so effectively for the description 
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and understanding of the physical world 
is a challenging fact that has rightly 
attracted the concern of philosophers. 
Leaving philosophical questions aside, 
however, the engagement in physical 
questions or the apparent absence of 
such engagement must not be taken as 
a criterion for distinguishing between 
the kinds of mathematics and mathe
maticians. 

No sharp dividing line can, in fact, 
be drawn between "pure" and "applied" 
mathematics. There should not be a 
class of high priests of unadulterated 
mathematical beauty, exclusively re
sponsible to their own inclinations, and 
a class of workers who serve other mas
ters. Class distinctions of this kind are 
at best the symptom of human limi
tations that keep most individuals from 
roaming at will over broad fields of 
interest. 

�though the substance of mathematics 
is indivisible, distinct differences 

must be acknowledged in the attitudes 
that the same scientist or different sci
entists may bring to a problem. The 
attitude of the purist, which every sci
entifically inclined mind will at least 
sometimes assume, demands uncompro
mising perfection. No gaps or rough 
spots can be tolerated in the solution of 
a problem and the result must flow from 
an unbroken chain of flawless reasoning. 
If the attempt encounters insurmount
able obstacles, then the purist is in
clined to restate his problem or replace 
it with another in which the difficulty 
is capable of being managed. He may 
even "solve" his problem by redefining 
what he means by a solution; this is, in 
fact, a not uncommon preliminary step 
toward a true solution of the original 
problem. 

In the case of applied research the 
situation is different. The problem, in 
the first place, cannot be as freely modi
fied or avoided; what is wanted is a 
believable, humanly reliable answer. If 
necessary, therefore, the mathematician 
must accept compromise; he must be 
willing to interpolate guesswork into 
the train of reasoning and to make al
lowance for the uncertainty of numerical 
evidence. But even the most practically 
motivated study-the analysis, for in
stance, of flow involving shock dis
continuities-may demand fundamental 
mathematical investigation to discover 
how to frame the question. Pure exis
tence proofs may also be significant in 
applied research; ascertaining that a 
solution exists may give the needed as
surance of the suitability of the mathe-

mati cal model. Finally, applied mathe
matics is dominated by approximations; 
these are inescapable in the attempt to 
mirror physical processes in mathemati
cal models. 

To handle the translation of reality 
into the abstract models of mathematics 
and to appraise the degree of accuracy 
thereby attainable calls for intuitive 
feeling sharpened by experience. It may 
also often involve the framing of genu-

ine mathematical problems that are far 
too difficult to be solved by the avail
able techniques of the science. Such, in 
part, is the nature of the intellectiIaI 
adventure and the satisfaction experi
enced by the mathematician who works 
with engineers and natural scientists 
on the mastering of the "real" problems 
that arise in so many places as man 
extends his understanding and control 
of nature. 

JORDAN CURVE THEOREM states that any closed curve such as the one shown here 

bounds interior and exterior domains. A line drawn from inside the curve to the outside 

will make an odd number of intersections; a line drawn from outside it, an even number. 

INFINITE ZIGZAG is composed of successive segments with lengths 1, J�, J�, ),\, J�, � . . . . The 
sequence of unit fractions has no finite sum and the curve itself has no finite length. 

49 

© 1964 SCIENTIFIC AMERICAN, INC



© 1964 SCIENTIFIC AMERICAN, INC



NUMBER 

\Vith geonletry it is one of the two pillars at the base of nlathenlatics. 

The concept of number is enlarged by building up nunlber systenls 

and by seeking to break thenl down into their nlost prinlitive elenlents 

B
y popular definition a mathema
tician is a fellow who is good at 
numbers. Most mathematicians 

demur. They point out that they have 
as much difficulty as anybody else in 
reconciling their bank statements, and 
they like to refer to supporting anec
dotes, such as that Isaac Newton, who 
was Master of the Mint, employed a 
bookkeeper to do his sums. They ob
serve further that slide rules and elec
tronic computers were developed as 
crutches to help mathematicians. 

All of this is obviously irrelevant. 
Who, if not the mathematician, is the 
custodian of the odd numbers and the 
even numbers, the square numbers and 
the round numbers? To what other 
authority shall we look for information 
and help on Fibonacci numbers, Liou
ville numbers, hypercomplex numbers 
and transfinite numbers? Let us make no 
mistake about it: mathematics is and 
always has been the numbers game par 
excellence. The great American mathe
matician G. D. Birkhoff once remarked 
that simple conundrums raised about 
the integers have been a source of re-

NEW-WORLD NUMBERS, in dot-and·bar 

notation, record the date of a fragmentary 

o lmec stela from the state of Vera Cruz in 

Mexico. Each dot equals one unit; each bar 

equals five. Restored, these numbers show 

seven periods of 400 "years" (missing from 

top), plus 16 periods of 20 "years" (the top· 

most surviving numeral, dot eroded), plus 

six "years" of 360 days each, plus 16 

"months" of 20 days each, plus 18 days: a 

total elapsed time of nearly 3,127 "years" 

since the mythical start of the system. By 

one method of correlation with the Christian 

calendar, this is the equivalent of No

vember 4, 291 B.C., and is the second oldest 

recorded date in the Western Hemisphere. 

by Philip J. Davis 

vitalization for mathematics over the 
centuries. 

Numbers are an indispensable tool of 
civilization, serving to whip its activities 
into some sort of order. In their most 
primitive application they serve as iden
tification tags: telephone numbers, car 
licenses, ZIP-code numbers. At this level 
we merely compare one number with 
another; the numbers are not subjected 
to arithmetical operations. (We would 
not expect to arrive at anything signifi
cant by adding the number of Leonard 
Bernstein's telephone to Elizabeth Tay
lor's.) At a somewhat higher level we 
make use of the natural order of the 
positive integers: in taking a number 
for our turn at the meat counter or in 
listing the order of finish in a race. 
There is still no need to operate on the 
numbers; all we are interested in is 
whether one number is greater or less 
than another. Arithmetic in its full sense 
does not become relevant until the stage 
at which we ask the question: How 
many? It is then that we must face up 
to the complexities of addition, subtrac
tion, multiplication, division, square 
roots and the more elaborate dealings 
with numbers. 

The complexity of a civilization is mir-
rored in the complexity of its num

bers. Twenty-five hundred years ago 
the Babylonians used simple integers to 
deal with the ownership of a few sheep 
and simple arithmetic to record the 
motions of the planets. Today mathe
matical economists use matrix algebra 
to describe the interconnections of hun
dreds of industries [see "Mathematics 
in the Social Sciences," page 168], and 
physicists use transformations in "Hil
bert space"-a number concept seven 
levels of abstraction higher than the 
positive integers-to predict quantum 

phenomena [see "Mathematics in the 
Physical Sciences," page 128]. 

The number systems employed in 
mathematics can be divided into five 
principal stages, going from the simplest 
to the most complicated. They are: (1) 
the system consisting of the positive 
integers only; (2) the next higher stage, 
comprising the positive and negative 
integers and zero; (3) the rational num
bers, which include fractions as well as 
the integers; (4) the real numbers, which 
include the irrational numbers, such as 
7T; (5) the complex numbers, which in': 

troduce the "imaginary" number ';=1-
The positive integers are the numbers 

a child learns in counting. They are 
usually written 1, 2, 3, 4 ... , but they 
can and have been written in many 
other ways. The Romans wrote them I, 
II, III, IV. .. ; the Greeks wrote them 
a, (3, y, 8 . .. ; in the binary number 
system, containing only the digits a and 
1, the corresponding numbers are writ
ten as 1, la, 11, 100 .... All these varia
tions come to the same thing: they use 
different symbols for entities whose 
meaning and order are uniformly under
stood. 

Early man needed only the first few 
integers, but with the coming of civili
zation he had to invent higher and high
er numbers. This advance did not come 
readily. As Bernard Shaw remarked in 
Man and Superman: "To the Bushman 
who cannot count further than his fin
gers, eleven is an incalculable myriad." 
As late as the third century B.C. there 
appears to have been no systematic way 
of expressing large numbers. Archi
medes then suggested a cumbersome 
method of naming them in his work The 
Sa1ld Recko1ler. 

Yet while struggling with the names 
of large numbers the Greek mathema
ticians took the jump from the finite to 
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NUMBER CONCEPTS can be arrayed in such a way that each succeeding system embraces 

all its predecessors. The most primitive concept, consisting of the positive integers alone, 

is succeeded by one extended to include zero and the negative integers. The next two addi

tions are the rational and the irrational numbers, the latter recognizable by their infinitely 

non repetitive sequence of integers after the decimal. This completes the system of real 

numbers. The final array represents complex numbers, which began as a Renaissance 

iii ght of fancy and have since proved vital to the mathematics of physics and engineering. 

The complex numbers consist of real numbers combined wilh the quantity y=l, or i. 
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the inRnite. The jump is signiRed by the 
three little dots placed after the 4 in the 
series above. They indicate that there is 
an integer after 4 and another after the 
successor to 4 and so on through an un
limited number of integers. For the an
cients this concept was a supreme act 
of the imagination, because it ran 
counter to all physical experience and to 
a philosophical belief that the universe 
must be Rnite. The bold notion of in
Rnity opened up vast possibilities for 
mathematics, and it also created para
doxes. Its meaning has not been fully 
plumbed to this day. 

Oddly the step from the positive to 
the negative integers proved to be a 
more difficult one to make. Negative 
numbers seem altogether commonplace 
in our day, when 10 degrees below zero 
is a universally understood quantity and 
the youngest child is familiar with the 
countdown: " ... Rve, four, three, two, 
one .... " But the Greeks dealt with neg
ative numbers only in terms of algebraic 
expressions of the areas of squares and 
rectangles, for example (a - b)2 = a2 
- 2ab + b2 [see illustration at top of 
pages 54 and 55]. Negative numbers 
were not fully incorporated into mathe
matics until the publication of Girolamo 
Cardano's Ars Magna in 1545. 

Fractions, or rational numbers (the 
name they go by in number theory), 
are more ancient than the negative num
bers. They appear in the earliest math
ematical writings and were discussed 
at some length as early as 1550 B.C. in 
the Rhind Papyrus of Egypt. The pres
ent way of writing fractions (for instance 
1/4, 1/5, 8/13) and also the present 
way of doing arithmetic with them date 
from the 15th and 16th centuries. Today 
most people probably could not be 
trusted to add 1/ 4 and 1/ 5 correctly. 
(Indeed, how often do they need to?) 
The handling of fractions, however, is 
by no means a dead issue. It recently 
became a matter of newspaper contro
versy as a result of the treatment of 
fractions in some of the new school 
mathematics courses, with the can
cellation school pitted against the anti
cancellation school. The controversy 
stemmed from a divergence of opinion 
as to what the practical and aesthetic 
goals of school mathematics should be; 
the mystiRed layman, reading about it 
over his eggs and coffee, may have been 
left with the impression that everything 
he had once been taught about fractions 
was wrong or immoral. 

The irrational numbers also have a 
long history: In the sixth century B.C. 
the mathematical school of Pythag-
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BINARY 00000 00001 00010 00011 00100 00101 00110 00111 01000 01001 01010 01011 01100 01101 01110 01111 10000 

ANCIENT AND MODERN NOTATIONS for the numerals from 

1 to 16 are arrayed beneath the equivalent values set up on a two· 

rod abacus. Of the six examples all but two have a base of 10; 

these are repetitive above that number regardless of whether the 

symbol is tally.like or unique for each value. The Mayan notation 

has a base of 20 and is repetitive after the numeral 5. The binary 

system has a base of 2 and all its numbers are written with only a 

pair of symbols, 0 and 1. Thus two, or 21, is written 10; four, or 22, 

is written 100, and eight, or 23, is written 1000. Each additional 

power of 2 thereafter adds one more digit to tbe binary notation. 

oras encountered a number that could 
not be fitted into the category of either 
integers or fractions. This number, ar
rived at by the Pythagorean theorem, 
was \1'2: the length of the diagonal of 
a square (or the hypotenuse of a right 
triangle) whose sides are one unit long. 
The Greeks were greatly upset to find 
that \1'2 could not be expressed in terms 
of any number alb in which a and b 
were integers, that is, any rational num
ber. Since they originally thought the 
only numbers were rational numbers, 
this discovery was tantamount to find
ing that the diagonal of a square did 
not have a mathematical length! The 
Greeks resolved this paradox by think
ing of numbers as lengths. This led to a 
program that inhibited the proper de
velopment of arithmetic and algebra, 
and Greek mathematics ran itself into a 
stone wall. 

It took centuries of development and 
sophistication in mathematics to realize 
that the square root of two can be rep
resented by putting three dots after the 
last calculated digit. Today we press the 
square-root button of a desk calculator 

and get the answer: \1'2 = 1.4 1421. . . . 

Electronic computers have carried the 
specification of the digits out to thou
sands of decimal places. Any number 
that can be written in this form-with 
one or more integers to the left of a 
decimal point and an infinite sequence 
of integers to the right of the point
is a "real" number. We can express 
in this way the positive integers (for 
example, 17 = 17.0000 ... ), the nega
tive integers ( -3 = -3. 0000 ... ) or the 
rational numbers ( 17)� = 17.20000 ... ). 
Some rational numbers do not resolve 
themselves into a string of zeros at the 
right; for instance, the decimal expres
sion of one-seventh is 1/7 = 0.142857 
142857 142857 .... What makes these 
numbers "rational" is the fact that they 
contain a pattern of digits to the right 
of the decimal point that repeats itself 
over and over. The numbers called 
"irrational" are those that, like the 
square root of two, have an infinitely 
nonrepeating sequence of decimal dig
its. The best-known examples of irra
tionals are: \1'2 = 1.4 142135623 . .. and 
7r = 3. 14 15926535.... The irrational 

numbers are of course included among 
the real numbers. 

It is in the domain of the "complex 
numbers" that we come to the num
bers called "imaginary"-a term that 
today is a quaint relic of a more naive, 
swashbuckling era in arithmetic. Com
plex numbers feature the "quantity" 
y=I, which, when multiplied by itself, 
produces -1. Since this defies the basic 
rule that the multiplication of two 
positive or negative numbers is positive, 
y'=1 (or i, as it is usually written) is 
indeed an oddity: a number that cannot 
be called either positive or negative. 
"The imaginary numbers," wrote Gott
fried Wilhelm von Leibniz in 1702, "are 
a wonderful flight of God's Spirit; they 
are almost an amphibian between being 
and not being." 

From Renaissance times on, although 
mathematicians could not say what 
these fascinating imaginaries were, they 
used complex numbers (which have the 
general form a + by'=1) to solve equa
tions and uncovered many beautiful 
identities. Abraham de Moivre discov
ered the formula (cos 0 + y=I sin o)n 
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1< b >1 
NEGATIVE NUMBERS were visualized by tbe Greeks in terms 

of lines and bounded areas. Thus tbey realized that the square 

erected on the line a - b was equal in area, after a series of ma

nipulations, to the square on the entire line a. The first manipula-

= cos nO + V=I sin nO. Leonhard 
Euler discovered the related formula 

(e being the base of the "natural log
arithms," 2.71828 . . .  ). 

The complex numbers remained on 
the purely manipulative level until the 
19th century, when mathematicians be
gan to find concrete meanings for them. 
Caspar Wessel of Norway discovered a 
way to represent them geometrically 
[see illustration on page 56], and this 
became the basis of a structure of great 
beauty known as the theory of functions 
of a complex variable. Later the Irish 
mathematician William Rowan Hamil
ton developed an algebraic interpreta
tion of complex numbers that repre
sented each complex number by a pair 
of ordinary numbers. This idea helped 
to provide a foundation for the devel
opment of an axiomatic approach to 
algebra. 

Meanwhile physicists found complex 
numbers useful in describing various 
physical phenomena. Such numbers be
gan to enter into equations of electro
statics, hydrodynamics, aerodynamics, 
alternating-current electricity, diverse 
other forms of vibrating systems and 
eventually quantum mechanics. Today 
many of the productions of theoretical 
physics and engineering are written in 
the language of the complex-number 
system. 

In the 19th century mathematicians 
invented several new number systems. 
Of these modern systems three are par
ticularly noteworthy: quaternions, ma
trices and transfinite numbers. 
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Quaternions were Hamilton's great 
creation. For many years he brooded 
over the fact that the multiplication of 
complex numbers has a simple interpre
tation as the rotation of a plane. Could 
this idea be generalized? Would it be 
possible to invent a new kind of num
ber and to define a new kind of multi
plication such that a rotation of three
dimensional space would have a simple 
interpretation in terms of the multipli
cation? Hamilton called such a number 
a triplet; just as Wessel represented 
complex numbers by a point on a two
dimensional plane, the triplets were to 
be represented by a point in three
dimensional space. 

The problem was a hard nut to crack. 
It was continually on Hamilton's mind, 
and his family worried over it with him. 
As he himself related, when he came 
down to breakfast one of his sons would 
ask: "Well, Papa, can you multiply trip
lets?" And Papa would answer dejected
ly: "No, I can only add and subtract 
them." 

O ne day in 1843, while he was walk-
ing with his wife along a canal in 

Dublin, Hamilton suddenly conceived a 
way to multiply triplets. He was so 
elated that he took out a penknife then 
and there and carved on Brougham 
Bridge the key to the problem, which 
certainly must have mystified passersby 
who read it: "i2 = j2 = k2 = ijk = -1." 

The letters i, j and k represent hyper
complex numbers Hamilton called qua
ternions (the general form of a qua
tern ion being a + bi + cj + dk, with 
a, b, c and d denoting real numbers). 
Just as the square of V=I is -1, so 

i2 = -1, j2 = -1 and k2 = -1 . The 
key to the multiplication of quaternions, 
however, is that the commutative law 
does not hold [see table on page 57]. 
'Vhereas in the case of ordinary num
bers ab = ba, when quaternions are re
versed, the product may be changed: 
for example, ij = k but ji = -k. 

The second modern number concept 
mentioned above, that of the matrix, 
was developed more or less simultane
ously by Hamilton and the British math
ematicians J. J. Sylvester and Arthur 
Cayley. A matrix can be regarded as a 
rectangular array of numbers. For ex
ample, 

6 
o 

is a matrix. The entire array is thought 
of as an entity in its own right. Under 
the proper circumstances it is possible 
to define operations of addition, sub
traction, multiplication and division for 
such entities. The result is a system of 
objects whose behavior is somewhat 
reminiscent of ordinary numbers and 
which is of great utility in many prov
inces of pure and applied mathematics. 

The third modern concept, that of 
transfinite numbers, represents a totally 
different order of idea. It is entertain
ingly illustrated by a fantasy, attributed 
to the noted German mathematician 
David Hilbert and known as "Hilbert's 
Hotel." It would be appreciated by 
roomless visitors to the New York 
World's Fair. A guest comes to Hilbert's 
Hotel and asks for a room. "Hm," says 
the manager. "We are all booked up, 
but that's not an unsolvable problem 
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hypothesis" produced a legacy of un
solved problems that still occupy mathe
maticians. In recent years solutions to 
some of these problems have been 
achieved by Alfred Tarski of the Uni
versity of California at Berkeley and 
Paul J. Cohen of Stanford University. 

We have reviewed the subject matter 

tions require the subtraction of two rectangles of length a and width b from a2• But these 

rectangles overlap, and one quantity has been subtracted twice. This is b2, which is restored. 

(or dramatis personae) of the num
bers game; it now behooves us to ex
amine the rules of the game. To non
mathematicians this may seem to be an 
exercise in laboring the obvious. The 
geometry of Euclid is built on "self-evi
dent" axioms, but rigorous examination 
of the axioms in the 19th century dis
closed loopholes, inconsistencies and 
weaknesses that had to be repaired in 
order to place geometry on firmer foun
dations. But, one may ask, what is there 
about the simple rules of arithmetic and 
algebra that needs examination or 
proof? Shaken by the discoveries of the 
shortcomings of Euclid's axioms, and 
spurred by the surprising features of the 
new number concepts such as the qua
ternions, many mathematicians of the 
19th century subjected the axioms of 
number theory to systematic study. 

here; we can make space for you." He 
puts the new guest in room 1, moves 
the occupant of room 1 to room 2, the 
occupant of room 2 to room 3 and so 
on. The occupant of room N goes into 
room N + 1. The hotel simply has an 
infinite number of rooms. 

How, then, can the manager say that 
the hotel is "all booked up?" Galileo 
noted a similar paradox. Every integer 
can be squared, and from this we might 
conclude that there are as many squares 
as there are integers. But how can this 
be, in view of the known fact that there 
are integers that are not squares, for 
instance 2, 3, 5, 6 . .. ? 

One of the endlessly alluring aspects 
of mathematics is that its thorniest para
doxes have a way of blooming into 
beautiful theories. The 19th-century 
German mathematician Georg Cantor 
turned this paradox into a new number 
system and an arithmetic of infinite 
numbers. 

He started by defining an infinite set 
as one that can be put into a one-to
one correspondence with a part of itself, 
just as the integers are in a one· to-one 
correspondence with their squares. He 
noted that every set that can be put into 
such correspondence with the set of all 
the integers must contain an infinite 
number of elements, and he designated 
this "number" as � (aleph, the first 
letter of the Hebrew alphabet). Cantor 
gave this "first transfinite cardinal" the 
subscript zero. He then went on to show 
that there is an infinity of other sets (for 
example the set of real numbers) that 
cannot be put into a one-to-one corre
spondence with the positive integers be
cause they are larger than that set. Their 

sizes are represented by other transfinite 
cardinal numbers (�1> � 

2 and so on). 
From such raw materials Cantor de
veloped an arithmetic covering both 
ordinary and transfinite numbers. In this 
arithmetic some of the ordinary rules are 
rejected, and we get strange equations 
such as � 0 + 1 = �o. This expresses, 
in symbolic form, the hotel paradox. 

The transfinite numbers have not yet 
found application outside mathematics 
itself. But within mathematics they have 
had considerable influence and have 
evoked much logical and philosophical 
speculation. Cantor's famous "continuum 

9 

a2 + b2 = c2 
16+ 9 = 25 

c=v'25=5 

Are the laws of arithmetic indepen
dent, or can one be derived logically 
from another? Are they really funda
mental, or could they be reduced to a 
more primitive, simpler and more ele
gant set of laws? Answers to questions 
such as these have been sought by the 
program of axiomatic inquiry, which is 

a2 + b2 = c2 
1+1=2 

C = V2 

IRRATIONAL NUMBERS seemed paradoxical to the Greeks, who could not imagine 
numbers that were neither integers nor rational fractions but who could nonetheless express 
such numbers geometrically. In a right triangle with two sides of unit length 3 and 4 reo 

spectively, the hypotenuse is 5 units in length. But no rational fraction is equal to 0, the 

length of the hypotenuse of a right triangle that has sides of length 1. In effect, this says 

that an easily constructed line of quite tangible length is nonetheless "immeasurable." 
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REAL AXIS 3 - 2 

-3 - 2v=1 
-2v=1 

COMPLEX NUMBERS can be represented and even manipulated 

in a geometric fashion. On the real, or x, axis each unit is 1 or - 1 . 

On the imaginary, or y, axis each unit is i, or y=I, or else -i. 

Thus all points on the plane can be given complex numbers of tbe 

form x + yi. If a line througb both the origin and any point on the 

plane (as shown in "a") is rotated through 90 degrees (as in "b"), 

the result is the multiplication of the original'complex number by 

y=I. A second rotation, and multiplication by i, appears in c. 

still going on. It has yielded rigorous 
and aesthetically appealing answers to 
some of them, and in the process it has 
brought forth new concepts such as 
"rings," "fields," "groups" and "lattices," 
each with its own set of rules of opera
tion and its own characteristic theory. 

One of the major accomplishments, 
achieved in the 1870's, was the estab
lishment of a set of axioms for the real 
numbers. It is summed up in the state
ment that the real-number system is a 
"complete ordered field." Each of these 
words represents a group of rules that 
defines the behavior of the numbers. 

First of all, the word "field" means 
a mathematical system in which addi
tion and multiplication can be carried 
out in a way that satisfies the familiar 
rules, namely (1) the commutative law 
of addition: x + y = y + x; (2) the asso
ciative law of addition: x + (y + z) = 

(x + y) + z; (3) the commutative law 
of multiplication: xy = yx; (4) the asso
ciative law of multiplication: x(yz) = 

(xy)z; (5) the distributive law: x(y + z) 
= xy + xz. 

Furthermore, a field must contain a 
zero element, 0, characterized by the 
property that x + ° = x for any element 
x. It contains a unit element, 1, that has 
the property that l' x = x. For any 
given element x of a field there is an
other element -x such that -x + x = O. 
This is the foundation on which subtrac
tion is built. Another axiomatic prop
erty of a field is the cancellation rule 
of multiplication, that is, if xy = xz, 
then y = z (provided that x is not equal 
to zero). Finally, for any element x 
(other than zero) a field must contain 
an element l/x such that x(I/x) = 1. 
This is the basis for division. Briefly, 
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then, a field is a system (exemplified by 
the rational numbers) whose elements 
can be added, subtracted, multiplied 
and divided under the familiar rules of 
ari thmetic. 

Considering now the second word, a 
field is "ordered" if the sizes of its ele
ments can be compared. The shorthand 
symbol used to denote this property is 
the sign >, meaning "greater than." 
This symbol is required to obey its own 
set of rules, namely (1) the trichotomy 
law: for any two elements x and y, ex
actly one of these three relations is true, 
x > y, x = y or y > x; (2) the transi
tivity law: if x > y and y > z, then 
x > Z; (3) the law of addition: if x > y, 
then x + z > y + Z; (4) the law of mul
tiplication: if x > y and z> 0, then 
xz > yz. 

Finally, what do we mean by the 
word "complete" in describing the sys
tem of real numbers as a "complete 
ordered field"? This has to do with the 
problem raised by a number such as 
0. Practically speaking, 0 is given 
by a sequence of rational numbers 
such as 1, 1.4, 1.41, 1.414 ... that pro
vide better and better approximations 
to it. That is to say, 12 = 1, (1.4)2 = 

1.96, (1.4I)� = 1.9981, (1.414)2 = 1.999-
396 .... Squaring these numbers yields a 
sequence of numbers that are getting 
closer and closer to 2. Notice, however, 
that the numbers in the original se
quence (1, 1.4, 1.41. .. ) are also getting 
closer and closer to one another. We 
would like to think of 0 as the "limit
ing value" of such a sequence of ap
proximations. In order to do so we need 
a precise notion of what is meant by 
saying that the numbers of a sequence 
are getting closer and closer to one an-

other, and we need a guarantee that our 
system of numbers is rich enough to 
provide us with a limiting number for 
such a sequence. 

Following the path taken by Cantor, 
we consider a sequence of numbers in 
our ordered field. We shall say that the 
numbers of this sequence are getting 
closer and closer to one another if the 
difference of any two numbers suffi
ciently far out in the sequence is as 
small as we please. This means, for 
example, that all terms sufficiently far 
out differ from one another by at the 
most 1/10. If one wishes to go out still 
further, they can be made to differ by 
at most 1/100, and so forth. Such a se
quence of numbers is called a "regular 
sequence." An ordered field is called a 
"complete" ordered field if, correspond
ing to any regular sequence of elements, 
there is an element of the field that the 
sequence approaches as a limiting value. 
This is the "law of completeness": the 
"gaps" between the rational numbers 
have been completed, or filled up. It is 
the final axiomatic requirement for the 
real-number system. 

�l these rules may seem so elementary 
that they hardly need stating, let 

alone laborious analysis. The program 
of systematizing them, however, has 
been vastly rewarding. Years of polish
ing the axioms have reduced them to a 
form that is of high simplicity. The rules 
I have just enumerated have been found 
to be necessary, and sufficient, to do the 
job of describing and operating the real
number system; throw any one of them 
away and the system would not work. 
And, as I have said, the program of 
axiomatic inquiry has answered some 
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fundamental questions about numbers 
and produced enormously fruitful new 
concepts. 

The spirit of axiomatic inquiry per
vades all modern mathematics; it has 
even percolated into the teaching of 
mathematics in high schools. A high 
school teacher recently said to me: "In 
the old days the rules of procedure were 
buried in fine print and largely ignored 
in the classroom. Today the fine print 
has been parlayed into the main course. 
The student is in danger of knowing 
that 2 + 3 = 3 + 2 by the commutative 
law but not knowing that the sum is 
5." Of course anything can be overdone. 
Exclusive attention to axiomatics would 
be analogous to the preoccupation of 
a dance group that met every week 
and discussed choreography but never 
danced. What is wanted in mathe
matics, as in anything else, is a sound 
sense of proportion. 

We have been considering how num-
bers operate; ultimately we must 

face the more elementary question: 
What are numbers, after all? Nowadays 
mathematicians are inclined to answer 
this question too in terms of ax ioma tics 
rather than in terms of epistemology 
or philosophy. 

To explain, or better still to create, 
numbers it seems wise to try the method 
of synthesis instead of analysis. Suppose 
we start with primitive, meaningful ele
ments and see if step by step we can 
build these elements up into something 
that corresponds to the system of real 
numbers. 

As our primitive elements we can 
take the positive integers. They are a 
concrete aspect of the universe, in the 
form of the number of fingers on the 
human hand or whatever one chooses 
to count. As the 19th-century German 
mathematician Leopold Kronecker put 
it, the positive integers are the work of 
God and all the other types of number 
are the work of man. In the late 19th 
century Giuseppe Peano of Italy pro
vided a primitive description of the 
positive integers in terms of five axioms: 
(1) 1 is a positive integer; (2) every 
positive integer has a unique positive 
integer as its successor; (3) no positive 
integer has 1 as its successor; (4) dis
tinct positive integers have distinct suc
cessors; (5) if a statement holds for 
the positive integer 1, and if, whenever 
it holds for a positive integer, it also 
holds for that integer's successor, then 
the statement holds for all positive in
tegers. (This last axiom is the famous 
"principle of mathematical induction.") 

Now comes the fiat It/x ("Let there be 
light") of the whole business. Axiom: 
There exists a Peano system. This stroke 
creates the positive integers, because the 
Peano system, or system of objects that 
fulfills the five requirements, is essen
tially equivalent to the set of positive 
integers. From Peano's five rules all the 
familiar features of the positive integers 
can be deduced. 

Once we have the positive integers 
at our disposal to work with and to 
mold, we can go merrily on our way, 
as Kronecker suggested, and construct 
extensions of the number idea. By oper
ations with the positive integers, for 
example, we can create the negative 
integers and zero. A convenient way to 
do this is by operating with pairs of 
positive integers. Think of a general pair 
denoted (a,b) from which we shall cre
ate an integer by the operation a - b. 
When a is greater than b, the subtrac
tion a - b produces a positive integer; 
when b is greater than a, the resulting 
a - b integer is negative; when a is 
equal to b, then a - b produces zero. 
Thus pairs of positive integers can rep
resent all the integers-positive, nega-

1 

1 1 

. 
I 

I 

tive and zero. It is true that a certain 
ambiguity arises from the fact that a 
given integer can be represented by 
many different pairs; for instance, the 
pair (6,2) stands for 4, but so do (7,3), 
(8,4) and a host of other possible combi
nations. We can reduce the ambiguity 
to unimportance, however, simply by 
agreeing to consider all such pairs as 
being identical. 

U sing only positive integers, we can 
write a rule that will determine 

when one pair is equal to another. The 
rule is that (a,b) = (c,d) if, and only if, 
a + d = b + c. (Note that the latter 
equation is a rephrasing of a - b = 
c - d, but it does not involve any nega
tive integers, whereas the subtraction 
terms may.) It can easily be shown that 
this rule for deciding the equality of 
pairs of integers satisfies the three arith
metical laws governing equality, namely 
(1) the reflexive law: (a,b) = (a,b); (2) 
the symmetric law: if (a,b) = (b,c), then 
(b,c) = (a,b); (3) the transitive law: if 
(a, b) = (c,d) and (c,d) = (e,f), then 
(a, b) = (e,f). 

We can now proceed to introduce 

. 
k J 

J k 

. . -1 k 
. 

I I -J 

. 
-k -1 . 

J J I 

k k J 
. -1 - I 

MULTIPLICATION TABLE for the quaternions, devised by William Rowan Hamilton, 

demonstrates the noncom mutative nature of these imaginary quantities. For example, the 

row quantity j, multiplied by the column quantity k, produces i, but row k times column j 

produces -i instead. Each of the three quantities, multiplied by itself, is equal to -1 . 
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conventions defining the addition and 
the multiplication of pairs of positive 
integers, again using only positive terms. 
For addition we have (a,b) + (e,d) = 

(a + e, b + d). Since (a,b) represents 
a - band (e,d) represents e - d, the 
addition here is (a - b) + (e - d). Alge
braically this is the same as (a + e) -
(b + d), and that is represented by the 
pair (a + e, b + d) on the right side of 
the equation. Similarly, the multipli
cation of pairs of positive integers is 
defined by the formula (a,b)' (e,d) = 

(ae + bd, ad + be). Here (a,b)(e,d), or 
(a - b)(e - d), can be expressed alge
braically as (ae + bd) - (ad + be), and 
this is represented on the right side of 

a 

a, b, 

+ b5 

ag b8 

7 o o -8 o 

the equation by the pair (ac + bd, 
ad + be). 

It can be shown in detail that all 
the familiar operations with integers 
(positive, negative and zero), when per
formed with such pairs of positive in
tegers, will produce the same results. 

I-I aving constructed all the integers 
(as pairs of positive integers), we 

can go on to create all the other real 
numbers and even the complex num
bers. The rational numbers, or fractions, 
which are pairs of integers in the ordi
nary system, can be represented as pairs 
of pairs of positive integers. For the real 
num bers, made up of infinite sequences 

a, + b, 

a5 + b5 

bg a8 + b8 ag + bg 

7-8 0+0 0+1 

-3 -6 + 4 5 -1 -3 + 4 1+5 -6-1 

4 

b 

a, 

6 

o 7 

o -1 

-3 2 

o 

x 

4 

x o 

3 o 4+0 0+7 

b5 b8 

bg 

2 3 24 + 0 + 5 12 + 0 + 1 

6 4 + 0 - 10 2-3-2 

of integers, we must set up infinite se
quences of rationals rather than pairs. 
When we come to the complex num
bers, we can again use pairs; indeed, it 
was for these numbers that the device 
of number pairs was first employed (by 
Hamilton). We can think of a complex 
number, a + by=}, as essentially a 
pair of real numbers (a,b), with the 
first number of the pair representing 
the real element and the second repre
senting the imaginary element of the 
complex number. Now, pairs will be 
considered equal only if they contain 
the same numbers in the same order; 
that is, (a,b) = (e,d) only if a = e and 
b = d. The rule for addition will be 

-1 o 

6 

4 3 

18 + 0 - 7 

3 - 18 + 14 

-7 

7 

29 13 

-6 -3 

11 

-1 

8 5 6 -5 -1 7 32 + 0 - 30 16 + 5 - 6 24 + 30 + 42 2 15 96 

MATRICES are rectangular arrays of numbers, themselves with
out numerical value, that nonetheless can be treated as entities 

and thus can be added, subtracted, multiplied or divided in the 

proper circumstances. Such arrays offer a particularly convenient 

method for calculating simultaneous changes in a series of related 

variables. Addition is possible with any pair of matrices having 

the same number of columns and rows; row by row, each element 

in each column of the first matrix is added to the corresponding 

element in the corresponding column of the next, thus forming a 

new matrix. (The process is shown schematically at the top of the 

illustration and then repeated, with numerical values, directly be-
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low.} Multiplication is a more complex process, in which the two 

matrices need not be the same size, although they are in the illustra

tion; a 3 X 2 matrix could multiply a 2 X 3 one. Each term in 

the upper row of the left matrix successively multiplies the 

corresponding term in the first column of the right matrix; the 

sum of these three multiplications is the number entered at col· 

umn 1, row 1 of the product matrix. The upper row of the left 

matrix is now used in the same way with the second column of 

the right matrix to find a value for column 2, row I of the product 

matrix, and then multiplies the third column of the right matrix. 

The entire operation is repeated with each row of the left matrix. 
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the same as in the case of the real 
numbers: (a,b) + (e,d) = (a + e, b + d). 
This parallels the "ordinary" outcome of 
the addition of two complex numbers: 
(a + byCl) + (e + dV-l) = (a + e) + 
(b + d)V-I. The multiplication for
mula for complex numbers, (a,b) . (c,d) 
= (ae - bd, ad + be), also corresponds 
to the ordinary multiplication of such 
numbers: (a + by=I)(c + dY-l) = 

(ac - bd) + (ad + bc)Y-l. Pairs of 
real numbers manipulated according to 
these rules reproduce all the familiar 
behavior of the complex numbers. And 
the mysterious y=I, that "amphibian 
between being and not being," emerges 
from the sea of ax ioma tics as the num
ber pair (0,1). 

Thus, by four steps of construction 
and abstraction, we have advanced 

from the primitive positive integers to 
the complex numbers. Pairs of positive 
integers, combined in a certain way, 
lead to the set of all the integers. Pairs 
of integers (that is to say now, pairs of 
pairs of positive integers), combined in 
a different way, lead to the rational 
numbers. Infinite sequences of rational 
numbers lead to real numbers. Finally, 
pairs of real numbers lead to the com
plex numbers. 

Looking back over the 2,500 years 
that separate us from Pythagoras, we 
can make out two streams of thinking 
about numbers. There is the stream of 
synthesis, which began with tally marks 
and went on to build up number con
cepts of increasing complexity, in much 
the same way that a complex molecule 
is built up from atoms. On the other 
hand, there is a stream of analysis 
whereby mathematicians have sought to 
arrive at the essence of numbers by 
breaking down the complexities to their 
most primitive elements. Both streams 
are of enormous importance. Profes
sional mathematicians today tend to 
play down number as such, favoring the 
qualitative aspects of their science and 
emphasizing the logical structure and 
symbolic potentialities of mathematics. 
Nevertheless, new ideas about number 
keep making their way into the mathe
matics journals, and the modern number 
theories are just now diffUSing rapidly 
throughout our educational system, even 
down to the elementary schools. There 
are programs and committees for teach
ing advanced number concepts, from set 
theory to matrices, to students in high 
school. It seems safe to say that the 
coming generation will be imbued with 
an unprecedented interest in the fasci
nating uses and mysteries of numbers. 

�o 2 3 4 5 6 8 9 10 11 12 13 14 15 16 17. 
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TRANSFINITE CARDINALS exist in infinite number. The most familiar, �o' symbolizes 

the "number," or the cardinality, of the positive integers or of any set that can be put into 

a one·to·one correspondence with the positive integers. These are the sets that are countable. 

The cardinality of the real numbers is larger than the cardinality of the positive integers. 

It is identical with the cardinality of the points on a line, in a plane or in any portion of a 
space of higher dimension. These noncountable sets are symbolized by �l' The "number" 

of all possible point sets is a still larger transfinite cardinal and is symbolized by ��. 
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VIRTUOSITY OF COMPLEX NUMBERS is demonstrated by conversion into geometrical 

form of the formula that relates e (the natural base of logarithms), 7r and y::I. The 

equation (color) can be expressed as the sum of a series of vectors. When these are added 

and plotted on a complex plane, they form a spiral that strangles the point equal to -1. 
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GEOMETRY 

For 2,000 years geometry meant Euclidean geometry. Then it was found 

not only that other geolnetries described physical space equally \vell 

but also that geometry \vas properly the study of all possible spaces 

T
he evolution of mathematics de
pends on advances in both num
ber and geometry. It cannot be 

said, however, that these key elements 
of mathematics have always advanced 
side by side. Frequently they have com
peted, and the advance of one has been 
at the expense of the other. The his
tory of this sometimes strained relation 
between two disCiplines that actually 
have a common purpose is reminiscent 
of contrapuntal themes in music. 

The first genuine stride of mathemat
ics was taken by geometry. Some primi
tive mathematics was created by Egyp
tian and Babylonian carpenters and sur
veyors in the 4,000 years preceding the 
Christian era, but it was the classical 
Greek philosophers who, between 600 
B.C. and 300 B.C., gave mathematics its 
definitive architecture of abstraction and 
deductive proof, erected the vast struc
ture of Euclidean geometry and dedi
cated the subject to the understanding 
of the universe. 

Of the several forces that turned the 
Greeks toward geometry, perhaps the 
most important was the difficulty Greek 
scholars had with the concept of the ir
rational number: a number that is nei
ther a whole number nor a ratio of 
whole numbers. The difficulty arose in 
connection with the famous Pythagorean 
theorem that the length of the hypote
nuse of a right triangle is the square 
root of the sum of the squares of the 
two sides. In a right triangle with sides 
of one unit each the hypotenuse must 
then be y'2, an irrational number. Such 
a concept was beyond the Greeks; num
ber to them had always meant whole 
number or ratio of whole numbers. They 
resolved the difficulty by banishing it, 
producing a geometry that affirmed the
orems and offered proofs without refer
ence to number. Today this geometry is 
known as pure geometry or synthetic 
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by Morris Kline 

geometry, the latter an unfortunate term 
that has only historical justification. 

Since the mathematics of the classi
cal Greeks was devoted to deducing 
truths of nature, it had to be founded on 
truths. Fortunately there were some 
seemingly self-evident truths at hand, 
among them the following: two points 
determine a line; a straight line ex
tends indefinitely far in either direc
tion; all right angles are equal; equals 
added to equals yield equals; figures 
that can be made to coincide are con
gruent. Some of these axioms make as
sertions primarily about space itself; 
others pertain to figures in space. 

From these axioms Euclid, in his 
Elements, deduced almost 500 theo
rems. In other works he and his succes
sors, notably Archimedes and Apolloni
us, deduced many hundreds more. Be
cause the Greeks chose to work purely 

. in geometry, many of the theorems stat
ed results now regarded as algebraic. 
For example, the solution of second
degree equations in one unknown (X2 -
8x + 7 = 0 is such an equation) was 
carried out geometrically and the an
swer given by Euclid was not a number 
but a line segment. Thus Euclidean 
geometry embraced the algebra known 
at that time. 

The welter of theorems might suggest 
that the Greeks drifted from topic to 
topic. That would be a false impression. 
The figures they chose were basic: lines 
and curves in one category and surfaces 
in another. In the first category are 
such figures as the triangle and the 
conic sections: circle, parabola, ellipse 
and hyperbola. In the second category 
are such figures as the cube, sphere, 
paraboloid, ellipsoid and hyperboloid 
[see illustration on page 62]. Then the 
Greek geometers tackled basic problems 
concerning those figures. For instance, 
what must one know about two figures 

to assert that they are congruent (identi
cal except for position in space), similar 
(having the same shape if not the same 
size) or equivalent (having the same 
area)? Thus congruence, similarity and 
equivalence are major themes of Eu
clidean geometry, and the majority of 
the theorems deal with these questions. 

The classical Greek civilization that 
gave rise to Euclidean geometry 

was destroyed by Alexander the Great 
and rebuilt along new lines in Egypt. 
Alexander moved the center of his em
pire from Athens to the city he modestly 
named Alexandria, and he proclaimed 
the goal of fusing Greek and Near East
ern civilizations. This objective was ably 
executed by his successors, the Ptol
emys, who ruled Egypt from 323 B.C. 
until the last member of the family, 
Cleopatra, was seduced by the Romans. 
Under the influence of the Near Eastern 
civilizations, notably the Egyptian and 
the Persian, the culture of the Alexan
drian Greek civilization became more 
engineering-minded and more practical
ly oriented. The mathematicians re
sponded to the new interests. 

Applied science and engineering must 
in large part be quantitative. What the 
Alexandrians appended to Euclid's ge
ometry in order to obtain quantitative 
results was number: arithmetic and al
gebra. The disturbing fact about these 

RAPHAEL'S "SPOSALIZIO," or "Mar

riage of the Virgin," part of which is repro

duced on the opposite page, indicates how 

Renaissance painters solved problems of per

spective and so contributed to the evolution 

of projective geometry. The superimposed 

white lines show how the artist depicted as 

converging on a "principal vanishing point" 

lines that in actuality were horizontal, paral

lel and receding directly from the viewer. 

• 
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CONIC SECTIONS provide the basic curves ,dth which geome· 

try deals. By following eat·h series of letten, sllI·h as a, a
' 

and a
"

, 

olle can see at left a plane intersecting a cone to produt'e a curve, 

a
t 

b' 

c' 

d' 

at ('enLer the resulting ('urve and at. right the eorresponding sur

face. Thus a
' 

is a dn·le and 1/" a sphere, b' an ellipse and b" all 

ellipsoid, c' a parabola and e" a paraboloid, d' a hyperbola and d" 
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a" 

e" 

d" 

a hyperboloid. Definitions and properties 

of conic sections were worked out by an· 

cient Greek scholars, notably Apollonius. 

subjects was that they did not have a 
logical foundation; the Alexandrians 
merely took over the empirically based 
arithmetical knowledge built up by the 
Egyptians and Babylonians. Because 
Euclidean geometry offered the security 
of proof, it continued for centuries to 
dominate mathematics. Not until late 
in the 19th century did mathematicians 
solve the problem of providing an axio
matic basis for arithmetic and algebra. 

j�:tually geometry consists of several 
geometries. The first break in the 

direction of a new geometry was made 
by Renaissance painters who sought to 
solve the problem of depicting exactly 
what the eyes see. Because real scenes 
are three-dimensional, whereas a paint
ing is flat, it would appear to be im
possible to paint realistically. The paint
ers solved their problem by recognizing 
a fundamental fact about vision. Sup
pose a man, using one eye, looks 
through a window at some real scene. 
He sees the scene because light rays 
from various points in it travel to his 
eye. This collection of light rays is 
called a projection. Since the rays pass 
through the window, it is possible to 
mark a point on the window where each 
light ray pierces it. This collection of 
points is called a section. What the 
painters discovered is that the section 
creates the same impression on the eye 
as the scene itself does. This is physical
ly understandable [see top illustration 
on next page]. Whether the light rays 
emanate from particles in the real scene 
or from points on the window, the same 
light rays reach the eye. Hence the can
vas could contain what appears on the 
window. Even though this is a one-eye 
scheme and sight involves two eyes, the 
painters compensated for the restriction 
by using diminution of light intensity 
with distance and by using shadows. 
How well they succeeded in solving the 
problems of perspective can be judged 
by the painting reproduced on page 6l. 

The use of projection and section 
raised a basic geometrical question, 
first voiced by the painters and later 
taken up by mathematicians. What geo
metrical properties do an original figure 
and its section have in common that 
enable them to create the same impres
sion on the eye? The answer to this 
question led to new concepts and theo
rems that ultimately constituted a new 
branch of geometry called projective 
geometry [see "Projective Geometry," 
by Morris Kline; SCIENTIFIC AMERICAN, 
January, 1955]. Some of the concepts 
and theorems are as follows. It is ap-

parent from the top illustration on the 
next page that the section of the pro
jection of a line is a line and that, if two 
lines intersect, then a section of the pro
jection of these two intersecting lines 
will also be two intersecting lines, al
though the angle between the two lines 
of the section will generally not be the 
same as the angle between the two lines 
in the original figure. It follows that a 
triangle will give rise to a triangular sec
tion and a quadrilateral will give rise to 
a quadrilateral section. 

A more significant example of the 
properties common to a figure and a 
section was furnished in the 17th cen
tury by the self-educated French archi
tect and engineer Gerard Desargues. In 
what is now known as Desargues's the
orem he showed that for any triangle 
and any section of any projection of that 
triangle any pair of corresponding sides 
will meet in a point and the three points 
of intersection of the three pairs of cor
responding sides lie on one straight line 
[see bottom illustration on next page]. 
The significance of this and other the
orems of projective geometry is that 
this geometry no longer discusses con
gruence, similarity, equivalence and 
other concepts of Euclidean geometry 
but instead deals with collinearity 
(points that lie on a line), concurrency 
(lines that go through a point) and other 
notions stemming from projection and 
section. 

projective geometry flourished rather 
briefly and then was pushed aside 

temporarily by a rival geometry that 
appeared on the scene. The rival, which 
embodied an algebraiC approach to ge
ometry, is now called analytic geometry 
or coordinate geometry. It was moti
vated by a series of events and discov
eries that in the 16th and 17th centuries 
launched the scientific age in western 
Europe and brought to the fore the 
problem of deriving and using the prop
erties of curves and surfaces. 

For one thing, the creation by Nico
laus Copernicus and Johannes Kepler 
of the heliocentric theory of planetary 
motion made manifest the need for ef
fective methods of working with the 
conic sections; these curves are the 
paths of the celestial bodies in such a 
system. Moreover, by invalidating clas
sical Greek mechanics, which presup
posed a stationary earth, the heliocen
tric theory necessitated a completely 
new science of motion and therefore 
the study of curves along which ob
jects move. 

Several other forces pushed geometry 
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PROJECTION AND SECTION were concepts that arose from the work of artists and 

helped lead to projective geometry. Projections of a square, such as ABCD, to two observers 

form sections (color) on an intersecting plane. In a drawing the square must be repre

sellted as a section in order to appear realistic to an observer looking at the drawing. 

o 

R 

DESARGUES'S THEOREM illustrates the concern of projective geometry with properties 

common to a figure and its sections. The theorem states that any pair of corresponding sides 

of a triangle (ABC) and a section (color) will meet in a point-as, for example, the sides 

BC and B'C' meet in point R-and that the three points P, Q and R will lie on a line. 
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in the same direction. The gradually 
increasing use of gunpowder raised 
problems of projectile paths. The dis
covery of the telescope and the micro
scope motivated the study of lenses. 
Geographical exploration called for 
maps and in particular for the correla
tion of paths on the globe with paths on 
flat maps. All these problems not only 
increased the need for knowledge of 
properties of familiar curves but also 
introduced new curves. As Rene Des
cartes and Pierre de Fermat realized, 
the Euclidean synthetic methods were 
too limited to deal with these problems. 

Descartes and Fermat, both major 
contributors to the fast-growing dis
cipline of algebra, saw the potentialities 
in that subject for supplying methodol
ogy to geometry. The analytic geometry 
they developed replaced curves by 
equations through the device of a co
ordinate system. Such a system locates 
points in a plane or in space by num
bers. In a plane the system uses two 
numbers, an abscissa and an ordinate 
[see illustration on opposite page]. The 
abscissa expresses the distance of a point 
from a fixed vertical line, called the Y 
axis; the ordinate expresses the distance 
of the point from a fixed horizontal line, 
called the X axis. Distances to the right 
of the Y axis or above the X axis are 
positive; distances in the opposite direc
tions are negative. 

How does this device enable one to 
represent curves algebraically? Con
sider a circle with a radius of five units. 
A circle, like any other curve, is just a 
particular collection of points. And if 
the circle is placed on a coordinate sys
tem, then each point on the circle has a 

pair of coordinates. Since the circle is 
a particular collection of points, the co
ordinates of these points are special in 
some way. The specialized nature is ex
pressed by the equation x2 + y2 = 52. 
What this equation states is that if one 
takes the abscissa of any point on the 
curve and substitutes that for x, and if 
one takes the ordinate of that same point 
and substitutes it for y, then the number 
obtained for X2 + y2 will be 25. One says 
that the coordinates of any point on the 
curve satisfy the equation. Moreover, 
the coordinates of only those points that 
do lie on the curve satisfy the equation. 
In the case of surfaces an equation in 
three coordinates serves. For example, 
the equation of a sphere with a five
unit radius is X2 + y2 + Z2 = 25. 

Thus under the Descartes-Fermat 
scheme points became pairs of numbers, 
and curves became collections of pairs 
of numbers subsumed in equations. The 
properties of curves could be deduced 
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by algebraic processes applied to the 
equations. With this development the 
relation between number and geometry 
had come full circle. The classical 
Greeks had buried algebra in geometry, 
but now geometry was eclipsed by al
gebra. As the mathematicians put it, ge
ometry was arithmetized. 

Descartes and Fermat were not en-
tirely correct in expecting that al

gebraic techniques would supply the ef
fective methodology for working with 
curves. For instance, those techniques 
could not cope with slope and curva
ture, which are fundamental properties 
of curves. Slope is the rate at which a 
curve rises or falls per horizontal unit; 
curvature is the rate at which the direc
tion of the curve changes per unit along 
the curve. Both rates vary from point to 
point along all curves except the straight 
line and the circle. To calculate rates 
of change that vary from point to point 
the purely algebraic techniques of Des
cartes and Fermat are not adequate; the 
calculus, particularly the differential cal
culus, must be employed. Indeed, the 
distinguishing feature of the calculus is 
its power to yield such rates. 

With the aid of the differential cal
culus the study of curves and surfaces 
was expedited so much that a new term, 
differential geometry, was introduced to 
designate this study. Differential geom
etry considers a variety of problems be
yond the calculation of slope and curva
ture. It considers in particular the all
important problem of geodesics, or the 

y 

Ii' 

./ ,.- ? ........... p 

/ / 1'\ 
/ / 

I /5 y 

V 
\ 

\ 
\ 

shortest distance between two points on 
a surface. Given a surface such as the 
surface of the earth, what curve joining 
two given points P and Q on the sur
face is the shortest distance from P to 
Q along the surface? If one takes the 
surface of the earth to be a sphere, the 
answer is simple. The geodesics are arcs 
of great circles. (A great circle cuts the 
sphere in half; the Equator is a great 
circle but a circle of latitude is not.) If 
one more accurately takes the surface 
of the earth to be an ellipsoid, how
ever, the geodesics are more complicat
ed curves and depend on which points P 
and Q one chooses. The concerns of dif
ferential geometry include the curvature 
of surfaces, map making and surfaces of 
least area bounded by curves in space, 
the last of which are so handsomely 
realized by soap films [see bottom illus
tration on page 67]. 

From the standpoint of pure geom
etry the methodologies of analytic ge
ometry and differential geometry were 
far too successful. Although these sub
jects treated geometry, the representa
tions of curves were equations and the 
methods of proof were algebraic or an
alytic (that is, they involved the use of 
the calculus). The beautiful geometrical 
reasoning was abandoned and geometry 
was submerged in a sea of formulas. 
The spirit of geometry was banished. 

For 150 years the pure geometers 
remained in the shadows. In the 19th 
century, however, they found the cour
age and the vitality to reassert them
selves. The revival of geometry was 
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launched by Gaspard Monge (1746-
1818), a leading French mathemati
cian and adviser to Napoleon. Monge 
thought the analysts had sold geome
try short and had even handicapped 
themselves by failing to interpret their 
analysis geometrically and to use geo
metrical pictures to help them think. 
Monge was such an inspiring teacher 
that he gathered about him a number 
of very bright pupils, among them L. N. 
M. Carnot (1753-1823), Charles J. Bri
anchon (1785-1864) and Jean Victor· 
Poncelet (1788-1867). These men, im
bued by Monge with a fervor for 
geometry, went beyond the intent of 
their master and sought to show that 
geometric methods could accomplish as 
much and more than the algebraic and 
analytic methods. To defeat Descartes 
or, as Carnot put it, "to free geometry 
from the hieroglyphics of analysis," be
came the goal. 

The geometers, led by Poncelet, 
turned back to projective geometry, 
which had been so ruthlessly abandoned 
in the 17th century. Poncelet, serving as 
an officer in Napoleon's army, was cap
tured by the Russians and spent the 
year 1813-1814 in a Russian prison. 
There he reconstructed without the aid 
of any books all he had learned from 
Monge; he then proceeded to create 
new results in projective geometry. 

Projective geometry was actively pur
sued throughout the 19th century. Curi
ously an algebraic method, essentially 
an extension of the method of coordi
nate geometry, was developed to prove 

y 

x2 + y2 + z2 = 25 

CARTESIAN COORDINATE SYSTEM made it possible to ex· 

press any shape as an equation. For the circle at left, with a radio 

us of five units, the equation is x2 + y2 
= 25. Any values of x and y 

that produced 25 in the equation would represent a point on this 

circle; for the point P, x = 3 and y = 4. At right is a visualiza· 

tion of the sphere represented by the equation x2 + y2 + z2 
= 25. 

65 

© 1964 SCIENTIFIC AMERICAN, INC



SPHERICAL TRIANGLES can have angles that sum to more than 

180 degrees. On the sphere at left the triangle has angles sum-

ming to 190 degrees. On the succeeding spheres the angles of the 

triangles sum respectively to 270 degrees, 350 degrees and 510 de-

its theorems, and to this extent the 
interests of the pure geometers who 
launched the revival were subverted. 
But projective geometry was again put 
in the shade by another development as 
dramatic and as weighty as the creation 
of mathematics by the classical Greeks: 
the creation of non-Euclidean geometry. 

Throughout the long reign of Eu-
- clidean geometry many mathemati

cians were troubled by a slight blemish 
that seemed to mar the collection of 
axioms. Apropos of parallel lines, by 
which is meant two lines in the same 
plane that do not contain any points in 
common, Euclid formulated an axiom 
that reads as follows: If the straight line 
n cuts the lines / and m so as to make 
corresponding angles with each line 
that total less than 180 degrees, then / 
and m will meet on that side of the line 
n on which the angles lie. This axiom 
is essential to the derivation of the most 
important theorems, among them the 
theorem that the sum of the angles of a 
triangle is 180 degrees. The axiom is a 
bit involved, and there are reasons to be
lieve Euclid himself was not too happy 
about it. Neither he nor any of the later 
mathematicians up to about 1800 really 
doubted the truth of the statement; that 
is, they had no doubt that it was a cor
rect idealization of the behavior of ac
tual, or physical, lines. What bothered 
Euclid and his successors was that the 
axiom was not quite so self-evident as, 
say, the axiom that any two right angles 
are equal. 

From Greek times on mathematicians 
sought to replace the axiom on parallels 
by an equivalent one: an axiom that, 
together with the other nine axioms of 
Euclid, would make it possible to de
duce the same body of theorems Euclid 
deduced. Many equivalent axioms were 
proposed. One of these, which was sug
gested by the mathematician John Play-
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fair (1748-1819) and is the one usually 
taught in high schools, states that given 
a line / and a point P not on /, there is 
only one line m in the plane of P and 
/ that passes through P and does not 
meet /. 

Playfair's axiom is not only equiva
lent to Euclid's axiom but it is also 
simpler and appears to be intuitively 
convincing; that is, it does seem to state 
an unquestionable or self-evident prop
erty of lines in physical space. Later 
mathematicians, however, were not sat
isfied with Playfair's axiom or any of the 
other proposed equivalents of Euclid's 
axiom. The reason they were not satis
fied was that every proposed substitute 
directly or indirectly involved an asser
tion about what happens far out in 
space. Thus Playfair's axiom asserts that 
/ and m will not meet, no matter how 
far out these lines are extended. As a 
matter of fact, Euclid's axiom is superior 
in this respect because all it asserts is 
a condition under which lines will meet 
at some finite distance. 

What is objectionable about axioms 
that assert what happens far out in 
space? The answer is that they tran
scend experience. The axioms of Eu
clidean geometry were supposed to be 
unquestionable truths about the real 
world. How can one be sure that two 
straight lines will extend indefinitely far 
out into physical space without ever 
being forced to meet? The problem the 
mathematicians faced was that Euclid's 
parallel axiom was not quite self-evi
dent, and that the equivalent axioms, 
which were seemingly more self-evident, 
proved on closer examination to be 
somewhat suspect also. 

The problem of the parallel axiom 
or, as the French mathematician Jean 
Le Rond d'Alembert put it, "the scandal 
of geometry," engaged the mathemati
cians of every period from Greek times 
up to 1800. The history of these inves-

tigations would be worth noting if for 
no other reason than to see how per
sistent and critical mathematicians can 
be. It is necessary here to forgo the his
tory and jump to the results. The truth 
that destroyed truth was seen clearly 
by the greatest of all 19th-century 
mathematicians, Karl Friedrich Gauss 
(1777-1855). His first point was some
what technical but essential, namely, 
that the parallel axiom is independent 
of the other nine axioms; that is, it is 
logically possible to choose a contradic
tory axiom and use it in conjunction 
with the other nine Euclidean axioms to 
deduce theorems of a new geometry. 
Thus one might assume that given a 
line I and a point P not on l, there is an 
infinite number of lines through P and 
in the plane of P and / that do not 
meet /. Gauss adopted this very axiom 
and from it and the other nine axioms 
deduced a number of theorems. Gauss 
called his new geometry non-Euclidean 
geometry. 

As might be expected, many theorems 
of the new geometry contradict theo
rems of Euclidean geometry. The sum 
of the angles of a triangle in this geom
etry is always less than 180 degrees. 
Moreover, the sum varies with the size 
of the triangle; the closer the area of 
the triangle is to zero, the closer the 
angle sum is to 180 degrees. 

The existence of a logical alternative 
to Euclidean geometry was in itself a 
startling fact. Geometry up to this time 
had been essentially Euclidean geome
try; analytic and differential geometry 
were merely alternative technical meth
odologies, and although projective ge
ometry dealt with new concepts and 
new themes, they were entirely in ac
cord with Euclidean geometry. Non
Euclidean geometry was in conflict with 
Euclidean geometry. 

Gauss's second conclusion was even 
more disturbing. It was that non-Eu-
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gt·ees. Such triangles typify concepts of Bern

hard Riemann's non-Euclidean geometry. 

clidean geometry could be used to rep
resent physical space just as well as 
Euclidean geometry does. This assertion 
seems at first to be downright nonsense. 
If the sum of the angles of a triangle 
is 180 degrees, how could it also be less 
than 180 degrees? The answer to this 
seeming impossibility is that the non
Euclidean geometry calls for an angle 
sum arbitrarily close to 180 degrees 
when the size of the triangle is small 
enough. The triangles man usually deals 
with are small; therefore the angle sums 
of these triangles might be so close to 
180 degrees that measurement of the 
sum, in view of the inevitable errors of 
measurement, would not exclude either 
possibility. 

The implications of non-Euclidean 
geometry are drastic. If both Euclidean 
and non-Euclidean geometry can repre
sent physical space equally well, which 
is the truth about space and figures in 
space? One cannot say. In fact, the 
choice might not be limited to just these 
two. This doleful possibility was soon 
to be realized. The fact gradually forced 
on the mathematicians is that geometry 
is not the truth about physical space 
but the study of possible spaces. Sev
eral of these mathematically constructed 
spaces, differing sharply from one an
other, could fit physical space equally 
well as far as experience could decide. 

The concept of geometry had then to 
be revised, but the same was true for 
the concept of mathematics itself. Since 
for more than 2,000 years mathematics 
had been the bastion of truth, non
Euclidean geometry, the triumph of 
reason, proved to be an intellectual dis
aster. This new geometry drove home 
the idea that mathematics, for all its 
usefulness in organizing thought and 
advancing the works of man, does not 
offer truths but is a man-made fable 
having the semblance of fact. 

The new vista opening up in geom-

etry was widened immeasurably by the 
work of Georg Friedrich Bernhard Rie
mann (1826-1866). Riemann was one 
of Gauss's students and undoubtedly 
acquired from him an interest in the 
study of the physical world. Riemann's 
first observation in the field of geom
etry was that the mathematicians had 
been deceived into believing the Eu
clidean parallel axiom was necessarily 
true. Perhaps they were equally de
ceived in accepting one or more of the 
other axioms of Euclid. Riemann fas
tened at once on the axiom that a 
straight line is infinite. Experience, he 
pointed out, does not assure us of the 
infinitude of the physical straight line. 
Experience tells us only that in follow
ing a straight line we do not come to an 
end. But neither would one come to an 
end if one followed the Equator of the 
earth. In other words, experience tells 
us only that the straight line is endless 
or unbounded. If we change the rele
vant axiom of Euclid accordingly, and 
if we assume that there are no parallel 
lines, we have another set of axioms 
from which we can deduce still another 
non-Euclidean geometry. 

In a paper of 1854 entitled "On the 
Hypotheses Which Underlie Geometry" 
Riemann launched an even deeper in
vestigation of possible spaces, utilizing 
only the surest facts about physical 
space. He constructed a new branch of 
geometry, now known as Riemannian 
geometry, that opened up the variety of 
mathematical spaces a thousandfold 
[see "The Curvature of Space," by P. 

Le CorbeiIler; SCIENTIFIC AMERICAN, 
November, 1954]. 

To appreciate Riemannian geometry 
one must first perceive that what is 
chosen as the distance between two 
points determines the geometry that re
sults. This can be readily seen. Con
sider three points on the surface of the 
earth. One can take as the distance be
tween any two the length of the ordi
nary straight-line segment that joins 
them through the earth. In this case one 
obtains a triangle that has all the prop
erties of a Euclidean triangle. In par
ticular, the sum of the angles of this 
triangle is 180 degrees. One could, how
ever, take as the distance between any 
two points the distance along the sur
face of the earth, meaning the distance 
along the great circle through these 
points. In this case the three points de
termine what is called a spherical tri
angle. Such triangles possess quite d;f
ferent properties. For example, the sum 
of the angles in them can be any num
ber between 180 degrees and 540 de
grees [see illustration at the top of these 
two pages]. This is a fact of spherical 
geometry. 

W hat Riemann had in mind was a ge-
ometry for changing configurations. 

Suppose one were to try to design a ge
ometry that would fit the surface of a 
mountainous region. In some places the 
surface might be flat, in others there 
might be conical hills and in still others 
hemispherical hills. The character of 
the surface changes from place to place, 

SOAP FILMS, which always assume a shape with the least possible area, illustrate a con

cern of differential geometry: surfaces of least area bounded by curves in space_ Differ

ential geometry is also applicable to problems of map making and curvature of surfaces_ 
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TOPOLOGICAL DEFORMATIONS of familiar shapes are portrayed. A sphere can be de

formed into an egg shape (a), a squashed.ball shape (b), a cube (c) and a deformation of 

the cube (d). Each deformation is topologically equivalent to the others and to the sphere. 

and so the distance formula that deter
mines the geometry must change from 
place to place and possibly even from 
point to point. Riemann proposed, in 
other words, nonhomogeneous spaces
spaces whose characteristics vary from 
point to point or spaces with varying 
curvature. 

Riemann died at the age of 40 and 
was therefore able to do little more than 
sketch the broad outline of his con
ception of space. The further develop
ment of Riemannian geometry became 
the task of many men and is still 
under way. Early in this century the 
Italian mathematicians Gregorio Ricci 
and Tullio Levi-Civita made significant 
contributions. Ricci introduced the ten
sor calculus, a formalism that enables 
one to express geometric relations in
dependently of the coordinate system. 
Levi-Civita brought a concept of paral
lelism to Riemannian geometry: it pro
vided a way of expressing the Euclidean 
notion of parallelism for more general 
spaces. 

The creation of the general theory of 
relativity by Albert Einstein not only 
stimulated further work in Riemannian 
geometry but also suggested the prob
lem of unifying gravitation and electro
magnetism in one mathematical frame
work. Toward this end Heimann vVeyl 
in 1918 introduced what he called 
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affinely connected spaces, a concept 
that uses Levi-Civita's notion of paral
lelism rather than the notion of distance 
to relate the points of a space to one 
another. An expression of distance even 
more generalized than Riemann's pro
duced the spaces called Finsler spaces. 

Riemann was also the founder of to-
pology, another branch of geometry 

in which research is most active today. 
During the 1850's he was working with 
what are now called functions of a com
plex variable, and he introduced a class 
of surfaces, called Riemann surfaces, 
to represent such functions. The prop
erties of the functions proved to be in
timately connected with the geometric 
properties of the surfaces. For any given 
function, however, the precise shape of 
the surface was not critical, and so he 
found it desirable to classify surfaces in 
accordance with a new principle. 

Given two similar figures, for example 
a large and a small triangle having the 
same shape, either can be regarded as 
a deformation, or transformation, of the 
other, the change being a uniform ex
pansion of the smaller to obtain the 
larger, or a uniform contraction of the 
larger to obtain the smaller. Under pro
jection and section the deformation of 
one figure into another is more radical. 
Yet even in these deformations a quad-

rilateral, say, remains a quadrilateral. 
It is possible to make still more radi
cal deformations. For instance, a circle 
can be deformed by being bent into an 
ellipse or into an even more complicated 
shape, and a sphere can be stretched 
to assume the shape of an egg. For 
Riemann's purposes the circle could be 
replaced by the ellipse and the sphere 
by the egg shape. On the other hand, 
a circle, a figure eight and a trefoil were 
not interchangeable curves, and the 
sphere, the doughnut-shaped torus and 
the pretzel-shaped double torus were 
not interchangeable surfaces. 

Hence Riemann was led to consider 
deformations that permit stretching, 
bending, contracting and even twisting. 
Figures that can be obtained from one 
another by such deformations are said 
to be homeomorphic, or topologically 
equivalent. If, however, one tears a 
figure or contracts it in such a way as 
to make points coalesce, the new figure 
is not topologically equivalent to the 
old one. Thus one can pinch a circle 
top and bottom and form a figure eight, 
but the latter is not topologically the 
same as the original. It is also possible 
to describe topologically equivalent fig
ures by imagining them to be made of 
rubber. Then any figure that can be 
obtained by stretching, bending or con
tracting but not tearing the rubber 
would be topologically equivalent to the 
initial one. 

The major problem of topology is to 
know when two figures are topologically 
equivalent. This may be difficult to see 
by looking at the figures, particularly 
since topology considers three-dimen
sional and even higher-dimensional fig
ures. For this reason and others one 
seeks to characterize equivalent figures 
by some definitive properties so that if 
two figures possess these properties, 
they must be topologically equivalent, 
just as the congruence of two triangles 
is guaranteed if two sides and the in
cluded angle of one triangle are equal 
to the respective parts of the other. For 
example, if one draws any closed curve 
on the surface of a sphere or on an 
ellipsoid, the curve bounds a region on 
the surface. This is not true on the torus 
[see illustration on opposite page]. The 
sphere and the torus are therefore not 
topologically equivalent. It is possible to 
characterize closed surfaces in terms of 
curves that do or do not bound on the 
surface, but this criterion will not suffice 
for more complicated surfaces or for 
higher-dimensional figures. 

Although many basic problems of 
topology remain ur.solved, mathemati
cians make progress where they can, 
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and in the past 10 years they have 
turned to the branch called differential 
topology. In this endeavor they combine 
the methods of topology and of differen
tial geometry in the hope that two tools 
will be better than one. 

Another enormously active field today 
is algebraic geometry. Two hundred 
years ago this subject was an extension 
of coordinate geometry and was devoted 
to the study of curves that are more 
complicated than the conic sections and 
are represented by equations of degree 
higher than the second. Since the latter 
part of the 19th century, however, the 
proper domain of algebraic geometry 
has been regarded as the study of 
the properties of curves, surfaces and 
higher-dimensional structures defined 
by algebraic equations and invariant 
under rational transformations. Such 
transformations distort a figure more 
than projective transformations and less 
than topological transformations do. 

Mathematicians, yielding to their pro
pensity to complicate and to algebra
icize, have allowed the coordinates in 
the equations of algebraic geometry to 
take on complex values and even values 
in algebraic fields [see "Number," page 
50, and "Algebra," page 70]. Con
sequently even the simple equation 
x2 + y2 = 25, which when x and y have 
real values represents the circle dis
cussed previously, can represent a com
plicated Riemann surface or a structure 
so unconventional that it can hardly be 
imagined. The geometry suffers, but the 
algebra flourishes. 

This discussion of geometry as the 
study of the properties of space and 

of figures in space may have exhibited 
the growth, variety and vitality of ge
ometry and the interconnections of the 
branches with each other and with 
other divisions of mathematics, but it 
does not present the full nature of mod
ern geometry. It is often said that alge
bra is a language. So is geometry. 

Today mathematicians pursue the 
subject of abstract spaces, and one 

might infer from the term that the pur
suit involves some highly idealized, eso
teric spaces. This is true, but the major 
use of the theory of abstract spaces
indeed, historically the motivation for its 
study-is to expedite the use of classes 
of functions in analysis. The "points" of 
an abstract space are usually functions, 
and the distance between two points is 
some significant measure of a difference 
between two functions. Thus one might 
be interested in studying functions such 
as X2, 3x2 and x3 - 2x and be interested 
in the values of these functions as x 
varies from 0 to 1. One could define the 
distance between any two of these func
tions as the largest numerical difference 
between the two for all values of x be
tween 0 and 1. Such function spaces 
prove to be infinite-dimensional. The 
Hilbert spaces and Banach spaces about 
which one hears much today are func
tion spaces. On the mathematical side 
these are important in the subject 
known as functional analysis, which 
is now the chief tool in quantum 
mechanics. 

Why talk about spaces when one is 
really dealing with functions? It is be
cause the geometrical mode of thinking 
is helpful and even suggestive of theo
rems about functions. What may be 
complicated and obscure when formu
lated analytically may in the geometri
cal interpretation be intuitively obvious. 
The study of abstract spaces is, sur
prisingly, part of topology because the 
properties of these structures that are 
important, whether the structures are 
regarded as actual spaces or as collec
tions of functions, are preserved, or 
invariant, under topological transforma
tions. 

The subject of abstract spaces clearly 
exhibits the abstractness of modern 
mathematics. Geometry supplies models 
not only of physical space but also of 
any structure whose concepts and prop
erties fit the geometric framework. 

In still another vital respect geometry 
proves to be far more than the recep
tacle for matter. The present century is 

witnessing the realization of an asser
tion by Descartes that physics could be 
geometrized. In the theory of relativity, 
one of the two most notable scientific 
advances of this century (quantum 
theory is the other), the gravitational 
effect of gross matter has been reduced 
to geometry. Just as the geometry of a 

mountainous region requires a distance 
formula that varies from place to place 
to represent the varying shape of the 
land, so Einstein's geometry has a vari
able distance formula to represent the 
different masses in space. Matter deter
mines the geometry, and the geometry 
as a result accounts for phenomena pre
viously ascribed to gravitation. 

Geometry has ingested part of reality 
and may have to ingest all of it. Today 
in quantum mechanics physicists are 
striving to resolve the seemingly con
tradictory wave and particle properties 
of subatomic matter, and they may have 
to generate both from quanta of space. 
Perhaps matter itself will also dissolve 
into pure space. 

If one assesses today the competition 
between number and geometry, one 
must admit that insofar as methodology 
of proof is concerned, geometry has 
largely given way to algebra and analy
sis. The geometric treatment of com
plicated structures and of course of 
higher-dimensional spaces can, as Des
cartes complained of Euclidean geom
etry, "exercise the understanding only 
on condition of greatly fatiguing the 
imagination." Moreover, the quantita
tive needs of science can be met only 
by ultimate recourse to number. 

Geometry, however, supplies suste
nance and meaning to bare formulas. 
Geometry remains the major source of 
rich and fruitful intuitions, which in 
turn supply creative power to mathe
matics. Most mathematicians think in 
terms of geometric schemes, even 
though they leave no trace of that scaf
folding when they present the compli
cated analytical structures. One can 
still believe Plato's statement that "ge
ometry draws the soul toward truth." 

TOPOLOGICAL EQUIVALENCE of surfaces can be determined 

by drawing closed curves on the figures. If each curve bounds an 

area on a surface, the surface is topologically equivalent to a sphere. 

The type of curve drawn on the sphere at left does not bound an 

area on the torus at center or on the double torus at right; thus 

the latter figures are not topologically equivalent to a sphere. 
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ALGEBRA 

Elementary algebra deals exclusively -with the general properties 

of numbers. Higher algebra can deal effectively with anything and 

on occasion is pursued without reference to anything in particular 

T
he history of the branch of mathe
matics known as algebra can be 
divided into two main epochs. 

The first lasted from the time of the 
ancient Egyptian and Babylonian civili
zations until about A.D. 1800; the sec
ond extends from 1800 to the present. 
During the earlier epoch men thought 
about mathematics exclusively in terms 
of the things with which it dealt: geom
etry was about shapes, arithmetic was 
about numbers and algebra was about 
the relations and properties of numbers 
in general (as expressed by arbitrary 
symbols, usually letters of the alphabet). 
Trigonometry did not fit very neatly into 
this scheme, since it applied both arith
metic and algebra to geometric prob
lems; nor did analytic geometry, which 
made geometry a branch of algebra. 
Nonetheless, the role of algebra ap
peared more or less clear throughout 
the epoch: x always stood for a number. 

The older algebra provided a versa
tile tool for many practical and scien
tific enterprises. Archaeological evidence 
indicates that algebraic formulas for 
finding the volumes of cylinders and 
spheres may have been used in ancient 
Egypt to compute the amount of grain 
a peasant owed in taxes to the central 
government. Before the advent of the 
calculus and celestial mechanics in the 
late 17th century, algebra and geom
etry were the twin mainstays of all as
tronomical reckoning. The essential op
erations of the older algebra are familiar 
to anyone who has studied the tradi
tional curriculum at a good high school. 
In fact, a person who has mastered 
elementary algebra and geometry in 
high school is in a good position to learn 
without any great mental readjustment 
most of the mathematics discovered 
prior to 1800. The reason is that mathe
matics before 1800 was essentially con-
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cerned with only two commonsense 
ideas, number and shape. 

Early in the 19th century this whole 
view of mathematics began to change. 
Two new ideas were introduced that 
profoundly expanded the domain of 
mathematics. The first was that math
ematics did not need to restrict itself 
to numbers and shapes but could deal 
effectively with anything (although 
"anything" often continued to be re
lated in some way to numbers and 
shapes). The second idea carried the 
process of abstraction a step further: 
mathematics could at times be regarded 
merely as a logical procedure, having 
no relation to anything in particular. 

Scientists, as distinct from mathema
ticians, are attracted to the first idea; it 
suggests that mathematics may have a 
much wider sphere of application than 
had ever been imagined in the earlier 
epoch. The second idea appeals more 
to pure mathematicians, who have come 
to regard mathematics simply as the 

study of beautiful patterns. There is no 
real conflict between the two view
points. A pattern conceived for its beau
ty by a pure mathematician may well 
prove to fit some aspect of the physical 
world; conversely, some of the mathe
matical patterns discovered in nature 
by the scientist have turned out to be 
remarkably beautiful. 

It would of course be beyond the scope 
of any one article to attempt to trace 

all or even most of the effects of these 
two new ideas on the course of mod
ern algebra. For one thing, algebra 
itself has become so compartmentalized 
that each separate branch would have 
to be treated more or less in isolation. 
On the other hand, isolated snippets of 
information are unlikely to satisfy the 
general reader, who would remain ig
norant of the overall framework that 
gives these fragments their significance. 
The only satisfactory solution seems to 
be to cut off a rather large chunk of one 

ALGEBRA OF GROUPS is applied to a hypothetical phenomenon in the physical world in 
the illustration on the opposite page. Imagine a wall with three holes through which three 
different colors appear (a). The order of the colors can be changed in six different ways (b) 
by pushing the six buttons at the bottom of the wall. These changes, or operations, occur 
in a pattern that fulfills the four basic requirements of a group: (I) If one operation is fol
lowed by another, the result is the same as if one operation were performed alone. (2) Any 
series of operations follows the associative rule, which can be expressed in symbols as 
x(yz) = (xy)z. (3) For every operation there is an inverse operation. (Operations 3 and 5 
are the inverses of each other; the other operations are their own inverses.) (4) There is 
one identity operation, which leaves the original order unchanged (operation I). The con· 
sequences of any pair of operations appear in table c (the table is called a matrix). The 
"simplest" physical explanation of the observed phenomenon would be to postulate the 
existence of a suitably colored triangular block behind the wall (d). Keeping the same 
orientation in the plane, the triangle can be rotated or turned over in only six different ways, 
which correspond exactly to the six color arrangements seen through the holes in the wall. 
This particular group is called a finite, noncommutative group: finite because the number 
of operations is finite, noncommutative because the sequence in which operations are per· 
formed can affect the outcome (xy does not necessarily equal yx). A demonstration of the 
noncommutative nature of the group is given in e and J, which show that operation 3 fol· 
lowed by operation 4 does not produce the same resnlt as operation 4 followed by operation 3. 
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A 
8 

c 

b 
OPERATION 

1. NO CHANGE: 

2. SWITCH A AND C: 

3. REPLACE A BY B, B BY C, C BY A: 

4. SWITCH C AND B: 

5. REPLACE A BY C, B BY A, C BY B: 

\ 6. SWITCH A AND B: 

C FIRST OPERATION 

1 2 3 4 

1 -1- -2- -3- -4-
- - - -

2 
- 2- -1- -4- -3-

2 - - - -Q 
f-

-3- -6- -5- -2-<! 
c:: 3 
UJ - - - -Cl. 
0 

-4-0 -5- -6- -1-2 4 
0 - - - -U 
UJ 

-5- -4- -1- -6-(f) 

5 
• - - -

6 -6- -3- -2- -5-
- - - -

RESULT 

- -
-

- -
-

- . 
-

• -
-

-
-

-\--
-

5 6 

-5- -6-
- -

-6- -5-- -
-1- -4-- -
-2- -3-

- -
-3- -2-

- -
-4- -1-

- -

d 

e 

OPERATION 6 

f 

OPERATION 1 

OPERATION 3 
� 

�\ 
EQUALS 

OPERATION 1 

EQUALS 

OPERATION 3 
� 
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ADDITION involved in statement "Two cats and one dog + one 
cat and three dogs = three cats and four dogs" can be illustrated by 
means of a parallelogram. Since point C represents the sum of 
the quantities represented by A and B, one can write C = A + B. 
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2 ====11=="" iiij 

o 
o 3 

CATS 

4 5 

MULTIPLICATION involved in statement E = 3A can be inter· 
preted in several different ways. If A signifies two cats and one dog, 
E equals six cats and three dogs. Geometrically point E lies in 
the same direction from 0 as A but is three times farther away. 
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VECTOR ADDITION also involves construction of a parallelo
gram. A diagonal of the parallelogram (Vector C) represents the 
total gravitational force exerted on observer at 0 by the earth (Vec
tor B) and the moon (Vector A ). Again one can write C = A + B. 

(/) 
<-9 
o 
o 

o 

-5 -4 -3 
CATS 

o 

- 2 -1 o 

NEGATIVE NUMBERS are needed to represent a debt that obliged 
us, say, to deliver six cats and three dogs (F). The transition from 
o to F could also represent a three-stage journey, each stage of 
which has the same specification: two units west and one south. 
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branch of modern algebra and explain 
it in detail. The reader will then be able 
to gain some idea of the general direc
tion in which algebra is moving from 
a consideration of how this particular 
branch has developed in the years since 
1800. I have chosen to devote most of 
this article to a detailed discussion of 
vector algebra and matrix algebra, two 
subjects that are just beginning to find 
their way into the high school curricu
lum. Both subjects have already made 
significant contributions both to pure 
mathematics and to science. Finally, I 
shall sketch more briefly several of the 
other departments of modern algebra in 
which interesting and significant work 
is in progress. 

The new ideas about algebra that 
emerged at the beginning of the 19th 

century grew naturally out of the older 
algebra. One stimulus was the concept 
of the square root of minus one, cus
tomarily denoted by i, which was used 
to solve a wide range of problems in the 
17th and 18th centuries but which no 
one seemed able to explain satisfactorily 
as a number. In the early 19th century 
two different solutions to this dilemma 
were proposed. The first employed what 
is called the abstract method, in which 
i was interpreted as a series of rather 
arbitrary operations on pairs of num
bers [see "The Foundations of Mathe
matics," page 112]. The second solution 
gave i a concrete interpretation, iden
tifying it with the geometrical operation 
"Rotate through a right angle in a plane." 

Both explanations suggested further 
exploration. Since excellent dividends 
had accrued from the introduction of i 
into the procedures of elementary alge
bra, might it not be profitable to bring 
in a few more meaningless symbols? 
The rules governing these symbols 
could then be tailored to meet. the de
mands of the situation. If i was inter
preted as a rotation in a plane, why 
not consider rotations in three-dimen
sional space and see if these could con
tribute anything to algebra? This whole 
line of inquiry led eventually to the 
discovery of quaternions in 1843 by 
William Rowan Hamilton. In quaternion 
algebra two new symbols, i and i, were 
introduced, with the rules i2 = -1, i2 = 

-1 and the surprising ii = -ii [see 
"Number," page 50]. 

Many prominent British mathemati
cians of Hamilton's day were completely 
swept off their feet by the discovery of 
quaternions, which they regarded as the 
last word in mathematics and the ideal 
method for solving most algebraic prob-

lems. Actually quaternions were a first 
rather than a last word. A barrier had 
been crossed; an algebra had been de
veloped that disregarded several of the 
basic conventions of the older algebra. 
Mathematicians soon began to look for 
other ways in which ordinary numbers 
could be supplemented by new symbols 
to produce what came to be known as 
"hypercomplex numbers." Eventually 
the question was bound to arise: Why 
start with ordinary numbers? Why not 
consider any collection of symbols and 
lay down rules for combining them? 
The word "algebra" was gradually be
ing expanded to include any system 
of handling symbols according to pre
scribed rules. Anyone was now free to 
invent his own algebra. Of course this 
did not mean that anyone who did so 
earned a right to immortality; the prob
lem has always been to invent a system 
that yields interesting and fruitful re
sults and contributes significantly to the 
rest of mathematics and to science. 

Algebra thus ceased to be about any
thing in particular, although this did 
not rule out the possibility that a par
ticular system of algebra could be ap-

plied to a particular topic. Such a topic 
would then be said to have an algebraic 
aspect. 

I n elementary algebra the symbols 
stand for numbers and the sign + in

dicates that the numbers are to be added. 
It may surprise the reader to learn that 
after algebra had ceased to be exclu
sively occupied with numbers the sign 
+ continued to be used. How can one 
add things that are not numbers? The 
explanation is that in modern algebra 
the sign + does not indicate that addi
tion is being carried out in any real 
sense. It merely means that some opera
tion is being carried out according to 
rules that remind a mathematician of 
the rules for addition. The resemblance 
is one of pattern, not of content. 

Let us now consider an example of 
this broadening of the meaning of the 
sign +. We shall begin with a situation 
clearly related to addition and from it 
derive another situation in which the 
connection with addition is much less 
apparent. 

"Adding" in arithmetic is generally 
associated with the idea of "putting to-

CATS 
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1 3  
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16 
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1 2 

2 4 

2 

3 5 

5 

4 6 

8 

5 7 

1 1  

6 8 

14 

7 9 

1 7  

8 1 0  

20 

3 4 5 6 

6 8 10 12 

3 4 5 6 

7 9 11 13 

6 7 8 9 

8 10 12 14 

9 1 0  11 12  

9 11 13 15 

12 13 14 1 5  

1 0  12 14  1 6  

1 5  1 6  17 18 

11  13 15 17 

18 1 9  20 21 

12  14  16 18 

21 22 23 24 

MATRIX is used to find the yields of a hypothetical animal "banking scheme" that offers the 
following interest rates: For each cat deposited now, one will be entitled to two cats and a 
dog a year from now; for each dog deposited now, one will be entitled to a cat and three 
dogs a year from now. The light numbers signify deposits; darker numbers signify yields. 
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ANIMAL BANKING SCHEME used to construct matrix on pre· 
ceding page can also be shown graphically. Lettered points in graph 
at left signify specific deposits; corresponding points in graph at 

right represent yields from these deposits. The shift from squares 
representing deposits to parallelograms representing yields is char· 
acteristic of any algebraic "banking scheme" of this general type. 

gether." In cooking one speaks of add
ing water to a mixture. Most people 
would find no difficulty in following the 
addition involved in the statement: 
"Two cats and one dog + one cat and 
three dogs = three cats and four dogs." 
They would regard this as a legitimate 
use of the sign +. 

The operation of addition in the fore
going statement can be illustrated 
graphically [see illustration at top left 
on page 72]. Here cats are indicated 
horizontally and dogs vertically. Point A 
represents two cats and one dog; that 
is, A is two units across and one up 
from the point of origin (0). By the 
same token point B corresponds to one 
cat and three dogs. Since point C repre
sents the sum of these two pairs of 
numbers (three cats and four dogs) we 
might be led to write C = A + B. 

Suppose we were to show this graph 
to someone who did not know anything 
about the cat-and-dog story and ask 
the person to describe what he saw. The 
chances are he would say: "There is 
some graph paper with four points, 
0, A, C and B, marked on it so as to 
form a parallelogram." Thus it is pos
sible to give a purely geometric descrip
tion of how to get point C from A and 
B: one simply chooses C so that togeth
er with 0, A and B it completes a par
allelogram. 

Clearly the graph derived from the 
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statement "Two cats and one dog + one 
cat and three dogs = three cats and 
four dogs" can be approached from at 
least two different viewpoints. In the 
context of the cat-and-dog story the sit
uation clearly involves addition from 
the start and the graph is simply a de
vice to illustrate addition. From a pure
ly geometric point of view C is the point 
needed to complete the parallelogram 
OACB. In the latter case it would seem 
highly unnatural to write C = A + B, 
or indeed to expect any connection at 
all with algebra. But since the graph 
itself remains one and the same thing 
no matter how we view it, it is clear 
that the geometry of the parallelogram 
must have a strong algebraic aspect 
related in some way to addition. 

kyone who has studied mechanics or 
electricity and magnetism is fa

miliar with the fact that nature often 
uses the parallelogram as a means of 
addition. In the illustration at top right 
on page 72 the letter 0 represents an 
observer somewhere in space. The line 
OB represents the gravitational pull 
of the earth, that is, the force that 
would act on the observer if the earth 
were the only massive body in his vicin
ity. Similarly, the line OA represents 
the gravitational pull of the moon by 
itself. In fact, both the earth and the 
moon are pulling at the observer simul-

taneously, so that to calculate the ac
tual force acting on the observer we 
must combine, or "add," the effects the 
earth and the moon would produce sep
al·ately. This combined force can be 
represented by the line OC, which turns 
out to be a diagonal of the parallelo
gram OACB. 

If we now wished to take into ac
count the force exerted by the sun, we 
would have to "add" the pull of the sun 
to the force represented by OC, again 
employing the parallelogram technique. 
At this point one of the important anal
ogies to the addition of ordinary num
bers becomes apparent. If one adds any 
three numbers, the sequence in which 
one adds them is immaterial. If one has 
to pays bills, say, of $3, $5 and $6, one 
cannot economize by paying them in 
some special order. In whatever order 
one pays one is bound to part with the 
same total sum: $14. This is called the 
commutative rule of addition. (Strictly 
speaking, the associative rule of addi
tion, which in symbols states that 
a + (b + c) = (a + b) + c, is also in
volved here.) Mathematicians would find 
it misleading to use the sign + for any 
procedure in which the sequence of the 
operations affected the final outcome. 

Obviously the sequence of operations 
does not affect our gravitational prob
lem, since the observer at 0 is simul
taneously acted on by the earth, the 

© 1964 SCIENTIFIC AMERICAN, INC



moon and the sun. In our computation 
of the total gravitational effect on the 
observer we can first combine the pull 
of the earth and the pull of the moon 
and then "add" this result to the pull of 
the sun. We could just as well start by 
combining the effects of the sun and the 
moon and then "add" this sum to the 
pull of the earth. If the two procedures 
were to result in different answers, our 
purely geometric technique would ob
viously be unsatisfactory. The physics 
of the situation demands that the com
mutative and associative rules apply. In
sofar as our procedure for combining 
forces must obey these rules, it resembles 
the addition of ordinary numbers. 

The parallelogram technique de
scribed in the last two examples is 
known as vector addition. In both ex
amples the lines OA, OB and OC are 
called vectors and are usually drawn as 
arrows. 

Another way to interpret the cat-and
dog graph is in terms of journeys. The 
distance from 0 to A corresponds to a 
journey of two units to the east and 
one unit to the north; similarly, the dis
tance from 0 to B corresponds to a 
journey of one unit to the east and 
three units to the nOith. If we combine 
these journeys, traveling first two units 
east and one north and then one east 
and three north, we find that in all we 
have journeyed three units east and four 
north, or the distance from 0 to C. The 
story is different, but once again we 
find that C can be interpreted as the 
sum of A and B. 

We have seen that several different 
meanings can be attached to the expres
sion A + B. What are some of the ways 
in which we can interpret the expres
sion 3 X A, or 3A? 

If A signifies two cats and one dog, 
there should be little doubt about the 
meaning of 3A; the product is obviously 
six cats and three dogs. In the illustra
tion at bottom left on page 72 this 

product is indicated by the point E; 
thus we can write the equation E = 3A. 
Geometrically we see that E lies in the 
same direction from 0 as A does, but 
that it is three times farther away. In 
addition to this purely geometric inter
pretation of E = 3A, the interpretation 
as journeys is again helpful; the journey 
from 0 to E can be broken into three 
stages-O to A, A to D and D to E
each of which has the same specifica
tion: two units east and one north. 

Let us now introduce the symbols e 
and d as abbreviations for cats and dogs 
respectively. We have seen that the ex
pression 6e + 3d can be interpreted in 
at least three different ways: (1) in its 
original meaning of six cats and three 
dogs, (2) as a way of specifying the 
position of the point E in the graph at 
bottom left on page 72 and (3) as de
scribing the stepwise journey from 0 
to E in the same illustration. 

Our symbolism still suffers from one 
restriction. We have no difficulty in 
writing 6e + 3d for the overall journey 
from 0 to E, but what about a journey 
in the opposite direction? For this we 
need negative numbers; thus the ex
pression -6e - 3d could be interpreted 
as a journey of six units west and three 
south. The same expression could also 
be used to specify the position of the 
point F in the graph at bottom right on 
page 72. Or it could represent minus 
six cats and minus three dogs, that is, 
a debt that obliged us to deliver six cats 
and three dogs. 

We are now able to specify the posi-
tion of any point in a plane by 

a pair of algebraic symbols such as 
6e + 3d. Moreover, we can translate a 
number of geometric constructions into 
simple algebraic operations on these 
symbols; for example, drawing a paral
lelogram corresponds to addition. Many 
theorems in elementary plane geometry 
can be proved without reference to ge-

ometric constructions simply by carry
ing out the appropriate algebraic calcu
lations with e and d. 

The illustration on the next page 
shows a few geometric distortions that 
can be performed on a rectangular 
picture. In B the original picture (A) 
is tilted, or rotated counterclockwise 
around its bottom left corner; in C it 
is enlarged; in D it is reflected as in a 
mirror; in E it is stretched vertically 
and shrunk horizontally; in F it leans 
to the right. Do these operations have 
an algebraic aspect? Can we add and 
multiply them? For instance, can we 
add a rotation to a reflection and state 
the procedure as B + D? It may appear 
to be unlikely and yet it can be done. 
Such operations have in fact a remark
ably simple algebraic aspect. 

In order to illustrate the preceding 
statement let us return to the cat-and
dog story. Imagine a society in which 
cats and dogs represent wealth, as 
sheep and cattle do in some primitive 
societies. In our hypothetical society a 
bank might offer the following interest 
rates: For each cat deposited now, one 
will be entitled to two cats and a dog a 
year from now; for each dog deposited 
now, one will be entitled to a cat and 
three dogs a year from now. In symbols 
this could be expressed e � 2e + d; 
d � e + 3d. (The arrow signifies 
"yields.") It is fairly easy to work out 
the yield for a deposit of any given 
number of cats and dogs. A deposit of a 
cat and a dog, for instance, would yield 
three cats and four dogs (e + el � 3e + 
4el). A deposit of two cats and a dog, on 
the other hand, would yield five cats 
and five dogs (2e + el � 5e + 5el). The 
yields for various other combinations 
of cat-and-dog deposits are indicated 
in the table on page 73. A table of this 
type is called a matrix and the branch 
of mathematics that employs such 
tables is called matrix algebra. 

Let us now translate all our symbols 

COMPARISON OF SKULLS of a man (left), a chimpanzee (cen
ter) and a baboon (right) can be said to have an algebraic aspect. 
As in the case of the animal banking schemes, the rectangular co-

ordinate system over the human skull can be progressively distorted 
by means of the appropriate algebraic operations. Diagrams of this 
type have been used in a wide range of morphological studies. 
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SOME GEOMETRIC DISTORTIONS that can be performed on a 

rectangular picture (A) are depicted at left. The distortions all have 
an algebraic aspect: distortion F corresponds to the algebraic bank
ing scheme that converts squares to parallelograms; tbe other dis-

tortions correspond to similar banking schemes. Any combination 
of distortions is noncommutative; the illustration at right shows 
that rotating a reflected picture does not produce the same result 
as reflecting a rotated picture (in symbols, B + D ;,! D + B). 

into geometry. In the graphs on page 74 
point A represents a deposit of 2e + d 
and A' represents the yield of this de
posit, or 5e + 5d. Some other points 
have been marked in; B, for instance, 
represents the deposit e + d and B' the 
corresponding yield 3e + 4d. By the 
same token C' represents the yield that 
would result from the deposit C, D' the 
yield from the deposit D and so on. It is 
apparent that the pOints in both graphs 
are arranged in orderly patterns: the 
original points (A, B, C, D, E, F and G) 
form squares and the corresponding 
primed points (A', B', C', D', E', F' and 
G') form parallelograms. 

This shift from squares to parallelo
grams is not fortuitous. In fact, any al
gebraic "banking scheme" of this gen
eral type will produce graphs in which 
squares representing deposits become 
parallelograms representing yields. Con
versely, any geometric distortion that 
converts squares to parallelograms in 
this manner can be produced by means 
of a suitable algebraic "banking 
scheme." The distortion designated F in 
the illustration above is an example of 
this type of square-to-parallelogram dis
tortion. All the other distortions shown 
in the same illustration correspond to 
similar "banking schemes." Thus the 
scheme e � 2e, d � 2d would yield an 
enlargement corresponding to distor
tion C, whereas the scheme e � lk, 
d � 2d would yield distortion E. Slight
ly more complicated algebraic schemes 
are required to produce the distortions 
shown on the preceding page, in which 
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the skulls of a man, a chimpanzee and a 
baboon are compared geometrically. 
Comparative diagrams of this type have 
been used to study a wide range of 
morphological characteristics, which can 
be said to have an algebraic aspect. 

Is it possible to "add" two such bank
ing schemes? Suppose in our hypotheti
cal society three banks, X, Y and Z, 
were to offer three different interest 
rates; what then could we understand 
by X + Y = Z? It could mean that 
scheme Z yields as much as schemes 
X and Y put together. By calculating 
the yield of scheme X for a given de
posit and then adding this quantity to 
the calculated yield of scheme Y for 
the same deposit, we can determine 
what scheme Z would yield for that de
posit. Similarly, we could interpret the 
equation A = 3B as meaning that the 
yield of scheme A is equal to three times 
the yield of scheme B for the same 
deposit. 

By combining the last two ideas we 
can now interpret an expression such 
as 4A + 5B. The yield of this combined 
scheme, for any deposit, would equal 
four times the yield of scheme A added 
to five times the yield of scheme B. 

It is possible to go on to discuss the 
multiplication of "banking schemes." 
The expression AB would indicate that 
one first invested in scheme B and then 
reinvested the yield in scheme A. That 
it is not unreasonable to call this proc
ess "multiplication" can be seen from 
the following example. Suppose the ef
fect of scheme B is to double one's de-

posit and the effect of scheme A is to 
treble the deposit. If one invests first 
in scheme B and then reinvests the pro
ceeds in scheme A, the total effect is 
to multiply the initial investment by six. 
Since six equals three times two, it is 
not unreasonable to associate reinvest
ment with multiplication. 

What do all these examples prove? 
First, the various cat-and-dog stories 
have demonstrated that algebra can be 
made to apply to a number of geo
metric situations that at first sight ap
pear to be in no way related to algebra. 
Second, the algebra involved is re
markably straightforward; most of the 
expressions we have used have been 
simple ones, such as 6e + 3d, that are 
familiar from elementary algebra. Third, 
the broadening of the meaning of the 
word "algebra" has many important im
plications. We have been talking about 
the way in which forces are exerted, 
the way shapes are distorted under 
stress, the way things change their po
sition-all topics of obvious importance 
in science and engineering. There are 
many less obvious applications both in 
science and in higher mathematics. 

I n the preceding discussion of vector 
and matrix algebra we have dealt 

largely with models; that is, we have 
examined certain actual situations and 
operations-collections of animals, jour
neys, investments, rotations and reflec
tions-and have found in these situ
ations and operations elements that 
reminded us of the addition and multi-

.. 
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plication of ordinary numbers. The re
quirement of "reminding us," however, 
is somewhat vague. How closely must 
something remind us of addition to de
serve being represented by the sign +? 
Clearly more speCific rules are needed 
if there is not to be a great deal of con
fusion about symbolism. 

We have already mentioned a few of 
the requirements for an operation to be 
recognized as a generalization of addi
tion. The commutative rule, for example, 
states that whatever objects a and b 
might stand for and however compli
cated the operation of combining them 
might be, we are always entitled to ex
pect that a + b will mean the same as 
b+a. 

In ordinary arithmetic multiplication 
is also commutative: 3 X 4 always 
means the same as 4 X 3. In fact, the 
properties of multiplication resemble 
those of addition very closely. It is only 
by virtue of this fact that we are able 
to construct tables of logarithms, which 
convert multiplication to addition. Since 
it would be wasteful to have two sym
bols with the same implications, the 
convention has arisen among mathema
ticians that the sign + may be used 
only for commutative systems, but the 
sign X need not carry this restriction. 
In some branches of algebra a X band 
b X a may denote the same object, but 
they are not obliged to. When a X b 
and b X a have different meanings, the 
algebra is said to be noncommutative. 

'Ve do not have to look far for an ex
ample of noncom mutative algebra: our 
previous discussion of matrix algebra 
provides several. In the illustration on 
the opposite page the sequence in 
which the operations "rotate" (B) and 
"reflect" (D) are performed on the 
original picture can be seen to have an 
effect on the outcome. Reflecting the 
rotated picture does flot produce the 
same result as rotating the reflected 
picture; in symbols, B + D does flot 
equal D + B. It is also possible to con
struct various "animal-investment bank
ing schemes" in which the sequence of 
investment and reinvestment affects the 
final outcome. (This is not the case in 
ordinary banking, in which reinvest
ment is always commutative.) 

Another important property of addi
tion and multiplication in ordinary 
arithmetic is that these operations are 
associative. In other words, if one has 
to work out 3 + 4 + 5, it does not mat
ter whether one obtains the answer 
by considering 7 + 5 or by considering 
3 + 9. In the case of multiplication the 
associative rule requires that 3 X 4 X 5 
can be found by means of 12 X 5 or by 

means of 3 X 20. There is perhaps some 
subtlety involved in this concept. The 
reader may ask: Are we not saying sim
ply that the system is commutative, that 
the order in which one adds or mul
tiplies is immaterial? The distinction 
may be elucidated by considering the 
phrases "fat-cattle merchant" and "fat 
cattle-merchant." The order of the words 
is the same but the meaning is dif
ferent. What has been changed is the 
manner in which the words have been 
grouped together. The associative prop
erty deals with the effect of punctua
tion, not of order. That the two prop
erties are genuinely distinct can be 
further appreCiated by considering the 
fact that matrix algebra is not commuta
tive but is associative. The majority of 
algebraic systems that have proved pro
ductive so far have been associative, 
although the theory of nonassociative 
algebra has recently attracted the atten
tion of some mathematicians. 

A third basic property of ordinary 
arithmetic is expressed by the distribu
tive rule, which in symbols states that 
a(b + e) = ab + ae. The distributive 
property has a way of turning up in 
unexpected situations. For example, the 
boundary of the area covered by Cali
fornia and Illinois is the boundary of 
California added to the boundary of 
Illinois. It is not difficult to see a con
nection between this statement and the 
equation b(C + 1) = bC + bI, in which 
b stands for "the boundary of" and C 
and I are the initials of the states in
volved. It is interesting to note that 
the distributive rule ceases to apply if 
the states in question have a com-

b(C + I) = bC + bl 

mon boundary [see illustration below J. 
The concept of boundaries occurs in 

topology and in certain areas of the 
calculus. What is important to realize 
here is that algebra can play a role in
side other branches of mathematics, and 
not merely because numbers are in
volved in these branches. In fact, the 
branches of mathematics interact to a 
surprising degree. 

I n algebra the word "field" is used to 
describe a system that closely resem

bles ordinary arithmetic. The operations 
of addition, subtraction, multiplication 
and division occur in a field and are 
much like the corresponding operations 
in arithmetic. For instance, there is in 
every field an element designated by 
the letter "0" that resembles zero (it 
makes no difference if you add 0) and 
an element I that resembles one (it 
makes no difference if you multiply by 
1). A large variety of fields exist. The 
tables on the next page specify a field in 
which there are only four elements: 
0, I, A and B. Within this system we 
operate by essentially the same rules as 
we do in arithmetic and elementary 
algebra; in it the commutative, associa
tive and distributive properties all hold. 
The possibility of a field with a finite 
number of elements was discovered by 
the French mathematician Evariste 
Galois in 1830. This particular field is 
called a Galois field with four elements. 

Take any formula from high school 
algebra and you will find that it remains 
true in the Galois field. For example, 
elementary algebra leads us to believe 
that A + B multiplied by A - B should 

NEVADA 

b(C + N) < bC + bN 

DISTRIBUTIVE RULE of ordinary arithmetic states in symbols that a(b + c) = ab + ac. 
In this example of the distributive rule the boundary of the area covered by California and 
Illinois is the boundary of California added to the boundary of Illinois; in symbols, b(C + 
1) = bC + bI. The distributive rule does not apply in the case of California and Nevada, 
which have a common boundary. Since the concept of boundaries occnrs both in topology 
and in calculus, algebra is brought into these branches in cases that do not involve numbers. 
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GALOIS FIELD is an abstract algebraic system contammg only 
four elements, 0, I, A and B, which can be added, subtracted, mul
tiplied and divided by essentially the same rules that hold in arith-

metic and elementary algebra. Table at left is for addition; table at 
right, for multiplication. Galois fields have recently heen applied to 
error-free transmission of information by high-speed machines. 

be the same as A2 - B2. This is also 
true for the Galois field. Using the 
tables to work out these two results, 
you will find that both give the same 
answer: 1. 

At this point we have reached a com
pletely abstract stage. There is no sug
gestion that 0, 1, A and B have any 
meaning. We are no longer talking 
about collections of' animals or move
ments of bodies. We have simply found 
a pattern that has interesting analogies 
with the patterns of ordinary arithme
tic. A very pure mathematician would 
say that this is the whole object of 
mathematics-to discover beautiful and 
interesting patterns. An applied mathe
matician, a scientist or an engineer 
would be interested in knowing if this 
pattern is one that occurs in nature and 
can therefore be given an interpreta
tion and an application. Although con
ceived as an abstract mathematical ex
ercise, Galois fields have recently found 
a rather unexpected application: they 
have been studied in connection with 
error-free codes for the transmission of 
information by high-speed machines. 

I n a field we can add, subtract, multi-
ply and divide (except that division 

by ° is barred). Not all algebraic sys
tems have as comprehensive' a list of 
operations. In a ring, for instance, we 
can add, subtract and multiply but not 
necessarily divide. A familiar example 
of a ring is the whole numbers, both 
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positive and negative. If a person were 
conversant only with numbers such 
as ... -4, -3, -2, -1, 0, 1, 2, 3, 4 ... , 
he would be able to solve any problem 
that involved the addition, subtraction 
or multiplication of these numbers. If 
asked to divide 3 by 4, however, he 
would be powerless. 

Even more restricted than a ring is 
the concept of a group. When we say 
that some system is a group, we prom
ise only the existence in it of one opera
tion, which can be thought of as a kind 
of generalized multiplication. This op
eration must be associative: an expres
sion such as XYZ must have a definite 
meaning regardless of punctuation. The 
group must also contain an element I 
that resembles the number one in arith
metic. Furthermore, division must be 
possible. An example of a group with 
six elements appears on page 71. 

To qualify as a group an algebraic 
system must pass a surprisingly small 
num ber of tests. It is therefore all the 
more remarkable that such an elaborate 
theory of groups has been developed, 
with such widespread ramifications in 
higher mathematics and phYSics [see 
"Mathematics in the Physical Sciences," 
page 128]. 

Many new algebraic systems have 
arisen out of particular problems in 
other branches of mathematics. Near 
the end of the 19th century the Nor
wegian mathematician Sophus Lie com
pleted a comprehensive classification of 

differential equations in calculus. Cer
tain patterns in this classification sys
tem have since been extracted and now 
constitute a separate subject, known as 
Lie groups. Similarly certain problems 
in topology have led to the new subject 
of homological algebra, which has also 
proved to have important applications 
outside of topology. 

In the late 1840's the English mathe
matician and logician George Boole de
veloped a system of symbolic logic in 
which the propositions of Aristotelian 
logic were reduced to equations that 
were closely analogous to those in ele
mentary algebra. The system follows 
many of the rules of ordinary arithme
tic, including the commutative, the as
sociative and the distributive rules. 
Boolean algebra has recently been ap
plied to the design of telephone circuits 
and electronic computers. 

Algebra, like every other branch of 
mathematics and science, continues to 
proliferate with the vitality and expan
siveness of a tropical forest. It is a diffi
cult situation. To know everything is 
clearly impossible, yet each specialist 
assures you that you must know the 
particular part of algebra he finds inter
esting. The scientist who uses mathe
matics should be aware that much new 
mathematical knowledge is being dis
covered; nearly all of it will be irrele
vant to his own research, but he should 
keep his eyes open for the small piece 
that may be of great value to him. 
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I �@@Jli\lli advertises : I 
an unl isted recording material  • • .  openings • • •  the h u m a n  condition and Document 4864-6-F 

Confi rmation 
This wil l  confirm the existence of an unlisted light-sensitive 
recording material that is economical, produces an image of 
excellent legibility with a microsecond or less of exposure, re
quires no processing solutions, and shows a high degree of 

Strictly personal  
With first and second derivatives cheerfully positive here for 
many decades, some of us may currently be working too hard. 

In the interests of good sense, Jim Bruce has been given the 
task of investigating to what extent the plight of the overbusy 
ones might complement that of engineers and engineering 
physicists elsewhere who have likewise been working very hard 
since college or graduate school but who are now encountering 
a shrinkage of work load to a point where they are enjoying 
themselves less.  

By telling Jim Bruce of their problem they might solve his ! 

Ja mes S. Bruce is Direc

tor, Business and Tech

nical Personnel Depa rt

m ent, Eastman Kod a k  

C o m p a ny, R o c h e s t e r, 

N. Y. 1 4 6 5 0 .  W e  a r e  

a n  e q u a l - o p p o r t u n i t y  

e m p l o y e r  w e l c o m i n g  

resumes a n d  statements 

of q u a l ifica tions. 

A more specific part of Jim's task-but only part-is to 
extend invitations to join a brand new research staff that con
centrates in the broad field of engineering physics and its 

image stability. The problem of accomplishing this with a 
reasonable amount of light is easing up. 

What's it to you ? 

An answer is impatiently awaited by Photorecording Methods 
Division, Eastman Kodak Company, Rochester, N. Y. 14650. 

application to certain apparatus.  Whoever thinks we refer 
here only to apparatus such as we advertise on TV seems to 
have missed the kind of contacts and experience that would 
justify further time spent on this matter. 

Jim is prepared to forgive expressions of mild surprise that 
the same old-line company that provides lifetime professional 
careers to such settled types as biochemists and plastics en
gineers has similar propositions for stress-and-vibration spe
cialists, thermodynamicists and systems analysts who would 
feel at home with our 7044 and our other scientific-type com
puters . 

Fairly chronic is Jim's need to know an ever-widening circle 
of opticists who have acquired polish in such subjects as mod
ulation transfer functions and would like to practice here at 
the headquarters for these subjects. Now he also has to find 
electrical engineers, mechanical engineers (who lean more to
ward camera shutters than earth-movers), and instrumentation 
specialists--{:olleagues to share the load with our design, re
liability, and quality-control engineers who wish to renew ties 
with family and neighbors in the prosperous, pleasant, and 
cultured Western New York countryside. 

The other way of maintaining strength continues basic with 
us. Jim and his men are about to fan out to 1 30 campuses or 
so for the next few months seeking vigorous scientists and 
engineers who want to start with us right from the winning of 
their degrees, B.S., M.S. ,  or Ph.D. We shall appreciate any 
kind word that faculty and placement directors would care to 
put in on our behalf with candidates who give prospect of 
achieving happiness with us. That covers a broad spectrum. It 
ranges from a few who are so theoretical that they scarcely 
know which way to point an INSTAMATIC Camera to a few 
who are so practical that they can't draw an energy-level 
diagram without dollar signs. Each gets his reward. 

Why no infrared opticist who is in touch with the situation asks "What?" any more but "Which?" when someone says, " I RTRAN" 
In recent months it h a s  become apparent that t h e  five types of KODAK IRTRAN hot-pressed polycrystalline optical materials lead the field. This is 
perhaps attributable largely to the success of our program to eliminate absorption bands from the IR ranges which each is intended to transmit. 
At .080" thickness, for instance, all we still have to cope with are the H20 band at 2 .7,.. and one other at 5,.., both in IRTRAN 1 Material. Get 
the latest data from Eastman Kodak Company, Apparatus and Optical Division, Rochester, N. Y. 14650. 

Why even those who th i n k  they u nderstand the situation in the in frared beyond photogra phy may not 
Most IRTRAN material and most work of infrared opticists 
wind up in military hands. Military considerations ultimately 
and inevitably have emotional content . Emotion suffuses the 
idea that someone who means you harm has technical devices 
for extending the senses that he and you both received at 
birth. You hope you know more about these means than he 
does and more about what to look for with these means. To 
feel this way goes along with the human condition. It sets one 
limit on the decisions of the declassifying boards. 

The opposite limit is set by another realization which the 
members of these boards share with you. They too know that 
secrets stale quickly and that scientists in a position to freshen 
them up were born with a "need to know" but can produce no 
documents to prove it and often don't even want to. Intelligent 
military seek an optimum between these limits. 

Two unclassified symposia on "Remote Sensing of Environ
ment" and one classified one at the Institute of Science and 

Technology of the University of Michigan have given the 
military the thoughts of such diverse types as geologists, 
botanists, astronomers, conservationists, meteorologists, ocean
ographers, foresters, archaeologists, and half a dozen species 
of engineers. Everybody present knew that the already known 
applications will take care of themselves but wondered about 
the unknown ones that are in danger of dying unborn for 
want of cross-fertilization. 

The final report of the symposia, identified as Document 
4864-6-F, carries the following statement : "Qualified requesters 
may obtain copies of this document from : Defense Documen
tation Center, Cameron Station, Alexandria, Virginia."  We 
have inquired how one qualifies as a requester and have been 
informed by the Defense Documentation Center that all 
reports it releases must be for use on a current Department of 
Defense contract or project. 
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Box 565, Princeton, New Jersey 
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T he 4,316 extraordinary photo
graphs made by the space vehi
cle Rangel' 7 first and foremost 

indicate that the surface of the moon 
is not a loose quicksand hazardous to 
landing vehicles but is basically firm. 
That is the opinion of the investigators 
most closely connected with the Ranger 

SCIENCE AND 
project, notably Gerard P. Kuiper of 
the University of Arizona and Eugene 
M. Shoemaker of the U. S. Geological 
Survey. According to Kuiper, there may 
be a shallow top layer that "would be 
like crunchy snow." Shoemaker, noting 
that a few investigators see evidence in 
the photographs that a deep layer of 
dust covers the moon, said the pictures 
"proved to everybody that their precon
ceptions were right." He added that 
"there is no way we can measure di
rectly the bearing strength ... without 
putting something down on the lunar 
surface and patting it. " 

The evidence mainly in dispute is a 
rounding of small craters that was re
vealed by the photographs [see illustra
tion below J. Shoemaker said the most 
decisive evidence of a firm surface is 
the shape of the primary craters: those 
caused by the high-speed impact of ob
jects from space. If the surface were 
dust, he said, primary craters would 
have the appearance of punched holes; 
instead they have the shape that is 
characteristic of a dense medium. As 

MOON AT THREE MILES appears in Ranger 7 photograph. Rounding of crater edgee, pos· 

sibly through erosion, is a phenomenon revealed for the first time by Ranger. Dark crater 

at top left, about 300 feet in diameter, contains rock mass that apparently caused crater. 
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THE CITIZEN 
for the rounding, Shoemaker pointed 
out that secondary craters-those caused 
by the low-speed impact of material 
thrown out from large primary craters 
-"are rounded to start with." He added 
that both primary and secondary craters 
may also have been rounded by erosion 
of some kind, perhaps bombardment by 
micrometeorites. 

Ranger's target area was the Sea of 
Clouds, one of the moon's maria, or dry 
seas. Officials of the U.S. space pro
gram chose the area because they be
lieved the maria, which appear relative
ly smooth in contrast with the cragginess 
of other lunar areas, to be the most 
promising sites for the landing of 
manned spacecraft. The Ranger pho
tographs bore out the impression of 
relative smoothness; Kuiper said the 
"chances of landing in a reasonably 
level area are ... of the order of 99 per
cent." He also pointed out, however, 
that the photographs reveal some areas 
that "one should avoid as poison" in a 
manned landing because they have a 
"truly enormous" number of secondary 
craters. 

Ranger began making photographs at 
a distance of about 1,000 miles from the 

- moon. It made its last photograph at 
a distance of about 1,000 feet. Kuiper 
said the photographs mean that "the 
moon, which ... in a good telescope can 
be brought to a distance of 500 miles 
equivalent, has been brought ... to a 
distance of half a mile," making it pos
sible to distinguish features as small as 
Bf feet in diameter. 

The U.S. program to put a manned 
Apollo spacecraft on the moon calls for 
two more Ranger flights. Late next year 
the first Surveyor, a vehicle that will 
land softly on the moon for a closer 
examination of the surface, is scheduled 
for launching. Next, starting in 1966, 
there will be a series of Lunar Orbiter 
flights, in which spacecraft will orbit 
the moon at low altitude, photographing 
large stretches of lunar terrain. The 
first landing of men is scheduled to take 
place by 1970. 

Fall of Time Reversal? 

A recent experiment in particle phys
ics has thrown doubt on the crucial 

principle, built into almost every physi
cal theory, that the laws of the universe 

Test tube steels . . .  

30 tons at a time! 
It took the marriage of two tech

nologies-metallurgy and vacuum 

-to put the production of super

pure steels on a high-tonnage 

basis. Latrobe Steel Company 

air-melts, vacuum de-gasses, 

vacuum refines and vacuum casts 

steels of test - tube cleanliness 

and chemical composition - 30 
tons at a time. 

Stokes provided engineering 

know-how in its specialty-vacu

um-to help Latrobe design this 

precedent-setting installation, the 

world's highest production unit 

for space-age steels. Stokes has 

been successfully applying high 

vacuum techniques to the solu

tion of tough processing prob

lems in many other industries. 

Learn how Stokes puts vacuum to 

work for industry, applies it to im

pregnation, metallizing, drying of 

chemicals and other granulated 

solids ... and to many other proc

esses which can be carried out 

more effectively under high vac

uum conditions. Write Vacuum 

Metallurgical Department, F. J. 

Stokes Company, 5500 Tabor 

Road, Philadelphia 20, Pa. 

STOKES 

F. J. STOKES COMPANY / A Division of Pennsalt Chemicals Corporation 
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Feedback 
Mathematics 
Electromechanical or electronic, feed
back systems can be analyzed through 
the solution of algebraic equations in
volving complex variables_ The ESIAC 
Computer solves these equations and 
helps visualize the behavior of control 
systems, power amplifiers and other 
feedback systems_ 

When an electric current flows in a uni

form sheet of resistive material, the volt
age contours and the current streamlines 

obey the same geometric laws as the real 

and imaginary components of the ana

lytic functions of a complex variable_ 

While this relationship has been 

known for years, its practical applica

tion was only realized with the develop

ment of the ESIAC Computer by Electro 

Scientific Industries_ The ESIAC quickly 

solves problems expressed in terms of 

zeros and poles in a complex plane_ Such 

problems commonly occur in the mathe

matical analysis of feedback systems_ 
,-

For root locus plotting, frequency 

response plotting and residue evaluation 

-the ESIAC Computer is ten to fifteen 

times faster than conventional methods_ 

By quickly constructing plots for many 

system variations, a designer can obtain 

unique insights as he goes along_ This 

"feel" of the system is impossible using 

hand calculations or digital computers. 

The range of analyses which can be 

undertaken on the ESIAC Computer is 

illustrated by the following list of ESIAC 

Application Bulletins available from 

ESI: (1) Analysis of Sloshing Modes and 

Structural Resonances of a Missile. (2) 

Analysis of the Control System of a Hy

draulically Actuated Shake Table. (3) 
Factoring a Polynomial. (4) High Ac

curacy Polynomial Factoring. (5) Dead

Time or Transport Lag Approximations. 

(6) Network Design by Frequency Re

sponse Curve Fitting. (7) Optimizing 

Loop Gains in a Two-Loop Feedback Sys

tem. (8) Analysis of Structural Reso

nances of a Large Antenna System. (9) 
Distributed Lag Approximations. 

t t t• t Electro Scientific Industries 
. e . S. I . 13900 NW Science Park Drive 
L--L_-'--=® Portland, Oregon (97229) 

Please send general infor mation on the 
ESIAC Computer, plus ESIAC Application 
Bulletin # ____ _ 

NAME _____________________ _ 

COMPANY __________________ _ 
ADDRESS __________________ _ 
CITY __________ STATE ______ __ 
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remain unchanged when the direction of 
time is reversed. Known as time-reversal 
invariance, the principle states in ef
fect that there is no way of telling if 
a motion picture film of an event (any 
event) is being run forward or back
ward. The ordinary clues that might re
veal the direction are secondary, not 
fundamental. 

The experiment that casts doubt on 
this principle was performed by James 
H. Christenson, James W. Cronin and 
Val L. Fitch of Princeton University 
and Rene Turlay, on leave from the 
Center for Nuclear Studies in France. 
Their work is reported in Physical Re
view Letters. 

The Princeton group studied the 
mode of decay of the neutral K meson 
known as K2°, one of four members of 
the K family: K-, K+, K1o, K20. The 
theory governing the decay of such 
particles includes the "CPT" rule, which 
states that particle reactions are indis
tinguishable from their time-reversed, 
antimatter mirror images. In this rule 
C stands for charge conjugation, which 
relates matter to antimatter; P stands 
for parity, which relates a system to 
its mirror image, and T stands for time 
reversal, which relates a system to one 
in which time Rows in the opposite 
direction. 

If C and P are conserved, the K10 can 
decay into a pi-plus meson (7T+ ) and a 
pi-minus (7T- ), but the K20 is forbidden 
to do so. The reason is that the Kl ° has 
a CP value of + 1 (as determined by 
experiment) and the K2° has a CP value 
of -1. It is also known that 7T+ and 7T
have a combined CP of +1. Therefore 
only the K10 can decay into the two 7T'S. 
If it were found that the K2° also de
cayed into 7T+ and 7T-, it would mean 
that a state with a CP of -1 had 
changed into a state with a CP of +1. 
In this case the CPT rule could be 
preserved only if there had been a 
compensating violation of T, or time
reversal invariance. 

Because it would provide a crucial 
test of the CPT rule, investigators had 
previously looked for the forbidde�l 
two-pi decay of the K2°, but they were 
unsuccessful. Previous experiments were 
sensitive enough to have detected one 
two-pi decay among 300 decays of other 
types. In the new group of experiments 
about one in every 500 K2° decays was 
of the two-pi type; all told about 50 
two-pi events were recorded. 

The experiment will of course be re
peated. In addition physicists will look 
for tests in which T alone can be tested 
apart from CPo One proposed test is to 
measure the spin, or angular momen-

tum, of the mu meson when a K decays 
into a pi meson, a mu meson and a neu
trino. The effect of time reversal is to 
change the sign of all momentum vec
tors and the spin vector. If time-reversal 
invariance is true, the number of mu 
mesons spinning in one direction with 
respect to a plane defined in a certain 
way should exactly equal the number 
spinning in the opposite direction. If the 
numbers are not equal, the fall of time
reversal invariance will be confirmed. 

GUU Means Valine 

T hree years ago at the Fifth Interna-
tional Congress of Biochemistry in 

Moscow the first "break" in the genetic 
code was described by Marshall W. 
Nirenberg of the National Institutes of 
Health. At the Sixth Congress, held in 
New York in July, Nirenberg described 
another major advance in the decipher
ment of the code: the effect of changing 
the sequence of code "letters" in one 
particular code group. 

In the first round of code-breaking 
experiments Nirenberg and his associ
ates, and independently Severo Ochoa 
and his associates at the New York 
University School of Medicine, worked 
out a genetic-code "dictionary" show
ing how code groups made up of the 
nucleic acid bases adenine (A), uracil 
(U), guanine (G) and cytosine (C) speci
fied each of the 20 amino acids com
monly found in protein molecules. 
Nirenberg's original experiment had 
shown that a synthetic molecule of ribo
nucleic acid (RNA) containing only U 
subunits led to the production of a 
synthetic protein chain consisting only 
of subunits of the amino acid phenyl
alanine. Thus phenylalanine was said 
to be specified by the code group UUU; 
it was assumed, but not proved, that 
the code groups were triplets, or groups 
of three bases each. 

In the case of homogeneous triplets 
such as UUU there is no sequence prob
lem. The early experiments, however, 
were unable to distinguish between 
various forms of mixed triplets such 
as UUG, UGU and GUU. Consequently 
it was found that some combination of 
two U's and one G coded for three dif
ferent amino acids (leucine, valine and 
cysteine), but which sequence coded 
for which amino acid was unknown. 

Nirenberg and his associate Philip 
Leder have now found that GUU is the 
code word for valine. This result was 
based on work with individual triplets 
-not chains-of GUU, UGU and UUG. 
The new work has shown that the code
reading mechanism can distinguish be-
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The Peugeot's fan 

doesn't function until 
engine temperature reaches 1800 

Only one car in the world offers this 
feature. On other cars the fan runs all 
the time-even when the engine is cold. 
On the Peugeot 404, however, the fan 
runs only when it is needed-namely 
when engine temperature reaches 180°. 
As a result of the fan's freewheeling, you 
get 4 to 5 additional horsepower, faster 
warmup, reduced engine drag, lower 
noise level and, most important, sub
stantial fuel savings. 

The Peugeot 404's transmission con
sists of four forward synchromesh gears 
and one reverse. All of the forward 
speeds are synchronized for smooth 
shifting. Because of the power and 
torque of the 404 engine, fourth speed 

is direct drive. The gears are of the 
noiseless helical type; ratios have been 
selected to match engine output for 
maximum performance and economy. 

You'll notice that Peugeot's front 
windows don't have vents as most cars 
do. They're not needed, thanks to a 
unique fresh air ventilating system which 

provides a smooth flow of air. Flush 
nozzles built into the dash distribute air 
wherever it is desired. Peugeot's ventilat
ing system can even direct air at your 
feet for extra comfort. With the ventilat
ing system on and the sunroof open, 
you can actually close all windows, 
which not only cuts down on street 
noises but gives you perfect ventilation 

without drafts. 
The 404 is built with unit body con

struction. That is, the body is welded 
into one solid structure instead of being 

bolted to a separate frame. One major ad
vantage is the fact that greater strength 
is provided, with less weight. In addi
tion, squeaks and rattles are far less 
likely to occur. The 404's body steel is 
constructed of heavy gauge steel (.9 mm 
thick) for durability and safety, consist
ent with the world-wide reputation of 
Peugeot. 

VPEU(3EUY 
75 Years of Quality 

For brochure or overseas delivery, write Peugeot, Inc., Department SA-I, 
97-45 Queens Boulevard, Rego Park, N. Y. or see your local dealer. 
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ANNOUNCING 

New-Complete Digital 
Computer Educational 
Training Package . . . includes 

• Full scale Digital 
Computer equipment 

• Complete texts 

Designed for the 
stuqy of 

COMPUTER ORGANIZATION 
PROGRAMMING and 
MAINTENANCE . . . Teach with the 

tools industry uses. Professional, full scale 
modular units designed for training of Dig· 
ital Circuitry, Digital Logic, Computer Organ· 
ization, Maintenance and Programming. All 
DE teaching devices are NEW and PROVEN, 
with latest techniques, including solid state 
printed circuit cards for long service·free 
life. NO VACUUM TUBES. No maintenance 
problems. Installations at all school levels 
are already in operation. 

DIGIAC 
50 

DIGIAC 
3010 

DIGIAC 
3050 

DIGIAC 
4030 

FREE Computer Report 
for Educational Management 
"The Second Industrial Revolution" . . .  ex· 
plains computer progress in education and 
industry. Describes DE equipment, texts, 

wri t t e n  c o u r s e s, 
daily lesson plans, 
curriculum, course 
outlines, etc. 

SEND TODAY! r------------, 
1 nL DIGITAL 1 
1 uz: ELECTRONICS INC. 1 
1 

2250 Shames Drive, Westbury, l. I., N. Y. 
1 

1 Please send Educational Management Report. 1 
10 Send Representative 0 Place me on mailing list 1 
1 NAME ................................. _.TITLE ................ 1 
1 ORGANIZATION ................................ .............. 1 
1 ADDRESS . .............. , ....................................... 1 

I CITY .................................... STATE ............. . .. J ------------
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tween GUU and its mirror image UUG. 
Moreover, in the cases studied so far 
triplets are the shortest sequences that 
act as coding units. There had been 
some speculation that the cell might use 
a two-base code. Nirenberg's latest 
methods point the way to a new genetic
code dictionary in which each amino 
acid is associated with one or more 
specific triplets. 

Pre-Columbian Solar Observatories 

The Mississippi bottomland opposite 
St. Louis, notable for the largest 

Indian earthwork in the U.S., appears 
also to have been the site of four wood
en constructions used to detelmine the 
sun's horizon position at various seasons 
of the year. Salvage archaeology during 
1960 and 1961 in advance of highway 
construction among the mounds and 
plazas of the Cahokia site in Illinois un
covered a large number of four-foot
deep postholes averaging two feet in 
diameter. Plotting the positions of these 
postholes, Warren L. Wittry of the 
Cranbrook Institute of Science in De
troit discovered that they formed por
tions of four precise circles ranging from 
240 to 480 feet in diameter. Wittry lo
cated 20 of an estimated 48 perimeter 
postholes in the second largest array, 
which has an associated carbon-14 date 
of about A.D. 1045. In 1963 a colleague 
found a 21st hole, this one near the cir
cle's center but offset more than five 
feet to the east. 

Tantalized by the knowledge that 
various Pueblo peoples of the Southwest 
kept track of the seasons by means of 
sun-sightings, Withy wondered if lines 
of sight taken from the offset posthole 
would show any of the perimeter post
holes to be in significant solstice or equi
nox positions. Taking into account the 
inclination of the ecliptic in A.D. 1000, 
he calculated the angle north of east for 
the summer solstice sunrise and found 
that one of the perimeter posthole posi
tions was in line. Subsequent calcula
tions have shown that the other three 
circles, although not yet known to pos
sess central sighting points, also have 
postholes north and south of east poten
tially suited for a visual check of the 
summer and winter solstice sunrise. 

Even quite crude observations of the 
means and extremes during the sun's 
annual tour of the horizon will produce 
a good approximation of the "tropical" 
(365.2422-day) year, the agriculturists' 
key calendar unit. For the builders of 
the Cahokia temple-mound complex, 
who lived for the most part on corn, 
beans and squash, an ability to forecast 

optimum planting times should have 
been ample reward for the trouble of 
constructing these sun-sighting "wood
henges." 

Outside Educators 

A student at a small college in the 
U.S. is likely to find his course of 

study proscribed by the fact that the 
teaching staff is unable to offer scien
tific instruction beyond the elementary 
level. To enlarge the educational op
portunities of such a student the Na
tional Science Foundation seven years 
ago allocated funds to the American 
Institute of Physics and similar organi
zatiohs in other fields to establish a 
Visiting Scientists Program. William W. 
Watson of Yale University, who has 
been dispatching physicists to small 
colleges under the auspices of the pro
gram, says the visitors have provided 
valuable stimulation in many instances 
but "the situation in physics teaching is 
still 'the rich get richer and the poor 
get poorer.' The large universities get 
the best people. The small, poor colleges 
get no one with advanced training." 

This year an offshoot of the program 
will offer undergraduates at one small 
college more than stimulation. Graduate 
students from Northern universities will 
augment the faculty for an entire year 
at Tougaloo Southern Christian College 
near Jackson, Miss., to teach a broad
ened physics curriculum. The new 
courses were designed by John B. Gar
ner, instructor in physics at the college, 
and David Finkelstein, professor of 
physics at the Belfer Graduate School 
of Science of Yeshiva University, who 
will spend a week lecturing at Tougaloo 
as part of the Visiting Scientists Pro
gram. 

The additional courses call for two 
instructors with advanced training. The 
work of these two will be shared by 18 
graduate' students, each of whom will 
devote a month of the school year to 
teaching at Tougaloo. This scheme does 
not deprive a "donor" university of an 
indispensable faculty member, nor does 
it deprive a professor of his graduate
student aide for more than a month. Yet 
it will substantively enrich the instruc
tion at one small and poor college and 
might prove applicable to others. 

Vanishing Detergents 

There should be less froth on Ameri
ca's lakes and rivers and in its wells 

and tap water next year: the "hard" 
detergents that are responsible for most 
of the foaming are to be withdrawn 
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We think these figures will surprise you 
LI FE EXPECTANCY 

lile lile lile 

Age Expectancy, to age Age Expectancy, to age Age Expectancy, to age 

25 70.1 years 32 70.6 years 39 71.3 years 

26 70.2 33 70.7 40 71.4 

27 70.3 34 70.8 41 71.5 

28 70.4 35 70.9 42 71.6 

29 70.4 36 71.0 43 71.7 

30 70.5 37 71.1 44 71.9 

31 70.6 38 71.2 45 72.0 

Figures are for males living in the United States. 
Source: U.S. Dept. of Health, Education and Welfare - 1962 . 

... and we know these figures will ! 
YOUR "NEW ENGLAND LIFE EXPECTANCY" 

Here's how the cash value of a New England Life policy, purchased now, can build 

up for you in those years ahead. We're using a $25,000 policy as an example. 

You'll have paid this But the cash value So you'll get every And your insurance 

"you were amount in premiums 01 your policy dollar back plus protection will have 

born in at age 65 will be this this amount risen from $25,000 to 

1939 $17,210 $29,957 $12,747 $44,881 

1936 17,251 27,871 10,620 42,554 

1933 17,263 25,853 8,590 40,389 

1930 17,236 23,884 6,648 38,377 

1927 17,143 21,937 4,794 36,502 

1924 16,950 20,014 3,064 34,783 

Note: We've assumed here that your dividends are used to build protection automatically 

through the years. And we've also assumed that the current dividend scale is applied, 

although these-scales do change from time to time_ 

There. are a lot of surprises in the simple arithmetic of 

cash·value life insurance. The examples above illus

trate how it's possible to take thousands of dollars 

more out of a New England Life policy than you put in. 

Have a New England Life agent show you the cash

value figures for your age and for the size policy that's 

best suited for your needs. You'll find that, even while 

you apply dividends to add protection for your family, 

the cash value builds up in an eye-opening way. And 

this is money for you to use in your own future-for 

emergencies or for retirement. 

If you'd like specific facts and figures mailed to you, 

just let us know you r age. We'll be glad to send them di

rectly to you. Write: New England Life, Dept. 94, 
501 Boylston Street, Boston, Mass. 02117. 

NEW ENGLAND LIFE 
NEW ENGLAND MUTUAL LIFE INSURANCE COMPANY: ALL FORMS OF INDIVIDUAL AND GROUP LIFE INSURANCE, ANNUITIES AND PENSIONS, GROUP HEALTH COVERAGES. 

85 

© 1964 SCIENTIFIC AMERICAN, INC



86 

AND DOWN-TO-EARTH NEWS 
Clairex Photo conductors were employed as low 
energy particle detectors in the Van Allen belt 
studies and as sun sensors for orientation and 
the critical mid-course maneuver in the Mariner 
II Venus Probe and the recent Ranger 7 historic 
mission to the moon. Although these "Out of 
this W orId" feats are most exciting and informa
tive, Clairex's primary function is supplying 
millions of photoconductors for hundreds of 
"Down to Earth" jobs in Automation and Con
trol. These encompass a dozen fields of applica
tion and include such diverse products as Elec
tronic Measuring Equipment, TV Sets, Auto
mobiles, Street Light Switches, Computers, 
Cameras, and many others. 

The "light" touch in Automation and Control 

CLAIREX CORPORATION 
8 West 30 Street, New York 1, N. Y. 

from the market by June 30, 1965. Al
though there is experimental evidence 
that detergent residues are not harmful 
to people or to aquatic animals and 
plants, the very appearance of the 
foams as reminders that much waste 
water is reused brought demands for 
Federal or state controls. Last year the 
major detergent manufacturers volun
tatily agreed to switch to "soft" deter
gents. The original date for the change
over-the end of 1965-has now been 
advanced by six months. 

The foaming problem arose largely 
because the most commonly used "sur
face-active" ingredient of the hard de
tergents, alkylbenzene sulfonate (ABS), 
cannot readily be degraded by bacteria 
in sewage-treatment plants or in nature. 
The component of ABS that resists bac
terial attack is the branched-chain alkyl 
group. The new soft detergents have as 
their surface-active ingredient a slight
ly different compound called linear 
alkylate sulfonate (LAS), in which the 
alkyl group is strung out in a straight 
chain and is therefore subject to faster 
decomposition. 

Slow Fade 

powerful X rays from the direction 
of the Crab nebula are not produced 

by a tiny, superdense "neutron star" at 
the center of the nebula. The neutron
star hypothesis had been formulated to 
account for the existence of two ex
tremely intense sources of X radiation 
in the sky; the two sources, one in the 
vicinity of the constellation of SCOJ'pius 
and the other coincident with the Crab 
nebula, were discovered recently by 
rocket-borne detection devices (see 
"X-ray Astronomy," by Herbert Fried
man; SCIENTIFtC AMERICAN, June). 

The experiment that disproved the 
existence of a neutron star at the center 
of the Crab nebula was conducted on 
July 5 by Friedman, Stuart Bowyer, 
Edward T. Byram and Talbot A. Chubb 
of the Naval Research Laboratory. On 
that day the Crab nebula was due to be 
"occulted," or blacked out, by the moon 
-a rare event that will not occur again 
until 1972. An Aerobee rocket bearing 
X-ray-sensitive detectors was fired from 
the White Sands Missile Range at pre
cisely 3:42.5 P.M., just as the nebula be
gan to pass behind the edge of the 
moon. If the neutron-star hypothesis 
were correct, the X-ray source would 
have disappeared abruptly within one 
or two seconds of arc. Instead the X-ray 
intensity dwindled during the five-min
ute occultation in proportion to the 
nebular surface blacked out by the 

© 1964 SCIENTIFIC AMERICAN, INC



Efficiency by the numbers. Your business 
calls for calculations to solve your own 
special number problems. Marchant® 
makes calculators to suit every business 
- every professional need. Twelve bril
liant calculators in all. Like the famous 
Figuremaster® and Oeci-Magic"'. And this 
year, Marchant is proud to announce the 
new Transmatic 416, a very special tal
ent. It's actually four machines in one! 

A high-speed multiplier, an instant divider 
and two separate adding machines. It 
combines memory plus printed tape plus 
rotary speed. It's the biggest advance in 
rotary calculators since SCM introduced 
the first one in 1910. Experience has 
helped us develop just the calculator you 
need to solve your problems. Call your 
Marchant representative or clip the cou
pon to find out about them all. 

SCM Corporation, Dept. SA-9 
410 Park Avenue. New York 22, N. Y. 

Gentlemen: Please send me more infor
mation on the Marchant line. I under
stand I will be under no obligation, 

Name ______________________ �_ 

Title ________________________ _ 

Firm ________________________ _ 

Address ______________________ __ 

City' _______________ Zone ____ _ 

SCM CORPORATION SMITH·CORONA TypeWRITERS . MARCHANT CALCUlATORS ' PHOTOCOPIERS . ADDING MACHINES State ____________________ ____ __ 

CASH REGISTERS ' ACCOUNTING MACHINES ' DATA PROCESSING SYSTEMS ' TELECOMMUNICATIONS SYSTEMS. OFFICE SUPPLIES 
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This is the WILO* M·20 
RESEARCH MICROSCOP 

I 
____ � __ � ____________ J 

DRAWING TUBE 

This is the WILO* M·20 with: 
CINETUBE CAMERA 2 POLAROID 

LAND BACK 
INCIDENT LIGHT 

ATTACHMENT 

Nowhere is there an instrument so versatile, so precise, so conveniently adapt
able to all observation methods. Nor so admirably suited to your field of research 
or scientific investigation. 
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"The first name in Surveying Instruments, 
Photogrammetric Equipment and Microscopes. 

H EERBR U GG 

WILD H •• RaRUGG INSTRU •• NTS. INC. 
.-GRT WASHINGTON. N.W YORK 

Full In Canada: Wild of Canada Ltd_. 
Factory S"rvlc". 881 Lady Ellen Place. Ottawa 3. OntarIo 

moon. The source appears to be an ex
tended region about one light-year 
across near the center of the nebula. 
(The nebula itself is six light-years 
in diameter.) Crude spectral measure
ments indicate that the temperature 
in this region may be higher than 10 
million degrees Kelvin. 

Although the neutron-star hypothesis 
has proved incorrect in the case of the 
Crab nebula, Friedman and his col
leagues still hope to detect a neutron 
star elsewhere in the sky, perhaps in the 
direction of the extremely powerful 
X-ray source in Scorpius. 

New Superconductors 

Only a few metals and alloys exhibit 
the property of superconductivity: 

the complete disappearance of electrical 
resistance at temperatures close to ab
solute zero. Now two metals that are not 
superconducting either alone or when 
alloyed in a normal manner have been 
made superconducting by ultrarapid 
cooling. Pol Duwez, Ronald H. Willens 
and Huey-Lin Luo of the California 
Institute of Technology created the new 
alloy by cooling a molten mixture of 
gold and germanium at a rate of more 
than four million degrees Fahrenheit per 
second. 

They do this by allowing a droplet 
of the melt to fall from a crucible past 
a photoelectric cell that triggers a pneu
matic hammer. The hammer slams the 
droplet against a copper anvil, spread
ing it almost instantaneously over the 
copper surface, which is a good absorb
er of heat. The droplet is cooled from 
more than 3,500 degrees F. to room 
temperature in less than a thousandth 
of a second, and the resulting thin foil 
is superconducting. 

What happens is that the quick-freez
ing process prevents the formation of a 
normal crystal structure in the alloy. 
If a melt of the two metals were allowed 
to cool gradually, the resulting alloy 
would have a regular pattern of discrete 
crystals of gold and gelmanium and 
would not be superconducting. Sudden 
cooling, however, freezes the well-mixed 
gold and germanium atoms into a new 
pattern, with new chemical bonding 
properties, much finer grain structure 
and crystals so small that they can be 
discerned only with an electron micro
scope. The main significance of the 
work, according to Duwez, lies not in 
the creation of a new superconducting 
alloy bilt in the discovery that extreme
ly rapid cooling from the liquid state 
can change the structure and character
istics of metals to this extent. 
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Basic Research at Honeywell 
Research Center 

Hopkins, Minnesota 

Beam Surface Interactions in 
Ultra High Vacuum Systems 

In high vacuums the quantity of gases adsorbed on the 

surfaces in the vacuum is much greater than that con

tained in the volume. New studies of the interactions 

of bea ms with surfaces a re making possible further 

understanding of the reactions that occur at the inter

face of a solid and a gas in a high vacuum environment. 

Within an ultra high vacuum system, 
the reactions that take place at the surface 
may have an appreciable effect on the sur
rounding vacuum and on the properties of 
the solid itself. Continued progress in the 
fields of semiconductors, thin films, the 
vacuum phenomena related to space ex
ploration and others have pressed the state 
of the art of vacuum physics. This field has 
long been of interest but many tools were 
lacking. The explosion in vacuum tech
nology since the early 1950's, however, has 
resulted in considerable basic progress. 

Recently lower pressures have been 
achieved and gauges and other instrumen
tation improved. We are now able to probe 
some fundamental questions: 

1. What is the surface of a substrate like? 
What are the surface atom layers like? 
Is there an oxidized layer? 

2. What is sitting down or adsorbed on the 
surface? With what energy is it bound 
to the surface? 

3. Beams of photons, electrons, ions or 
atoms may strike the surface. When 
they do, what happens? What are the 
interactions? 

If we could answer all these questions we 
could develop a model with specific con
stants. 

Honeywell scientists have chosen a re
search technique whereby particle beams 
are used to probe a surface in an ultra high 
vacuum environment. Components leaving 
the surface (that is, neutral atoms, neutral 
molecules and positive or negative ions) 

'are analyzed with a mass spectrometer. 
A series of studies is being made to see 

what effect varying parameters have on the 
components leaving the surface. The kind 

of beam used, the kind of substrate and the 
temperature of the substrate as well as the 
content of the vacuum environment are 
varied. 

Honeywell scientists use an evacuated 
system pumped by cryogenic and ion 
means resulting in a background pressure 
of about 10-10 Torr. 

A target with surface temperatures con
trolled by heaters is mounted in an inter-

l SURFACE PHASE 
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g �F CI I H, OH 
� I I I « I I I W I I I a.. I I I I I I I I I 

:: : GAS PHASE 
I I I I I I CO I I I ' I  I CH" I I 
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Lower Plot-gas phase components in the sys
tem at a total pressure of about lxlO·9 Torr. 

Upper P l o t-spe c t r u m  of s u r fa c e  pha s e  
obtained b y  bombarding single crystal nickel 
with electrons and analyzing the desorbed ion 
components. 

action chamber and bombarded. All parti
cles leaving the target pass through a mass 
spectrometer analyzer. Probing is done with 
very low density beams since the detection 
system permits recording of single ions or 
partial pressures as low as 10-" Torr. 

These experiments have produced sev
era I unexpected observations: 
1. Electron bombardment will desorb neu

tral molecules, suggesting an interaction 
bctween the electron and the adsorbed 
molecule. 

2. Ions are desorbed at the same time and 
appear to be fragments of the parent ad
sorbed molecule, suggesting ion frag
ment desorption. 

3. No parent molecule ion desorption was 
observed. 

These studies indicate the existence of a 
whole spectrum of electron-induced ion 
desorbed species, permitting the analysis of 
surface phase components in a manner sim
ilar to that used for gas phase components. 
The technique also permits continuous ob
servation of surface components as param
eters are varied. 

Bombardment with U.V. photons has 
also desorbed neutral molecules. This sug
gests that photon interaction might be used 
to clean surfaces in a vacuum without any 
heating effects. 

Work is continuing at Honeywell's Re
search Center and as more parameters are 
introduced even more understanding seems 
possible. As an example, a ruby laser was 
used to bombard the target causing thermal 
desorption and permanent degassing of an 
extremely small area of the target. This 
technique will permit further exploration 
and comparisons of the degassed spot and 
surrounding surfaces. 

Although a long way from a final theory, 
the new techniques already have provided 
information of value in programs as diverse 
as electrical contacts, U.V. detectors and 
space instrumentation. 

If you are engaged in vacuum surface 
physics and wish to know more about Hon
eywell's work in this area you are invited 
to write Mr. David Lichtman, Honeywell 
Research Center, Hopkins, Minnesota. If 
you are interested in a career at Honey
well's Research Center and hold an ad
vanced degree, write Dr.  John [j!] 
Dempsey, Director of Research at H 
this sanle address. .. MUlYII'1U 

Honeywell 
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The world's fastest computer counts 

r/C.764-B 
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on half-a-million Fairchild transistors. 

The world's fastest computer is Control Data 
Corporation's 6600-capable of completing three 
million operations in one second. To achieve this 
unprecedented speed, Control Data had to devise 
a whole new approach to building computers. 
For example: the 6600 design calls for more 
transistors in relation to other components than 
have been used in any computer before. It also 
calls for the fastest transistors available-tran
sistors that can switch on and off again in less 
than five-billionths of a second. To meet these 
requirements, Control Data uses Silicon Planar 

devices made by Fairchild. Because Fairchild's 
specialty is not only developing the most advanced 
transistors-but delivering them in volume. And to 
computer manufacturers, that counts. 

FAIRCHIL.C 

SEMICONDUCTOR 

FAIRCHILD SEMICONDUCTOR/A DIVISION OF FAIRCHILD CAMERA AND INSTRUMENT CORPORATION/313 FAIRCHILD DR., MOUNTAIN VIEW, CAl1F./962.5011/TWX: 910·379-6435 
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PROBABILITY 

The real ,vorld confronts the mathematician with events that are 

not strictly predictable. The methods he has developed to deal 

,vith such events have opened ne,v domains of pure mathematics 

A 
secretary has typed 10 letters 
and addressed 10 envelopes. If 
she now puts the letters in the 

envelopes entirely at random (without 
looking at the addresses), what is the 
probability that not a single letter will 
wind up in its correct envelope? It may 
surprise the reader to learn that the 
probability is better than one chance in 
three: more speCifically, it is almost 
1/2.71828.... (This famous number 
2.71828 . .  " or e, the base of the natural 
logarithms, turns out to be an important 
one in the theory of probability and 
comes up again and again, as we shall 
see.) 

The method used to solve the prob
lem is called combinatorial analysis. An 
older and more familiar example of 
problems in combinatorial analysis is: 
What is the probability of drawing a 
flush in a single deal of five cards from 
a deck of 52? Combinatorial analysis 
has more profound and more practical 
applications, of course, than estimating 
the chances of poker hands or answering 
amusing questions about the hypotheti
cal behavior of absentminded secre
taries. It has become an extremely useful 
branch of mathematics. But its princi
ples are best illustrated by simple ex
amples. Let us work out the poker 
problem in detail so that we can per
ceive some of its probabilistic implica
tions. 

Pierre Simon de Laplace (1749-1827) 
based an entire thepry of probability on 
combinatorial analysis by defining prob
ability as p = n/N. This expression 
states that the probability of an event is 
the ratio of the number of ways in which 
the event can be realized (n) to the total 
number of possible events (N), provided 
that all the possible events are equally 
likely-an important proviso. The prob
ability of a poker flush therefore is the 
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ratio of the num ber of possible flushes to 
the total number of possible poker 
hands. The problem of combinatorial 
analysis is to calculate both numbers. 

Let us start with a simpler case 
involving more' manageable numbers. 
Given a set of four objects, A, B, C, D, 
how many subsets, or combinations, of 
two objects can be made from them? It 
is easy to answer by simple pairing and 
counting: there are six possible combi
nations of size 2, AB, AC, AD, BC, BD, 
CD. As we go on to larger numbers of 
objects, however, this process soon be
comes all but impossible. We must find 
shortcuts-ways to make the calcula
tions without actually counting. (Com
binatorial analysis is sometimes called 
"counting without counting.") 

Suppose we add a fifth object and 
consider how many pairs can be formed 
from the five. It is apparent that the 
new object, E, adds just four to the 
total of possible pairs, because it can 
combine with each of the other four. So 
the total is 6 + 4, or 10, possible pairs. 
To put it in the conventional symbols 
of combinatorial analysis, we have 
C(5,2) = C(4,2) + C(4, 1). C represents 
the number of combinations, and the 
numbers in parentheses stand respec
tively for the total number of objects 
and the number in each subset: for in-

stance, C(5,2) means the combinations 
of five objects taken two at a time. 
To calculate on the same principle the 
number of combinations of four objects 
that could be made out of a total of 10 
objects, we could write C(10,4) = 
C(9,4) + C(9,3) and then continue the 
reduction to smaller and smaller num
bers until we finally computed the an
swer by simple addition of all the num
bers. In practice what we actually do in 
such a case is to build the C's from the 
ground up (the bookkeeping is easier). 

The whole scheme is conveniently 
summarized in a handy table known 

as Pascal's triangle after Blaise Pascal 
(1623-1662), one of the founders of the 
theory of probability. The triangle is 
made up of the coefficients of the 
binomial expansion, each successive row 
representing the next higher power [see 
top illustration on page 94]. Each 
number in the table is the sum of the 
two numbers to the right and the left 
of it in the row above. The number of 
combinations for any set of objects 
can be read from left to right across a 
row. For example, the fourth row de
scribes the possible combinations when 
the total number of objects is four: 
reading from the left, we have first 
the number 1, for the "empty set" (con-

PROBABILITY DEMONSTRATOR shown on the opposite page mechanically produces 

an approximation to the hell-shaped "normal," or Gaussian, distribution. The little red balls 

rolling from the reservoir at the top pass an array of hexagonal obstacles and collect in 

receptacles at the bottom. At each obstacle the probability ought in theory to be one-half 

that a ball will go to the right and one-half that it will go to tbe left. Thus the balls tend 

to distribute themselves according to the proportions of Pascal's triangle, sbown in the top 

illustration on page 94. In the photograph the balls falling through the array of obstacles 

are blurred because of their motion. The balls have not produced the full distribution curve 

because some are still moving through the channels. The apparatus is known as a Galton 

Board after Sir Francis Galton, who constructed the first one. The version shown here 

is based on a design by the Science Materials Center, patented under the name "Hex stat." 
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2 
3 3 

4 6 4 
5 10 10 5 

6 15 20 15 6 
7 21 35 35 21 7 

8 28 56 70 56 28 8 
9 36 84 126 126 84 36 9 

10 45 120 210 252 210 120 45 10 
PASCAL'S TRIANGLE, an aid to calcnlating probabilities, is ber is the snm of the two numbers immediately above it. Some 

made up of the coefficients of the binomial expansion. Each num· of its characteristics and applications are discussed in the text. 

taining no objects); then 4, the num
ber of subsets containing one object; 
then 6, the number of possible combina
tions of two objects; then 4, the num
ber of three-object combinations, and 
finally 1 for the "full set" of four ob
jects. With this table, to find the num
ber of quadruplets that can be formed 
from a total of 10 objects one goes to 
the 10th row, reads across five steps to 
the right and finds the answer: 210. 

Even the Pascal triangle becomes in
convenient when it has to be extended 
to large numbers such as are involved 
in our poker problem. Fortunately the 
pioneers of the theory of probability 
were able to work out and prove a sim
ple general formula. This now familiar 

.9 L 
I .8 

.7 

.6 I 
.5 

I .4 
.3 I I 
.2 I . 1  [ 

0 2 

formula, in which (n,r) means n objects 
taken l' at a time and "!" is the symbol 
meaning "factorial," is 

n! 
C(n 1') = --:-;-----:-;-, l'!(n - 1')! 

In the case of C(10,4) the formula
simplified by dividing both numerator 
and denominator by (n - r)!-becomes 

C(1O,4) = 10'9·8·7 
= 210. 

1'2·3·4 

Now it is not difficult to compute the 
probability of a poker Hush. There are 
C(13,5) possible Hushes in each suit, a 
total of 4C(13,5) in the four suits. The 

3 4 5 6 

total number of possible poker hands is 
C(52,5). Hence the probability of get
ting a flush out of all the hands that 
might be dealt is 

4C(13,5) 

C(52,5) 

4 13'12'11'10'9 
1·2·3-4-5 _ _ 3_3 _. 

52·51·50'49'48 
1'2'3-4-5 

16,600 

This comes out to about two chances 
in 1 ,000 of drawing a flush of any kind 
in a five-card deal from a full deck. 

Let us proceed to investigate prob
ability further by the classic device 
of coin-tossing. Suppose I toss a coin 
10 times; what is the probability that 
in the 10 throws I shall get exactly four 

1: 
7 8 9 10 

PROBABILITY OF HEADS in 10 tosses of a coin produces a his

togram that is reminiscent of the normal distribution. As the 10th 

row of Pascal's triangle shows, there are 210 possible sequences 

containing exactly four heads out of a total of 1,024 possible se

quences of heads in 10 tosses. Thus the chance of four heads is 

about 21 percent. Roughly the chances of zero, one, two, three, four 

and five heads in 10 tosses (horizontal scale) are respectively 

.001, .01, .045, .12, .21 and .25 (vertical scale). The probabilities 

and the bars representing them occur in descending order for six 

through 10 heads in 10 tosses. On the same scale a histogram 

for 10,000 tosses would be much wider and lower, and would 

have to be rescaled to bring out its relation to the normal curve. 
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heads? Looking at the 10th row of the 
Pascal triangle, we see that the possible 
sequences of heads and/or tails for 10 
tosses add up to a total of 1,024. In this 
total there are 210 sequences contain
ing exactly four heads. Therefore, if 
the coin-tossing is "honest," in the sense 
that all the 1,024 possible outcomes are 
equally likely, the probability of just 
four heads in 10 throws is 210/1,024, 
or roughly 21 percent. 

The sum of all the entries in any 
given row (numbered n) of the Pascal 
triangle is equal to 2 to the nth power 
(for example, 1,024 = 210). Thus in 
general the probability of tossing ex
actly k heads in a sequence of n throws 
is C(n, k)/2n. Suppose we plot the vari
ous probabilities of tossing exactly 0, 1, 
2, 3 and so on up to 10 heads in 10 
throws in the form of a series of rec
tangles, with the height of each rec
tangle representing the probability [see 
bottom illustration on opposite page]. 
The graph peaks at the center (a prob
ability of 252/1,024 for five heads) and 
tapers off gradually to both sides (down 
to probabilities of 1/1,024 for no heads 
and for 10 heads). If we plot the same 
kind of graph for 10,000 tosses, it be
comes much wider and lower: the high 
point (for 5,000 heads) is not in the 
neighborhood of 25 percent but only 
1/100V7T, or approximately .56 per
cent. (It may seem odd that in increas
ing the number of tosses we greatly re
duce the chances of heads coming up 
exactly half the time, but the oddity 
disappears as soon as one realizes that 
a strict 50-50 division between heads 
and tails is still only one of the possible 
outcomes, and with each toss we have 
increased the total number of possible 
results.) 

Drawn on the basis I have just de
scribed, the probability graph for a 
large number of tosses is so flat that 
it is hardly distinguishable from a 
straight line. But by increasing the 
heights of all the rectangles by a cer
tain factor (yI1i72) and shrinking the 
width of the base by the same factor, 
one can see that the tops of the rec
tangles trace out a symmetrical curve 
with the peak in the middle. The 
larger the number of tosses, the closer 
this profile comes to a smooth, con
tinuous curve, which is described by 
the equation 

'J = _1_ e-x'/2 • 

V27r 
The e is our celebrated number 

2.71828 . . . , the base of the natural 

logarithms. (If a bank were foolish 
enough to offer interest at the annual 
rate of 100 percent and were to com
pound this interest continuously-not 
just daily, hourly or even every second 
but every instant-one dollar would 
grow to $2.71828 ... at the end of a 
year.) 

The close approach of the probability 
diagram to a continuous curve with 
many tosses of a coin illustrates what 
is called a law of large numbers. If an 
"honest" coin is tossed hundreds of 
thousands or millions of times, the dis
tribution of heads in the series of trials, 
when properly centered and scaled on 
a graph, will follow almost exactly the 
curve whose formula I have just given. 
This curve has become one of the most 
celebrated in science. Known as the 
"normal" or "Gaussian" curve, it has 
been used (with varying degrees of jus
tification) to describe the distribution of 
heights of men and of women, the sizes 
of peas, the weights of newborn babies, 
the velocities of particles in a gas and 
numerous other properties of the physi
cal and biological worlds. 

The remarkable connection between 
coin-tossing and the normal curve was 
both gratifying and suggestive. It pro
vided one of the main stimuli for the 
further development of probability 
theory. It also formed the basis for the 
"random walk" model of tracing the 
paths of particles. This in turn solved 
the mystery of Brownian motion, thus 
establishing the foundations of modern 
atomic theory. 
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Probability today is a cornerstone of 
all the sciences, and its daughter, the 
science of statistics, enters into all hu
man activities. How prophetic, in ret
rospect, are the words of Laplace in 
his pioneering work Theorie analytique 
des probabilites, published in 1812: "It 
is remarkable that a science which be
gan with the consideration of games of 
chance should have become the most 
important object of human knowledge. 
. .. The most important questions of 
life are, for the most part, really only 
problems of probability." 

It seems to be a characteristic of 
"the most important objects of human 
knowledge" that they generally take a 
long time to become established as 
such. After Laplace interest in prob
ability theory declined, and through the 
rest of the 19th century and the first 
two decades of the 20th it all but dis
appeared as a mathematical discipline. 
Only a few mathematicians went on 
with the work; among these were the 
brilliant and original Russian mathema
ticians P. L. Chebyshev and his pupil 
A. A. Markov (which accounts for 
the strong development of probability 
theory in the U.S.S.R. today). There 
were spectacular applications of prob
ability theory to physics, not only by 
Albert Einstein and Marian Smoluchow
ski in their solution of the problem of 
Brownian motion but also by James 
Clerk Maxwell, Ludwig Boltzmann and 
Josiah Willard Gibbs in the kinetic 
theory of gases. At the turn of the cen
tury Henri Poincare and David Hilbert, 

55 56 57 58 59 60 61 62 63 64 65 66 67 68 69 70 71 72 

HEIGHT IN INCHES 

HEIGHTS OF WOMEN produce a histogram to which the normal-distribution curve can 

be fitted. There were 1,375 women in this sample population_ The bell-shaped curve con

forms to many other empirical distributions found in the physical and biological worlds. 
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BUFFON NEEDLE PROBLEM involves the probability that a needle shorter than the 

width of a plank will fall across the crack between two planks. Here each needle is half as 

long as the plank is wide. The eight units used to measure the plank represent inches. 
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ABSTRACT DIAGRAM also shows positions of the three needles. The horizontal scale 

represents the angle 01 each needle with respect to the bottom edge of the plank. The angle 

is given in terms of 7T, which is defined as 180 degrees. The vertical scale is the width 

of the plank in inches. The three dots are the center points of the needles. Called the 

"sample space," the rectangle represents all the possible positions in which a needle can 

fall. The dark colored areas cover all the positions in which a needle lies across a crack. 

the two greatest mathematicians of the 
day, tried to revive interest in probabil
ity theory, but in spite of their original 
and provocative contributions there was 
remarkably little response. 

Why this apathy toward the subject 
among professional mathematicians? 
There were various reasons. The main 
one was the feeling that the entire 
theory seemed to be built on loose and 
nonrigorous foundations. Laplace's def
inition of probability, for instance, is 
based on the assumption that all the 
possible outcomes in question are equal
ly likely; since this notion itself is a 
statement of probability, the definition 
appears to be a circular one. And that 
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was not the worst objection. The field 
was plagued with apparent paradoxes 
and other difficulties. The rising stan
dards of rigor in all branches of mathe
matics made probability seem an un
profitable subject to cultivate. 

In the 1930's, however, it was restored 
to high standing among mathemati

cians by a significant clarification of its 
basic concepts and by its relation to 
measure theory, a branch of mathemat
ics that goes back to Euclid and that 
early in this century was greatly ex
tended and generalized by the French 
mathematicians Emile Borel and Henri 
Lebesgue. To understand and appre-

ciate this development let us start with 
a celebrated problem in geometrical 
probability known as the Buffon needle 
problem. If a needle of a certain length 
(say four inches) is thrown at random on 
a floor made of planks wider than that 
length (say eight inches wide), what is 
the probability that the needle will fall 
across a crack between two planks? We 
can define the position of the needle at 
each throw by noting the location of 
the midpoint of the needle on a plank 
and the angle between the needle and 
a given crack [see upper illustmtion at 
left]. Now, we can also show the various 
possible positions of the needle by 
means of an abstract diagram in the 
form of a rectangle [see lower illus
tmtion at left], in which the height 
represents the width of the plank and 
the base represents the angle (in terms 
of 7T, with 7T equal to 180 degrees, 7T/2 
equal to 90 degrees and so on). 

This rectangle as a whole, whose area 
is 7Td, represents all the possible posi
tions in which the needle can fall. Tech
nically it is called the "sample space," 
a general term used to denote all the 
possible outcomes in any probability 
experiment. (In tossing 10 coins the 
sample space is the set of all the 1,024 
possible 10-item sequences of heads 
and/or tails.) In the needle experiment 
what part of the area of the rectangle 
corresponds to those positions of the 
needle in which it crosses a crack? This 
can be calculated by simple trigonom
etry, and it is represented by two sec
tions within the rectangle with curved 
boundaries. Their combined area, which 
can be calculated by elementary cal
culus, turns out to be 2 times I, the 
length of the needle. 

Now, if all the possible positions of 
the needle are equally likely, then the 
probability of the needle falling on a 
crack is the ratio of the dark colored 
areas in the illustration to the total area 
of the rectangle, or 21/7Td. This is where 
the theory stumbles over its own arbi
trary assumption. There is really no 
compelling reason to treat all the points 
in this abstract rectangle as equally 
likely, but the assumption is so natural 
as to appear inevitable. The degree of 
arbitrariness was dramatized by the 
French mathematician J. L. F. Bertrand, 
who devised examples (known as Ber
trand paradoxes) in which, from as
sumptions that seemed equally natural, 
he could obtain quite different answers 
to a probability problem. 

This was an unhappy situation, and a 
deeper understanding of the role and of 
the nature of probabilistic assumptions 
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Xerox introduces the remarkable 
1860 Printer. One machine that does what 
4 different machines are doing separately. 

And it does some things no other 
machine can do at all. 

Can you use it? 

The 1860 Printer is the most versatile piece of print
ing equipment ever built. It would take four or five 
different types of machines to do all the jobs it can do. 
At least. 

The 1860 has the unusual ability to copy from orig
inal material up to 36" x 120". And ljg" thick. It makes 
reduced sized paper offset masters, vellum reproduci
bles, and prints on ordinary paper. Anything written, 
printed, drawn or typed can be reduced to 95% of 
original size. Or 75%. Or 62%. Or 45%. Want it still 
smaller? Simply run the xeroprint through again. Re
production is so sharp you can do this over and over 
again. 

This means you can now reduce large size engineer
ing drawings (including roll drawings) to workable 
size directly from the original. Or you can run a diazo 
print through the 1860 and get sharp, clear copies. In 
black and white. 

The 1860 can also copy directly from bristol boards 
and poster boards. This 
means you can make copies 
of presentation charts in 
nothing flat. Everyone in 
your organization can have 
a reference copy. And you 
can pass them out to your 
audience so nobody has to 
squint from the back of the 
room. 

There are dozens of other 
ways to use the 1860. Take 

This is the Xerox 1860 Printer . 
in operation. It is reducing a 
3 foot x 10 foot engineering 

drawing to 45% of size on 
ordinary paper. 

your data processing department for example. If you 
need additional copies of a tab run, you won't have to 
tie up valuable computer time rerunning the program. 
Simply make your extra copies on the 1860. 

Like all Xerox machines, the 1860 can copy anything 
written, drawn, printed or typed on any transparent 
or opaque material. You get dry copies on ordinary 
paper that you can make notes on in pencil or pen. Cop
ies are permanent. They last as long as the paper lasts. 

A machine that can do all this sounds complicated, 
doesn't it? It's not. Here's how you operate the 1860. 

1. Push the ON button. 
2. Dial the reduction percentage. 
3. Insert the offset paper master, vellum or 

copy paper. 
4. Feed in the original. Release it. 
The rest is automatic. You get a print, vellum or 

master that's ready for immediate use. In seconds. 
And for only pennies a print. 

Get the complete story on 
the remarkable 1860 Printer. 

Write for our illustrated 
brochure. Xerox Corpora
tion, Rochester, New York 
14603. Branch offices in 
principal U.S. cities. 

CANADA: XEROX OF CANADA LIMITED, TORONTO. 

OVERSEAS: RANK XEROX LTD.,LONDON; FUJI-XEROX 

CO.,lTD., TOKYO, BOTH JOINTLY OWNED WITH RANK 

ORGANISATION, lTD. XEROX 
1860 IS A TRADE"MARK OF XEROX CORPORAtiON. 

See General Eisenhower, 
Senators Humph-rey & Ervin 
on ABC-TV and XEROX convention 
anel election night coverage. 
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POSSIBLE ARRIVAL TIMES of two suburbanites planning to meet at a library between 

12:00 noon and 1:00 P.M. can be plotted. Arrival times for one person are on the vertical 

scale, for the other on the horizontal scale. Colored area covers region corresponding to a 
meeting. In order to meet they must arrive at library within 10 minutes of each other. As 

can be seen, if one arrives at 12 :20 (a third of the way up) and the other at 12 :40 (two·thirds 

of the way across), they will not meet. The (1/3,2/3) point falls outside the shaded region. 
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PROBABILITY·DENSITY CURVE illustrates degree of unpredictability of arrival time if 

there is only one train, coming in at 12: 20. Most likely meeting time at library is 12: 35. 

Area of shaded portion represents probability of arrival between 12:40 and 12:44 P.M. 
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TRAINS ARRIVING EVERY SIX MINUTES give density curve shown by black line. 

The colored straight line is the "curve" in case all the arrival times are equally likely. 
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was called for. I can best explain the 
modern view of these matters by means 
of another example. 

Suppose two friends living in differ
ent suburbs of New York City want to 
meet in front of the Forty-second Street 
Public Library at noontime. Railroad 
schedules (and performance) being what 
they are, the friends can only count on 
arriving sometime between 12:00 noon 
and 1:00 P.M. They agree to show up 
at the library somewhere in that inter
val, with the stipulation that, in order 
not to waste too much time waiting, 
each will wait only 10 minutes after ar
riving and then leave if the other has 
not shown up. What is the probability 
of their actually meeting? 

I should mention that, although this 
case is admittedly artificial, it is by no 
means a trivial problem. Extended to 
many members instead of just two, it 
is analogous to (but far simpler than) an 
important unsolved problem in statisti
cal mechanics whose solution would 
shed much light on the theory of 
changes of states of matter-for instance, 
from solid to liquid. 

If we assume that each of the two 
friends may arrive anytime between 
12:00 and 1:00, we can plot a geometri
cal "sample space" as in the Buffon 
needle problem. One person's possible 
times of arrival are denoted on the x 
axis, the other's on the y axis [see top 
illustration on this pagel. We can then 
designate every possible pair of arrival 
times by a point in the square graph. 
Those points that lie within the part of 
the square that represents arrival times 
no more than 10 minutes apart will sig
nify a meeting; all the other points will 
mean "no meeting." Taking the ratio of 
the two areas as the probability, as in 
the needle problem, we can calculate 
that the probability of the two friends 
meeting is 1l/36-not quite one chance 
in three. 

This case makes clear that we have 
made two different assumptions. Let 

us analyze them in a more general 
context. 

In very general terms probability 
theory, as a mathematical diScipline, is 
concerned with the problem of calculat
ing the probabilities of complex events 
consisting of collections of "elementary" 
events whose probabilities are known or 
postulated. For example, in rolling two 
dice the appearance of a 10 is a "com
plex" event that consists of three ele
mentary events: (1) the first die shows 
a 4 and the second a 6, (2) the first 
die shows a 5 and the second a 5 and 
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At left: Professor R. Courant, Professor Emeritus of the Courant Institute at New York University, and special 
consultant to IBM. At right: Dr. H. H. Goldstine, Director of IBM's Mathematical Sciences Department. 

What does this chat on mathematics have to do with 
biologists, your heartbeat, moon shots and a sizzling steak? 

YOU ARE looking in on a work session at IBM's 
Thomas J. Watson Research Center. The two 

mathematicians you see here are discussing a system 
of non-linear differential equations. 

It is a most abstruse subject, but out of their work 
may come dozens of practical applications. 

For instance, it may result in a new programming 
idea for a computer. This, in turn, may help some 

biologist probe deeper into life processes, or enable a 
cardiac specialist to analyze the heart's electrical ac
tivity with new precision. Or speed an astronaut to 
the moon. Or, simply, show a rancher how to raise 
better beef. 

Mathematical thought has a world of destinations 
at IBM. Its applications are almost as numerous as 
humanity'S needs-and dreams. 
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(3) the first die shows a 6 and the sec
ond a 4. The meeting of our two friends 
is also a complex event; an example of 
an elementary event would be the ar
rival of one of the friends in the interval 
between 12:20 and 12:25. 

In our calculation of the probability 
of the two friends meeting, the first 
assumption we made was that each of 
the two individuals may arrive anytime 
between 12:00 and 1:00, all times of 

arrival being "equally likely." (The cor
responding assumption about the dice is 
that any one of the six faces of each die 
may come up with equal probability.) 
But if each person is limited to only one 
train scheduled to arrive at Grand Cen
tral during the hour (say at 12:20 or 
later), this assumption is completely un
realistic: he will certainly not arrive in 
the early part of the hour. The situation 
corresponds to the two dice being load-
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BROWNIAN PATH is taken by a particle being "kicked around" by molecules of a sur

rounding liquid or gas. A stochastic process (it varies continuously with time), Brownian 

motion can be analyzed and modeled (illustration below) by probabilistic techniques. 
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BROWNIAN MODEL can be constructed from records of coin tosses. Two series of 

90·odd tosses of a coin were used, one plotted on the horizontal scale, the other on the 

vertical scale. The cumulative total of tails at each toss was subtracted from the cumula· 

tive total of heads. The first three tosses in both series were heads and the fourth toss in 

the horizontal series was heads, but the fourth toss in the vertical series was tails. Numbers 

on the dots are the toss numbers. Colored line traces "position" at every fourth toss, just 

as the track of a Brownian particle recorded by a camera shows only a small fraction 

of the staggering number of "kicks" such a particle receives from molecules around it. 
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ed. On the other hand, if there are six 
scheduled trains, due to arrive at 10-
minute intervals from 12:00 on, and if 
they tend to be haphazardly off sched
ule, the assumption becomes more rea
sonable, although it may still not be 
strictly correct to say that all the times 
of arrival are equally probable. 

The second assumption we made was 
that the arrival times of the two friends 
are completely independent of each 
other. This assumption, like the first, is 
of crucial importance. In mathematical 
terms it is reflected in the rule of the 
multiplication of probabilities. This rule 
states that when individual events are 
independent of each other, the proba
bility of the complex event that all of 
them will occur is the product of indi
vidual probabilities. (Actually from a 
strictly logical point of view the rule of 
the multiplication of probabilities con
stitutes a definition of independence.) 
Independence is assumed in the throw 
of two dice (which presumably are not 
linked in any way) as well as in the 
case of the two suburbanites coming 
into New York (provided that they have 
not "coupled" their arrival times by an 
understanding about the selection of 
particular trains). 

It should be noted that there is an 
important difference between the dice
throwing and suburbanite-meeting prob
lems. In the first case the number of 
possible outcomes is finite (just 36), 
whereas in the second it is infinite, in 
the sense that the arrival times may 
occur at any instant within the hour; 
that is to say, the sample space is a 
continuum with an infinite number of 
"points." 

To enable one to go on with calcula
tions of probabilities two very general 
rules, or axioms, are introduced. The 
first concerns mutually exclusive events: 
events such that the occurrence of one 
precludes the occurrence of any other. 
For such events the probability that at 
least one will occur is the sum of indi
vidual probabilities (the axiom of addi
tivity). The second concerns pairs of 
events such that one implies the other. 
In this case the probability that one 
will occur but not the other is obtained 
by subtracting the smaller probability 
from the larger. 

N ow, these rules for calculating prob-
abilities of complex events are 

identical with those used for calculating 
areas and volumes in geometry. We can 
substitute the word "set" for "event" 
and "area" or "volume" for "probabil
ity." The problem then is to assign 

© 1964 SCIENTIFIC AMERICAN, INC



Laugh, Play, Be at Peace-
Man Has Conquered the Sun-Demons 

They fade your clothes. They dry 
your hair. They crack your plastics 
and discolor your furniture. In many 

ways, they can really burn you up. 
Chief among the demons are ultra

violet rays, "Uv." They plummet to 
earth in the guise of friendly sun
light, but-like X-rays-they are so 
energetic they penetrate and shake 
up the very chemical structure of 

many organic materials, man 
included. 

Only recently has man found 
weapons against this sinister sun
shine: a few protective materials 
which resist or change ultraviolet 
radiation, and others which repair 
the damage ultraviolet does. 

Plastics are now kept clear and re
silient with chemicals called UV 
absorbers. These absorbers keep 
ultraviolet away from plastic prod
ucts such as outdoor awnings and 

garden hoses, which would other
wise become brittle and discolor. 
They soak up the UV and change it 
into harmless heat. Cyanamid sells 
these materials to plastics manufac
turers. They're called Cyasorb® UV 

c::: 

light absorbers and one of the many 
things you can thank them for is the 
longer life of your plastic patio 
furniture. 

It was Cyanamid's vast experi
ence in dyes and pigments that led 
to the development of its UV ab
sorbers and a group of equally pro
vocative substances-those which 
darken under ultraviolet radiation 
and then change back when the 
radiation stops. We're now experi
menting with dyes for possible use 
in Army field dress. Uniforms would 
darken or lighten according to the 
amount of light that hits them, thus 
providing very practical and real
istic camouflage. 

More often, however, we don't 
want the sun to change the color of 
our clothing. Cyanamid has color

fast "vat dyes" which penetrate the 

textile fiber and actually become 

part of the fabric itself. These dyes 

withstand sunlight and resist fading 
longer than other dyes. The greens 
stay green and the oranges, orange
to keep you from being blue. Or 

turning crimson. 

AMERICAN CYANAMID COMPANY 

WAYNE, NEW JERSEY 

Now even paper can be made to 
stand fast in the sun and rain. For 

example, Cyanamid's wet strength 
resins keep paper holding its own, 

wet or dry. Today's convenient pic
nic plates, cups, utensils and cloths 
have Cyanamid chemicals to thank 
for their sturdiness and usability. 

With Cyanamid involved in so 
many sun and summer products, 
you might think we'd get in your 
hair. We do. And millions of women 
couldn't be happier. By using the 

hair preparations of one of our sub
sidiaries, John H. Breck, Inc., women 

can help control the sun's harmful 
effects on their hair. For example, a 
major summer hair problem is ex
cessive dryness due to sun and wind. 
So John H. Breck, Inc. recommends 
one of its shampoos which is made 
especially for dry hair. This sham
poo cleans effectively but removes a 
minimum of natural oils. 

In plastics, on picnics, in clothing 
and hair care, Cyanamid has found 
its place in the sun. By kicking aside 
more sun-demons, we hope to find 
more ways to share it with you. 
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appropriate areas to sets, and this is 
the province of measure theory, which 
has been given that name because the 
word "measure" is now used to refer to 
areas of very complex sets. 

If we go back to the problem of the 
two suburbanite friends, we note that 

the set that corresponds to their meet
ing is quite simple. Its area, or prob
ability, is well within Euclid's frame
work, and its calculation can be based 
on the manipulation of only a Rnite 
number of nonoverlapping rectangles. In 
the Buffon needle problem, since the 
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region of interest is bounded by curves, 
one must allow an inRnite number of 
rectangles, but the calculation of the 
area is still relatively simple and re
quires nothing more than elementary 
calculus. What was surprising and excit
ing about measure theory as it was de-

A B 

EHRENFEST MODEL for illustrating a Markov chain involves 

a game in which balls are moved from one container to another 

according to numbers drawn at random from a third container 

(left). As long as there are many more balls in container A than 

in container B, the flow of balls will be strongly from A to B. 
The probability of finding in A the ball with the drawn number 

changes in a way that depends on past drawings. This form of 

dependence of probability on past events is called a Markov chain. 

. . . . 
. . . . . . . . . . . . . .. . . .

. . . .  . ..' " 

PLA YED ON A COMPUTER, an Ehrenfest game with 16,384 

hypothetical balls and 200,000 drawings took just two minutes. 

Starting with all the balls in container A, the number of balls in 
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A was recorded with a dot every 1,000 drawings. It declined 

exponentially until equilibrium was reached with 8,192 balls (half 

of them) in each container. After that fluctuations were not great. 
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To us this means a requirement for: A diesel electric 

set for the Environmental Control System of a missile 

launch control facility, delivering continuous KW for 2500 
operational hours-in a three-year period-without service 

attention of any kind! 

This missile assignment meant refining our commer
cial reliability program, so we could give a specific mathe
matical probability that a special engine package would 
perform its mission. 

Our research group directed its effort to meet these 
military requirements by the utilization of data compiled 
in conjunction with our commercial programs. 

Diesel Power and the Bathtub Curve 

Prior work included examination of published studies 
of pre-wearout fai lures in compound machines. Dr. Morris, 
of Imperial Chemical Industries, Ltd., had identified two 
types of failure faults, Stage I and Stage II. 

Initially we plotted failure fault curves. These were 
established by detailed studies of field service reports 
of engine failures and basic engine test programs chart
ing failure events as they occurred. 

Analysis and comparison of these curves with the 
Bathtub Curve, familiar to reliability people, revealed a 
mathematical relationship. We then established the 
bathtub, or failure rate, curve for Caterpillar Engines. 

A Predictable Pattern 

In our test and study program we found, right at the 
start, the Stage I faults-the few with high probability of 
occurrence-did happen as predicted. These were often 

traced to human error. Some components were predis
posed to fail in Stage I. In diesel generator sets, for 
example, special relays and diodes of 50% more capacity 
were added to the control circuit. Hose clamps were 
replaced by sealed flange joints. Gauges were removed 
completely. Instead, engine inspection kits include a 
full set of test gauges. 

New Designs Required 

Ultimately, analysis of potential failure points revealed 
the need for designing additional capacity oil and air filter 
systems and an entirely new cooling system. These 
changes, with attention to detail, were, in terms of the 
reliability objective, highly rewarding. 

With .90 reliability for a 2500-hour mission achieved, 
Cat Diesel Electric Sets are ready for missile duty. 

From this reliability program have come significant 
benefits to the research for a new VHO engine family for 
tactical and logistical vehicles. The battlefield reliability 
standard for these engines was set at .95 for 500 hours
without major breakdown. This Research project for ATAC 
is already in the building stage. 

If you have a vehicle or power problem with a high 
reliability factor, why not bring it to the people who were 
successful with the first full-scale reliability effort in the 
diesel industry? Write or call Defense Products Depart
ment, Caterpillar Tractor Co. 

CATERPILLAR 
Caterpillar and Cat are Registered Trademarks of Caterpillar Tractor Co. 

Caterpillar Tractor Co., General Offices, Peoria, III. • Caterpillar Americas Co., Peoria, III. • Caterpillar Overseas S.A., Geneva · Caterpillar of Australia Pty. Ltd., Melbourne · Caterpillar 

Brasil S.A., Sao Paulo • Caterpillar Tractor Co. Ltd., Glasgow • Caterpillar of Canada Ltd., Toronto • Caterpillar France S.A., Grenoble • Caterpillar (Africa) (pty.) Ltd., Johannesburg 
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Exclusive focusable 
o.bjective . . .  body and 
stage remain fixed. 

Arm, base and body . . .  
o n e  s ingle  cast i n g  for 
increased rigidity. 

The AD Microstar® 

features fl at-f ie ld ,  

inf in ity-corrected 

opt ics 

and a revolutionary 
focusing concept . . .  

the most signif icant 

developments in 
microscope design 

in  th is  century. 

Infinity - corrected objec
tives . . .  best performance 
you have ever seen. 

The completely new optical system provides flatness of field and 

image quality never before obtainable. Revolutionary focusing 

concept • . .  only the objective moves when you focus . • •  body and 

stage remain motionless and rigid . The only force exerted in 

focusing is the weight of the nosepiece assembly . . .  prevents broken 

slides and coverslips. Focusing mechanism is enclosed in the arm, 

lubricated for life, and sealed against dirt. Ask your AO Sales 

Representative for a demonstration. ®Reg;stered Trademark A mer;can Optical Co. 

A M E R I C A N O P T I C A L  C O M P A N Y  
I N S T R U M E N T D I V I S I O N . B U F F A L O ,  N E W Y O R K  1 4 2 1 5 

IN CANADA write - P. O. Box 1 30, Postal Station R. Toronto 1 7 ,  Ontario 

veloped by Borel and Lebesgue was 
that, by merely postulating that the 
measure of an infinite collection of un
connected sets should be the sum of the 
measures of the individual ones (corre
sponding to requiring that the probabil
ity that at least one out of infinitely 
many mutually exclusive events will 
occur should be the sum of individual 
probabilities), it was possible to assign 
measures to extremely complex sets. 

Because of this, measure theory 
opened the way to the posing and solv
ing of problems in probability that 
would have been unthinkable in La
place's time. Here, for instance, is one 
of the problems that received much 
attention in the 1920's and 1930's and 
contributed greatly to bringing prob
ability theory into the mainstream of 
mathematics. 

Consider the infinite series 

1 1 1  1 1 1 1 1 - + - + - + - + - + - + - + - +  . . . 
1 2 3 4 5  6 7 8 

This is known as a diverging series; 
that is, by adding more and more terms 
one could exceed any given number. 

Suppose the signs between the terms, 
instead of being all pluses, were made 
plus or minus at random by means of 
independent tosses of an honest coin. 
What is the probability that the result
ing series would converge? That is to 
say, what is the probability that by 
extending the series to more and more 
terms one would come closer and closer 
to some terminating number? 

To answer the question one must 
consider all the possible infinite se
quences of heads and tails as the sam
ple space. One sequence might begin: 
II II T T T Il T  II . . . . If we let II l'ep
resent plus and T represent minus, the 
number series above becomes 

1 1 1 1 1 1 1 1 + - + - - - - - - - + - - - + _  . . .  1 2 3 4 5  6 7 8  

vVith each such sequence we can as
sociate a real number, t, between 0 and 
1, and each t can be represented by a 
binary number in which the digit 1 
denotes 1-1 and the digit 0 stands for T.  
The sequence cited above is  then writ
ten as t = . 1 1000101 . . . .  The binary 
digits form a model of independent 
tosses of a coin. Now those t's that will 
yield convergent series form a set, and 
the probability that t falls into this set 
is the "measure" of the set. It turns out 
that the set of hypothetical t's that do 
not yield convergent series is so sparse 
that its measure, or probability, is zero 
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(although the set has a very complex 
structure and is far from being empty). 
Hence the answer to the problem is 
that, when the series above is given 
random signs, the probability that it 
will converge is 1 .  

The foregoing is an example of prob-
lems in "denumerable probabilities," 

that is, those involving events de
scribed in discrete terms. During the 
past two decades mathematicians have 
pursued an even more productive in
vestigation of the theory of "stochastic 
processes": the probabilistic analysis of 
phenomena that vary continuously in 
time. Stochastic processes arise in phys
ics, astronomy, economics, genetics, 
ecology and many other fields of sci
ence. The simplest and most celebrated 
example of a stochastic process is the 
Brownian motion of a particle. 

The late Norbert Wiener conceived 
the idea of basing the theory of Brown
ian motion on a theory of measure in a 
set of all continuous paths. This idea 
proved enormously fruitful for prob
ability theory. It breathed new life into 
old problems such as that of determin
ing the electrostatic potential of a con
ductor of "arbitrary" shape, a problem 
that occupied the minds of illustrious 
mathematicians for more than a cen
tury. More than that, it opened up en
tire new areas of research and led to 
fascinating connections between prob
ability theory and other branches of 
mathematics. 

A single article can only touch on a 
few of the main developments and sam
ple problems in probability theory. The 
subject today embraces vast new fields 
such as information theory, the theory 
of queues, diffusion theory and mathe
matical statistics. One can sum up the 
position of probability in general by 
observing that it has become both an 
indispensable tool of the engineer and 
a thriving branch of pure mathematics 
now raised to a high level of formalism 
and rigor. 

I want to close with a brief comment 
on the philosophical aspect of prob

ability theory (in itself a vast subject on 
which many volumes have been writ
ten). The philosophical implications can 
be best illustrated by a specific case, 
and the one I shall discuss has to do 
with a conflict between the thermody
namic and the mechanical views of the 
behavior of matter. 

Consider two containers, one con
taining gas, the other a vacuum. If the 
two containers are connected by a tube 

Yo u r  B E S T B U Y i n  p r o j e c t o r s f o r  S c i e n c e ,  
I n d u s t ry a n d  E d u c at i o n  . . .  

"Spence r  De l i n eascopes ! 

A D  S p e n c e r  
O PA Q U E  P R O J E C T O R 

This highly versatile A V instrument 
will project any opaque object . . .  
coins, leaves, fllaps, photos, magazines, 
newspapers, texts . . . an unlimited 
v a r i e t y .  A n d  the A O  H i g h  S p e e d  
Opaque Delineascope sets t h e  perform
ance standards for all opaque proj ec
tors. Improved large·diameter, coated 
projection objective delivers a full 1 4 5  
lumens t o  screen. All-glass reflecting 
m i r r o r s  w o n ' t  t a r n i s h  or d i s c o l o r .  
Weighs o n l y  29 Ibs_ - easily portable. 
Don't buy any opaque proj ector until 
you see the AO Spencer Opaque. 

AD  S p e n c e r  
O V E R H E A D  P R O J E C T O R 
The AO Overhead Delineascope lets 
you proj ect in  a well-lighted room and 
always see your audience for ideal rap
port. Use inexpensive transparencies 
or write with grease pencil on cello
phane roll. Image is proj ected over 
your shoulder onto screen even as you 
write, yet you never leave your seat, 
always face your audience. Provides 
more light on screen than any other 
overhead in its class and price range. 
You can project a 10" x 10" transpar
ency up to a big 1 1 2  square foot screen 
image . . .  clearly and crisply. It's your 
best buy in overhead proj ectors ! 

AD  S p e n c e r  
G K  P R O J E C T O R 
The AO GK has been imitated, but 
never equalled. An audio-visual work
horse . . .  proj ects any size slide, from 
3 Y.4 " x 4 " to 2 " x 2 " ,  in any size room or 
a u d i t o r i u m .  S c i e n ti fi c  a l i g n m e n t  of 
entire optical system provides uniform 
screen illumination . . .  no hot spots, 
no corner color fringes. 
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I 0 AO Spencer Overhead 0 AO Spencer Opaque 0 AO Spencer GK I 
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IBM General Products Division in San Jose, Cal iforn ia . • •  Voted "One of America's 10 most beautiful plants." 

Progress is progra m med i n  
Sa nta Clara County, Ca l iforn ia 
the co m p ute r  cente r  of the West. 
Thinking ahead is basic to plant-site selection . That's 
why you should investigate Santa Clara County, Par
ticularly if your firm is involved in the new world of 
computers, as a manufacturer, user or allied industry, 

Plant-site teams tell us they are impressed with Santa 
Clara County's Master Plan, a forecast for community 
expansion projected to 1985. This continuing program 
is regularly reviewed to insure orderly progress and 
development. It's a program that makes Santa Clara 
County a plant location with a protected future. 

These "Think 1985" firms have already chosen Santa 
Clara County, California: Control Data Corporation, 
Datamec Corporation, Data Technology Corporation, 
Fairchild Semi-Conductor, General Electric (Computer 
Research Laboratory), Hewlett-Packard Company, In
ternational Business Machines, Lockheed Missiles and 
Space Company, Memorex Corporation, Precision In
strument Company, Signetics Corporation. Space limits 
the addition of many other firms also in this category. 

Before you move, "think 1985" and send for this help
ful reference material . 

Santa Clara County 
PLAN AND F O R ECAST FOR 1 985 
Let u s  send you a copy of t h i s  i nformative 
broch ure.  I t  conta i n s  i m p orta n t  facts to 
a s s i st you in a sc ient if ic  a p proach to p l a nt
site sel ecti o n .  There i s  no cost. 

... . . . . 

SANTA CLARA COUNTY 
GREATER SAN JOSE CHAMBER OF COMMERCE 

D E PT. l·B San J ose 1 3, C a l iforn i a  .
. . . . . .

. . . 
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and a valve in the tube is suddenly 
opened, what happens? According to 
the second law of thermodynamics, gas 
rushes from container A into container 
B at an exponential rate until the pres
sure in the two containers is the same. 
This is an expression of the law of in
creasing entropy, which in its most pes
simistic form predicts that ultimately 
all matter and energy in the universe 
will even out and settle down to what 
Rudolf Clausius, one of the fathers of 
the second law, called Warmetod (heat 
death). 

Now, the mechanical, or kinetic, view 
of matter pictures the situation in an 
entirely different way. True, the mole
cules of gas will tend to move from 
the region of higher pressure into the 
one of lower pressure, but the move
ment is not merely one-way. Bouncing 
against the walls and against one an
other, the molecules will take off in 
random directions, and those that travel 
into container B will be as likely to 
wander back to container A as to re
main where they are. As a matter of 
fact, Poincare showed in a mathemati
cal theorem that a dynamical system 
such as this one would eventually re
turn arbitrarily close to its original state, 
with all or virtually all the gas mole
cules back in container A. 

In 1907 Paul and Tatiana Ehrenfest 
illustrated this idea with a simple and 

beautiful probabilistic model. Consider 
two containers, A and B, with a large 
number of numbered balls in A and 
none in B. From a container filled with 
numbered slips of paper pick a numeral 
at random (say 6) and then transfer the 
ball marked with that number from con
tainer A to container B .  Put the slip of 
paper back and go on playing the game 
this way, each time drawing at random 
a number between 1 and N (the total 
number of balls originally in container 
A) and moving the ball of that number 
from the container where it happens to 
be to the other container [see upper 
illustmtion on page 1 02]. 

It is intuitively clear that as long as 
there are many more balls in A than 
there are in B the probability of draw
ing a number that corresponds to a ball 
in A will be considerably higher than 
vice versa. Thus the How of balls at first 
will certainly be strongly from A to B.  
As the drawings continue, the probabil
ity of finding the drawn number in A 
will change in a way that depends on 
the past drawings. This form of de
pendence of probability on past events 
is called a Markov chain, and in the 
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We make several  u n i q u e  e p oxy res i n s .  T h i s  o n e  i s  except i o n a l l y  p u re.  

B u t  m o st ly  we start with  basic i n g re d i e nts and m a n ufact u r e  e v e ry d ay e p oxy res i n s  t h at are to u g h ,  hard,  d i m e n s i o n a l l y  sta b l e ,  

s o l v e n t  res i stant,  c h e m i ca l  res i stant,  s h r i n k  p r o o f  a n d  ri g i d .  Wr i te u s  f o r  d eta i l s .  T h e  D o w  C h e m i ca l  C o m p a n y ,  M i d l a n d ,  M i c h i g a n .  
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S ILICONE 
IDEAS 

What happens when you ask 
10,468 engineers 
the same questions? 
Utter chaos. You get a t  least 1 0,468 different answers. It  hap
pened to us when 1 0,468 engineers tried out a tube of General 
Electric's ready-to-use RTV- 1 02 in on-the- job  applications.  
RTV· 1 02 is  a remarkab le sil icone rubber adhesive/seal ant 
that does a terrific j ob in a multitude of appl ications.  But we 
wondered which type of application offers the most oppor
tunities for selling the stu ff. Hence, the survey. What do you 
suppose we found out ? 

Surprise ! We found out that RTV- 102 does a terrifi c  j ob i n  
nearly 1 0,468 appl i cations ! "RTV- 1 02 is unusually versati le," 
wrote one engineer, "1  used it  to seal around doors on wet 
rubber systems." "Used it  for sealing signal conditioner pack
ages against high humidity environments," wrote another, 
"good moisture-tight bond to aluminum." An R&D man u sed 

� - - - - - - - - - - - - - - - - - �  I I I I I I 

General  Electric  Compa ny, S i l i cone P rod ucts Department 

Section 51-80, Waterford, New York 1 2 1 88 
Send me (quantity) __ RTV- 1 02, __ RTV- 1 03, __ RTV- 1 06, __ RTV- l 08, 
__ RTV- 1 09 at $2.00 per tube.  I 've enc losed a check for $ made out to 

"General  E lectric." No C. O. Do's,  p lease.  

Name ______________________________________________________ _ 

Add ress ____________________________________________________ ___ 

I I I I I I 
L _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ � 

it to hold interconnection wiring in position on a harness 
design mockup . "RTV- 1 02 has high resiliency and strength," 
he commented, "and is  readily removed if  necessary." A 
botanist used it to make holders ( bonded to glass ) for marine 
al gae specimens and praised "its resistance to the action of 
sea water." An engineer at CALTECH was delighted with 
RTV - 1 02's performance i n  two separate gasketing applica
tions for freon pressure, a high-voltage R .  F.  dielectric appli 
cation, and "one i nstance where we wanted a smog-resistant 
resi l ient mounting fo r a large precision mirror." He likes 
RTV- 1 02 because i t  has "excel lent adhesion, high strength, 
and resistance to chemical attack." 

Why not use the coupon above to send for some white 
RTV- 1 02, b l ack RTV- 103,  translucent RTV- 1 08, aluminum 
RTV - 1 09, or red RTV- 1 06 ( which gives extra high-tempera
ture resistance up to 600° F ) . They come i n  3-ounce tubes. 
Their  versatility as a l l -around caulks, gaskets, encapsul ants, 
el ectrical insulators, weatherproofers, sealers, and laminates 
can't be matched.  Think of all the R&D, production, and repai r 
problems you can solve permanently with a tough, flexible  
General Electric sil i cone rubber bond that won't  leak, shrink, 
melt, crack, harden, or  peel . 

We like to ask questions, but we've got plenty of answers too . For free informa
tion about General Electric's rapidly expanding collection of silicone rub bers, 
fluids, emulsions, etc., drop us a line or two mentioning your application .  We'll  
send you a plentiful supply of pertinent data . A ddress your letter to Section 
U91 14, Silicone Products Dept ., General Electric Co., Waterford, N. Y . 12188. 
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game we are considering, all pertinent 
facts can be explicitly and rigorous
ly deduced. It turns out that, on an 
averaging basis, the number of balls in 
container A will indeed decrease at an 
exponential rate, as the thermodynamic 
theory predicts, until about half of the 
balls are in container B. But the calcula
tion also shows that if the game is 
played long enough, then, with probabil
ity equal to 1, all the balls will eventual
ly wind up back in container A, as Poin
care's theorem says ! 

How long, on the average, would it 
take to return to the initial state? The 
answer is 2N drawings, which is a stag
geringly large number even if the total 
number of balls (N) is as small as 100. 
This explains why behavior in nature, 
as we observe it, moves only in one 
direction instead of oscillating back and 
forth. The entire history of man is piti
fully short compared with the time it 
would take for nature to reverse itself. 

To test the theoretical calculations 
experimentally, the Ehrenfest game was 
played on a high-speed computer. It be
gan with 16,384 "balls" in container A, 
and each run consisted of 200,000 
drawings (which took less than two min
utes on the computer) . A curve was 
drawn showing the number of balls in 
A on the basis of the number recorded 
after every 1 ,000 drawings [see lower 
illustration on page 1 02 ] .  As was to be 
expected, the curve of decline in the 
number of balls in A was almost per
fectly exponential. After the number 
nearly reached the equilibrium level 
(that is, 8,192, or half the original num
ber) the curve became wiggly, moving 
randomly up and down around that 
number. The wiggles were somewhat 
exaggerated by the vagaries of the ma
chine itself, but they represented actual 
fluctuations that were bound to occur 
in the number of balls in A. 

Those small, capricious �uctu
.
ations 

are models of the vanablhty m na
ture and are all that stands between 
us and the heat death to which we are 
seemingly condemned by the second 
law of thermodynamics ! Probability 
theory has reconciled the apparent con
flict between the thermodynamiC and 
the kinetic views of nature by showing 
that there is no real contradiction be
tween them if the second law is inter
preted flexibly. In fact, the development 
of the theory of probability in the 20th 
century has changed our attitudes to 
such an extent that we no longer expect 
the laws of nature to be construed rigid
ly or dogmatically. 

© 1964 SCIENTIFIC AMERICAN, INC



If you are involved in  one or more of these sUb-systems 

We at Al l i s -Cha l mers may have a l ready worked out severa l 
solutions for you. Yo u  may f i n d  that the experienced men at A l l is-Cha l mers ca n cut t i m e  a n d  costs 

on you r  sub-systems_  That's beca use we resea rch ,  develop,  m a n ufactu re and test h u n d reds of prod ucts for 

every major i n d u st ry. And too, there a re spec i a l  p rod u cts,  fa bricat i n g  fac i l it ies and tec h n ica l ass istance ava i l 

a b l e  t o  he lp  you f ind  new solut ions.  W e  i n tegrate o u r  prod ucts a n d  tec h n ic a l  knowledge i nto custo m - made 

systems - m a n ua l ,  sem i-a utomat ic  a n d  a utomated - depen d i n g  u pon you r  app l ication need . We can s u pply 

al l  o r  any pa rt of you r  system - from conceptua l design t h rough sta rt u p  to service.  For help i n  work ing out 

so l ut ions to you r  s u b-systems prob lems,  ca l l  today. All is-Chalmers, Defense Products Division, Area Code 4 14, 

774-3600, Ext. 3558, M i lwaukee, Wisconsin 5320 1 .  A-1 906 A LLIS- CHALMERS 
1 09 
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S M O OTH I N G  S P I LLWAY 
of Navajo Da m near B l oomfie l d ,  

N .  M. ,  w i t h  b u m p  cutter ut i l i z i ng 

1 2 0  n a t u ra l - d i a m o n d  b l a d e s  

mou nted on a shaft.  S p i l lway 

m ust be a bso l ute ly  smooth,  or  

water v i brat i o n  w i l l  eve ntua l ly 

destroy the s u rfa ce. B u m p  cutter 

was held on the 4S-degree s lope 

w i t h  o/e- i nch ca b l e  sec u red to a 

w i n c h .  Photo cou rtesy Concut, 

I nc., E I  Monte,  Ca l i f. 
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I N STAL LI N G  R U NWAY L I G HTS 

D i a mond d r i l l s made h o l e s  for 700 pan

ca ke l i ghts set flush i nto jet ru nway at 
G reater P i ttsburgh A i rport. J o b  was per

formed w i t h  core d r i l l s made by Wheel  

True i ng Too l  Company, Detro it .  W i res 
for each e i ght- i nch l ight were atta ched 

t h rough saw cut to sma I Ie r  j u nct ion box, 

then con nected to w i res com i ng in from 

cond u it l a i d  before ru nway was poured. 

G R O OVI N G  N OZZLES D R E S S I N G  W H EELS 

S i l i con carb ide fue l - i nject i o n  nozz les for 

rockets a re grooved with d ia m ond-coated 

wheel  made by D ia-Chrome, I nc . ,  G l en
da le,  Ca l i f. ,  at L. A. Ga uge, I nc. ,  S u n  

Va l l ey, Ca l i f. On mach i ne i s  1.500- i nch

d ia meter b l a nk.  Wheel  l i fe in t h i s  opera

t ion i s  between 200 a n d  300 pa rts, after 

w h i c h  whee ls  a re recoated with natura l 

d i a mond gr it. 

Three natura l  d ia m o n d s  d ress t h ree a l u

m i n u m  oxide gr i n d i ng whee l s  s i m u l ta

neo u s l y  on i nterna l gr i nder  made by the 

Hea ld Ma c h i ne Co. ,  Worcester, Mass. Two 

fixed d i a monds mounted on meta l n i bs 

d ress stra ight whee l s ;  a t h i rd d i a mond 

mou nted o n  rad i u s  d resses the rad i us 

whee l .  The comp lete dress i ng operat i o n  

takes between five a nd s i x  seconds.  

Peo p l e  with i ma g i nat ion  a re u s i ng i nd u str ia l d ia
monds for a l l  sorts of i ntr igu i n g  j o b s - everyth i ng 
from cutt i n g  m a c a ro n i  to saw i ng out  foss i l ized d i no
sa u r  tra c ks. 

S h own h e re a re fo u r  less  u n u s u a l a p p l icat ions.  
A lthough they spa n seve ra l co m p l ete ly d iffe re nt i n
d u str ies, they st i l l  s h a re o n e  i m porta nt deta i l :  each 
job wa s done more q u i c k ly a nd m o re eco n o m ica l ly 
t h a n  before, with d i a monds .

-

W h e n  you u se d ia monds ,  you get the u n iq u e  com
b i n a t i o n  of exce l l e n t  c u tt i ng or  gr i n d i ng a b i l ity l i n ke d  
with  fa nta st i c  e n d u ra nce.  T h e  resu lts:  yo u r  d i a mo n d  

too l s  l a st l o nger t h a n  a ny oth e r  cutt i n g  too l s  you 
ca n use.  Yo u r  peo p l e  spe n d  more t i m e  in a ctu a l  
prod u ct i o n  . . .  l e s s  t i m e  c h a n g i n g  too ls .  

The D i a m o n d  Research La boratory in  J o h a n nes
b u rg, wor l d ' s  l ea d i ng a utho r ity on d i a m o n d  tech
n o l ogy, i s  consta nt ly e ngaged in fi n d i ng new a n d  
better u se s  f o r  i n d u str ia l d i a m o n ds. 

If you cut, sha rpe n o r  s mooth a nyth i n g  in t h e  

cou rse of you r  b u s i n ess, y o u  ca n p roba b l y  u se d i a 

m o n d s ,  too. Why n o t  test d i a m o n d s  aga i n st t h e  

m e t h o d  you ' re n o w  u s i ng ? Yo u ' l l  d i scove r h ow effi

c i e nt - a n d  eco n o m ica l - i n d u str ia l d i a m o n d s  ca n be.  

INDUSTRIAL DIAMONDS CUT PRACTICALLY EVERYTHING . . .  ESPECIALLY YOUR PRODUCTION COSTS 
(� Industrial Distributors (Sales) , Ltd., Johannesburg . London / World's leading suppl ier of d iamonds for industry 
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The Foundations of Mathematics 
When a new mathematical idea is found to be useful, a superstructure 

of mathematics rises from it. Later the orjginal idea may prove to be 

shaky, but it must be repaired without destroying the superstructure 

Irrefragability, thy name is mathe
matics. Let natural scientists ac
cept evidence;  the mathematician 

demands proof. Scientific standards have 
turned austere, it would seem, if any
one is  to fuss about foundations for 
mathematics. Where might he find 
foundations half so firm as what he 
wants to found? 

Concern for the foundations of mathe
matics has most often been expressed in 
emergency situations, when basic ideas 
begin to seem shaky and mathemati
cians are forced to examine them. Such 
an examination was accorded the idea 
of the infinitesimal long after Isaac 
Newton and Gottfried Wilhelm von 
Leibniz developed the differential cal
culus. This concept of a fractional quan
tity infinitely close to zero, yet differ
ent from zero, provided a foundation 
for the study of rates, the business of 
the differential calculus. 

Consider a car accelerating from a 
standstill to a speed of 90 miles an 
hour. At the instant its speedometer 
needle points to 60 it is  going a mile 
a minute; at earlier instants its speed 
is  less, at later ones more. The instan
taneous speed of a mile a minute does 
not consist in going a mile in one min
ute because it is not maintained for a 

THE NUMBER 4 is represented on the op· 

posite page as a class containing all 4·mem· 

ber classes. The outer frame is not closed at 

right because membership in this class is 

not restricted to the examples shown here. A 

proper title for the whole design would be 

"4." To say that a class of tetrahedrons, 

cones, spheres or cylinders has 4 members 

implies that it belongs within "4." This view 

of number is one of several proposed by 

students of the foundations of mathematics. 

by W. V. Quine 

minute. It is not maintained for any 
time at all by the accelerating car. The 
distance covered at each instant is zero, 
and the characterization-no miles an 
instant-eliminates the distinction be
tween one speed and another. So the 
founding fathers of the calculus assumed 
the existence of infinitesimal numbers, 
just barely distinct from zero and from 
one another. (We are familiar with 
smaller and smaller fractions-liB, 1/16 
and so on-but these are not infinitesi
mals; an infinitesimal is  supposed to go 
into 1 not just 16 times but infinitely 
many times.) 

Going a mile a minute, then, means 
going one of those infinitesimal distances 
in some infinitesimal time. Going half 
a mile a minute means going half that 
infinitesimal distance in that infinitesi
mal time. The absurdity of this ap
proach was obvious, but the resulting 
calculus had made it possible to rea
son mathematically about rates. So a 
problem arose that is characteristic of 
problems in the foundations of mathe
matics: how to get rid of the infini
tesimal and make do with clearer ideas 
while still saving the useful super
structure. 

Augustin Cauchy and his followers 
in the 19th century solved the problem. 
Consider shorter and shorter intervals 
of time, each of them straddling our 
given instant. If over each interval we 
write the distance the car traveled 
therein, every distance-to-time ratio will 
be close to a mile a minute if the time 
interval is short. Whatever degree of 
accuracy we care to stipulate, there is  
a time interval such that for al l  inter
vals inside it our distance-to-time ratios 
will approximate a mile a minute with 
the stipulated accuracy. A sequence of 
such distance-to-time ratios, taken over 
increasingly narrow intervals, approach-

es a limit (which can be determined by 
the technique known as differentiation). 
The notion of limits concerns short but 
not infinitesimal distances. It can be 
used to define what it means to be going 
a mile a minute at a given instant. 

The infinitesimal is  not the only 
mathematical concept that had to be 

legitimized or eliminated. Take the 
16th-century idea, still very much with 
us, of imaginary numbers: square roots 
of negative numbers. Square any real 
number, negative or positive, and the 
result is positive. What then are the 
square roots of negative numbers? 
'Whatever they are, they have become 
so central to applied mathematics that 
if you so much as divide a time by a 
distance you end up, according to rela
tivity physics, with an imaginary num
ber. As in the differential calculus, an 
examination of the foundation must be 
made with an eye toward preserving 
the superstructure. 

The square root of -1 is the imagi
nary unit called i. The rest of the imagi
nary numbers are the multiples of i by 
real numbers [see "Number," page 
50]. Corresponding to the real num
ber 3 there is the imaginary number 3i; 
corresponding to the real number 1/2 
there is the imaginary %i; corresponding 
to the real number 7r there is the imagi
nary 7ri. The imaginary numbers, thus 
constituted, then combine with the real 
numbers by addition ; we get 3 + i, 
7r + 2 i and the like, known as complex 
numbers, and these impart a utility to 
the imaginary numbers. Any complex 
number is a convenient coding or pack
aging of two real numbers x and lJ, each 
of which can be uniquely recovered on 
demand. This correspondence can be 
represented on a plane defined by a 
real x axis and an imaginary lJ axis [see 
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ACCELERATION from a standstill is illustrated. The five vertical strips represent the 
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COMPLEX NUMBER x + yi can be plotted on a plane defined by a real horizontal axis 

and an imaginary vertical axis, as the points K(I + 2i) and H (2 + i) are plotted at left. If the 

two points and the origin are vertices of a parallelogram, the fourth vertex (P) is their sum. 
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hottom ilillstration on this pagel. In 
retrospect it seems that the mystery of 
imaginary numbers could have been 
avoided and the role of complex num
bers fulfilled by speaking of "ordered 
pairs" of real numbers. 

The idea of an ordered pair is Ilelp
ful at many other junctures in mathe
matics. Its use is always the same: it 
is a way of handling two things as one 
while losing track of neither. Common
ly the ordered pair x and y, whether 
these be numbers or other things, such 
as fathers and sons, is  denoted (x,y). 
I have not said what things such pairs 
are, and traditionally the question is 
skipped; what is important is what they 
do. Their one property that matters is 
that if (x,y) is (z,w), then x is z and 
y is w . 

I have said that in principle the myth 
of imaginary roots could be bypassed. 
Still, it has value. It greatly simplifies the 
laws of algebra, an advantage that can 
be retained while the imaginary and 
complex numbers are explained away. 
This is done by a maneuver that is com
mon in foundational studies: defining 
the complex numbers as mere ordered 
pairs of real numbers and then re
defining the usual algebraic operations 
of plus, times and power so as to make 
sense of these operations when they are 
applied to the ordered pairs. The def
initions qm be so devised that they pro
vide us with an algebra of ordered pairs 
that is  formally indistinguishable from 
the algebra of complex numbers. One 
tends to say that the complex numbers 
have been explained as ordered pairs, 
but we could just as well say that they 
have been eliminated in favor of or
dered pairs. 

Instead of merely saying what the 
ordered pairs do, we might go on and 
try to settle what they are. This ques
tion lacks the urgency of the questions 
about infinitesimals and imaginary num
bers, and savors more of casual philoso
phy. Any answer, however artificial, will 
serve as long as it upholds the law of 
pairs: if (x,y) is (z,w), then x is z and 
y is w. The usual version adopted now
adays comes from Norbert \"Iiener and 
Casimir Kuratowski . It does not iden
tify the ordered pair (x,y) simply with 
the class whose members are x and y; 
that would confuse (x,y) with (y,x). It 
identifies (x,y) with a class of two class
es. One of the two is the class whose 
sole member is x; the other is  the class 
whose members are x and y. Here we 
can say that we have explained ordered 
pairs as certain two-member classes of 
classes, or that we have eliminated or-
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SQUARE.ROOT FUNCTION can be represented by an outer frame 

unbounded on the bottom, containing ordered pairs (a,b) in which 

the relation "b is a times as big as ,," holds. Each ordered pair is 

identified as a two·member class. One member class is shown at 

the left in each frame. Its sole member is the first element of the 

......... 
-"" 

" 

pair. The other member class is shown at the right containing the 

two elements of the pair. In this convention the bottom pair (3,9) 
cannot be confused with (9,3), the pair that represents the square 

function. Credit for this version of pair, which is widely used in mod· 

ern mathematics, goes to Norbert Wiener and Casimir Kuratowski. 
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NA TURAL NUMBER 4 is shown here as the class of all 4·member classes; thus the outer 

frame is bottomless. According to this version of number, first suggested by Gottlob Frege, 

1 can be explained as the class of those classes that belong to 0 when deprived of a member. 
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JOHN VON NEUMANN'S VERSION of the natural number 4 emphasizes its ability to 

l)air off in one·to·one correspondence (indicated by arrows) with a class of 4 members. 

Three elements of this class are defined by correspondence. The other is the empty class. 
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REAL NUMBER 4 is represented as the bottomless class (outer Imme) of ordered pairs 

(a,b) in which a is "less than 4 times as hig as" b. This is the relation that 3 bears to 1, 
7 hears to 2 and 11 bears to 3. The convention applies to fractional and negative numhers. 
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dered pairs in favor of these two-mem
ber classes of classes. The difference is 
verbal, but the first description has the 
advantage of preserving the notation 
"(x,lJ)" and the word "pair." 

Philosophical questions seem to lie 
somewhere between the indignant 

demands of offended common sense
What is an infinitesimal? 'What is the 
square root of a negative number?-and 
the compulsive questions of a bored 
child on a rainy Saturday. One philo
sophical question, deeper than the one 
about ordered pairs, is: \,yhat is num
ber? Let us train this question first on 
the natural numbers, that is, the posi
tive integers and zero. 

Numerals name numbers. The symbol 
"12" names 12. To rephrase our ques
tion : vVhat do the numerals name? 
What is 12? It is how many Apostles 
there were, how many months in a year, 
how many eggs in a carton. But 12 is 
not merely a property of a dozen eggs, 
months and Apostles, it is the property 
common to the class of a dozen eggs, 
the class of a dozen months and the 
class of a dozen Apostles. 

One of the sources of clarity in math
ematics is the tendency to talk of classes 
rather than properties. \,yhatever is 
accomplished by referring to a prop
erty can generally be accomplished at 
least as well by referrin g to the class 
of all things that have that property. 
Clarity is gained because for classes we 
have a clear idea of sameness and dif
ference; it is a question simply of their 
having or not having the same members. 

In particular, then, we do best to 
explain 12 not as the property of being 
a dozen but as the class of all dozens, 
the class of all 12-member classes. Each 
natural number n becomes the class of 
all n-member classes. The Circularity 
of using n thus to define n can be 
avoided by defining each number in 
terms of its predecessor. Once we have 
got to 5, for instance, we can explain 6 
as the class of those classes that, when 
deprived of a member, come to belong 
to 5. Starting at the beginning, we can 
explain 0 as the class whose sole mem
ber is the empty class; then 1 as the 
class of those classes that, when de
prived of a member, come to belong to 
0; then 2 as the class of those classes 
that, when deprived of a member, come 
to belong to 1, and so on up. 

Just as any version of ordered pairs 
serves its purpose if it fulfills the law 
of pairs, so any version of natural num
ber will serve if it fulfills this law : There 
is a first number and a successor opera
tor that yields something new every 
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This was the proved 
Type 545A at $1550. 

Used by more engineers than any other com
mercial laboratory oscilloscope, the Type 545A 
became the standard of the industry. 

User suggestions and research innovations 
helped it grow and develop into the world's 
best known laboratory oscilloscope-through 
five years as the Type 545, another five years as 
the Type 545A. 

Over the years, better circuit components and 
design techniques led to simpler operation and 
application, greater accuracy and reliability, 
easier maintenance and calibration. 

Seventeen amplifier plug-in units were de
veloped to provide quick adaptability for par
ticular applications. Other features were added 
or improved to update performance specifi
cations. 

With the dual-trace unit, the Type 545A pro
vided 50 mv/cm sensitivity for a wide range of 
dc-to-24 Mc applications. 

Further updating of the "A" Model to imple
ment additional improvements has resulted in 
a new "B" Model-as the "A" Model was 
developed from the early Type 545. 

So, now, the Type 545A is superseded by the 
Type 545B. Instrument support will continue 
to be available for the "A" Model, however, for 
at least 10 years. 

Tektronix, Inc. 

Here is the improved Type 5458 at $1550. 
Looks about like the Type 545A. But added capabilities and con
venience further enhance its value. 

New crt. Internal no-parallax illuminated graticule. Improved reso
lution, uniform focus over the ful16-cm by 10-cm (50% greater) display 
area. New hybrid vertical amplifier-greater stability and reliability. 
Fixed-tuned delay cable, prevents misadjustments. Triggering beyond 
30 Mc. Sweep delay, single-sweep, other features and refinements 
that equal or excel those of the present "A" Model. 

Use all your Tektronix Type A to Z Plug-In Units at equal or better 
frequency response, or the new Type 1A1 or 1A2 Dual-Trace Plug-In 
Units for 50 mv/cm at dc-to-33 Mc. The Type 1A1 also offers 5 mv/cm 
at dc-to-23 Mc dual-trace, and, by cascading the two amplifiers, 
approximately 500 jJ.v/cm at 2-cps-to-14 Mc. 

Price at $1550 is the same as the Type 545A and includes two probes. 
Full field-engineering services back up every instrument. 

But to hear the complete story, call your Tektronix Field Engineer. He 
will know if a Type 545B offers the best solution to your measurement 

problem. If the Type 545B appears to be the answer, try it. Use it in 
your own application-with one of your 17 letter-series plug-ins or 

one of the new amplifier plug-in units. 

Available throughout the world 
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time. The above version of number, pre
sented by Gottlob Frege in 1884, meets 
the test [see top illustration on page 
116]. Others do too. A version set forth 
by John von Neumann identifies each 
number with the class of all the pre
ceding numbers [see middle illustration 
on page 116]. In this system 0 is itself 

the empty class; 1 is the class whose 
sale member is 0; 2 is the class of 0 
and 1. Where Frege would say a class 
of n members belongs to n, von Neu
mann would say that a class of n mem
bers is one whose members can be 
paired off in one-to-one correspondence 
with the members of n .  

STATEMENT ABOUT n TERMS TO EXPAND 

= 

n is a prime number. prime number 

n is a natural number and, for all natural 
numbers h and k, if n is h • k, then h or n is h· k 
k is 1. 

n is a natural number and, for all natural 
numbers hand k, if a class of n members x falls into h parts having 
falls into h parts having k members each, h members each 
then h or k is 1. 

n is a natural number and, for all natural 
numbers hand k, if for every member x of n 
there is a member of y of h such that all n is a 
members of yare members of k and no natural number 
members of y share members and all and 
only the members of the members of yare 
members of x, then h or k is 1. 

0 

j I successor 

I 1 

''''--

n is a member of every class z such that the 
class whose sale member is the class with· 
out members is a member of z and, for every 
member m of z the class of all the classes 
that, when deprived of a member, come 
to belong to m, is a member of z and, for all 
hand k that are members of every class z 
such that the class whose sale member is 
the class without members, is a member of 
z and, for every member m of z the class of 
all the classes that, when deprived of a 
member, come to belong to m, is a member 
of z, if for every member x of n there is a 
member y of h such that all members of y 
are members of k and no members of y 
share members and all and only the memo 
bers of the members of yare members of x, 
then h or k is the class of all the classes that, 
when deprived of a member, come to be 
the class without members. 

Whether we consider numbers in 
either of these ways or in some other, a 
next step is to define the arithmetical 
operations. The idea behind addition 
is evident:  m + n is how many mem
bers a class has if part of it has m mem
bers and the rest has n. As for the 
product m X n, this is how many mem-

DEFINITION OF TERMS 

n is a natural number and, for all natural 
numbers hand k, if n is h • k, then h or 
k is 1. 

A class of n members falls into h parts 
having k members each. 

--

There is a class y of h members such that 
each member of y has k members and no 
members of y share members and all and 
only the members of yare members of x . 

. -

n is a member of every class z such that 0 
is a member of z and all successors of 
members of z are members of z. 

o is the class whose sale member is the 
class without members. 

The successor of any m is the class of all 
the classes that, when deprived of a memo 
ber, come to belong to m. 

1 is the class of all the classes that, when 
deprived of a member, come to be the 
class without members. 

SIMPLIFIED SENTENC E appears at bottom left in this chart. 

Defining the statement "1£ is a prime number" creates a vocabulary 

of terms (middle column) that must be expanded (as shown in col

umn at right). The final sentence deals only with class membership. 

It could be rewritten using only the locutions "and," "not," "is a 
member of," and the idiom of universal quantification, "everything 

x is such that . . .  x ... ," if brevity were no object. The version of 

number used in the expansion of terms was developed by Frege. 

118 

© 1964 SCIENTIFIC AMERICAN, INC



the new Burroughs B 5500 Information Processing System 

The B 5500 is a highly advanced data processing 
system that spans the medium, intermediate and large 
scale ranges of computer equipment. Its design con
cepts and software have been thoroughly proved in 
installations of the B 5000 and D 800 series which 
introduced multiprocessing of independent programs, 
efficient use of problem oriented languages, automatic 
system control and program independent modularity. 

As a result, the new, more powerful B 5500 offers you 
these advantages: 

MORE THROUGHPUT PER DOLLAR INVESTED: 

The high performance of the B 5500 is made possible 
by its unique system organization which permits a 
high degree of simultaneous operation, including use 
of two processors to double computational perform
ance. The Burroughs B 5500 works as a balanced 
system to accomplish more in the same period of time 
than more expensive computer systems. 

REDUCED PROGRAMING COSTS: 

Programing is simpler and less costly because of 
exclusive hardware/software features that enable the 
B 5500 to rapidly compile efficient programs written in 

COBOL, ALGOL, FORTRAN II, and FORTRAN IV. 

REDUCED OPERATING COSTS: 

The Master Control Program of the B 5500 is the most 
complete, most advanced, most tested automatic 
operating system ever used. The result is maximum 
operating efficiency, minimum human intervention. 

EXTENSIVE CAPACITY FOR EXPANSION 

WITHOUT REPROGRAMlt.lG: 

The modularity of the system is dynamic: You may 
expand or contract the system at any time without 
reprograming-or recompiling. 

SUPPORT IN DEPTH 

FOR PROFITABLE OPERATION: 

Burroughs Corporation has long provided back-up 
support for all products. Customers receive as normal 
practice: 

• Systems counsel. Programing and operational 
training • Business and scientific application 
support • Experienced field engineering support 

Get complete details by calling our local branch office. 
Or write to us at Detroit, Michigan 48232. 

Burroughs-T.M. 

Burroughs Corporation 

119 
© 1964 SCIENTIFIC AMERICAN, INC



bers a class has if it falls into 111 parts 
having n members each. 

There are the negative numbers still 
to account for, and the fractional 

ones, and all the irrational numbers 
such as V2 and ,.,-; in short, all the 
real numbers except the natural num
bers. Here again any version will serve 
that meets certain requirements. One 
overall version, with more unity than 
most, construes each real number as 
being a certain relation between natural 
numbers; in fact, a certain relation of 
comparative size. Take in particular the 
real number 1/2. It is identified as the 
relation that 1 bears to each integer from 
3 on, and that 2 bears to each from 5 
on, and so forth. Similarly, each positive 
real number x is identified with the re
lation "less than x times as big as." The 

LOGIC CIRCUIT 
FUNCTION�::t IDENTIFICATION 

NUMBER 
SMALL CARD ----, 

PI� F O R SMALL.CARD 
INPUT SIGN Al � PORTION AND 

I SUBPORTION 

I SOCKET 
� POSITION OF 

SMALL CARD/1I�: ��� SMALL CARD 
TYPE • - �, ON LARGE / � BOARD 
GATE 

BLOCK SERIAL 
COlUMN AND NUMBER 

LINE OF BlOCK 
POSITION ON LARGE 

LOGIC PAGE BOARD 

real number 1/", for instance, comes 
out as a relation that 1 bears to each 
integer from 4 on, and 2 bears to each 
from 7 on, and 3 to each from 10 on, 
and so forth. As for the negative real 
numbers, these are taken as the converse 
relations; since 1/2 is the relation "less 
than half as big as," -1/2 comes out as 
the relation "more than twice as big as." 

At the risk of sounding increasingly 
like the child on a rainy Saturday we 
may interject : But what is a relation? 
As suggested in our discussion of or
dered pairs, a relation can be identified 
with the class of all the ordered pairs 
(a,b) such that a bears the relation to b .  
In this way the real numbers are ulti
mately identified with classes, as were 
the natural numbers. The number 1/2 
becomes the class of all ordered pairs 
(a,b) such that a is less than half as big 
as b. Whereas the class of ordered pairs 
identified with 1/2 cannot contain a pair 
(2,4) without violating the "less than" 
relation-a would be exactly x times as 
big as b-it could contain the ordered 
pair (20,41) or any ordered pair where 
a is within any desired proximity of x 

times as big as b.  
Each real number then corresponds 

to a distinct class of ordered pairs. This 
distinctness can be proved by the ex
istence of a rational number between 

any two points on a line of real num
bers. That is, if x and yare different 
real numbers (say x is less than y), then 
there is a rational number alb (a and 
b are integers) such that alb is less 
than y but greater than x. Then the 
ordered pair (a, b) will fall into the class 
corresponding to !J but not into the 
class corresponding to x, thus distin
guishing the two. 

The description of the positive real 
number x as the relation "less than x 

times as big as" falls into the same circu
larity we noticed in describing n as the 
class of all n-member classes. But now 
as then the description helps us to see 
what objects the numbers are to be. The 
reason it serves is that the circular reuse 
of "n" or "x

" inside the description has 
a commonsense context. Actually the 
circularity can be eliminated in both 
cases by means of careful and complex 
definition. 

We had to adopt a version of the 
natural numbers before construing the 
real numbers in general because we 
took these as being relations of natural 
numbers. The natural numbers must 
therefore be seen as distinct, how
ever uselessly, from the corresponding 
whole real numbers. The real number 5, 
for example, comes out as the class of 
ordered pairs (a,b) of natural numbers 
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LOGIC DIAGRAM shows the design of a computer system in terms 

of connected elements known as "and/or blocks." The information 

associated with a block is given in the detail of an "and" block 
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at top left. The logic functions A, OR and N in the upper left-hand 
corners of the colored blocks denote the logical locntions "and," 
"or" and "not." The diagram is based on the IBM 360 system. 
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MOLYBDENUM 

Photomicrograph of yttria Fusion Seal. 370 X. 

�etal-to-ceralnic seals 
for high temperature applications. 

Bendix has fabricated metal-to-ceramic 
seals in the form of terminals for a large 
number of applications where severe en
vironments are encountered or extreme 
reliability is required. Applications have 
included cryogenic systems, missiles, 
hydrostatic tanks, the Bathyscaphe, atomic 
weapons and numerous others. At the 
Bendix Research Laboratories Division, 
applications of metal-to-ceramic seals 
have been concentrated in two areas; 
microwave vacuum tubes and thermionic 
converters. 

In the microwave tube area, metal-to
ceramic seals are used for electrical and 
rf vacuum feedthroughs, depressed-po
tential collector insulators, and various 
mechanical supports inside the vacuum 
tube that require electrical insulation. 
The microwave tube seals at Bendix 
are made from metallized high purity 
alumina brazed with copper to kovar or 
molybdenum. These seals have proved 
to be extremely rugged and reliable. 

However, in a thermionic converter 
extreme temperatures and corrosive at
mospheres are encountered. A ceramic 
insulator must separate an emitter at a 
temperature of 1500°C or higher from a 
collector at approximately 1000°C in a 
cesium vapor atmosphere. Ideally, the 
insulator should be sealed directly to the 
electrodes to form a hernletic enclosure 
for the cesium vapor. Thermionic con
verters in which seals, similar to those 
used in microwave tube application, 
failed when held at 800°C for several 
hours due to cesium corrosion of the 
metallized coating and copper braze. 

Three different methods of sealing 
metal to ceramic while operating at 

Various types of Mo·A1203 Seals 
made by the yttria Fusion Technique 

thermionic converter temperatures were 
developed. The first method consisted of 
metallizing high purity alumina with a 
mixture of tungsten and yttria powders. 
Both of these materials are resistant to 
cesium attack. Room temperature ASTM 
tensile tests on brazed 99.5% alumina 
bodies metallized with tile tungsten
yttria mixture averaged 19,000 psi, while 
the same body metallized with conven
tional metallizing compositions had ten
sile strengths of less than 10,000 psi. 

The second development was that of 
a graded composite body of alumina and 
tungsten which were effectively pure 
metal at one end and pure ceramic at 
the other. Since the optimum pressure 
and sintering temperature for alumina 
are different than those for tungsten, this 
development necessitated the study of 
sintering aids, lubricants, particle size 
distribution, compacting pressure, sin
tering temperatures and grading methods. 
Graded composite envelopes of alumina 
and tungsten have been cycled from 
room temperature to 1500°C without 
degradation of the bodies. 

The third development is in essence 
a ceramic brazing technique. The metal 
to be bonded is coated with a slurry of 

Research Laboratories Division 

molybdenum, alumina and yttria pow
ders and fired to fonn a cennet layer on 
the metal. The yttria-alumina eutectic 
is melted between the high purity alum
ina and the "cermetized" refractory 
metal. The liquid ceramic infiltrates the 
porous cement and forms a mechanical, as 
well as chemical, hennetic seal to the 
refractory metal. Assemblies formed by 
this process are shown, illustrating a butt 
seal, a metal internal, and metal external 
seal. Yttria fusion seals between molyb
denum and alumina have withstood ther
mal cycles from 500°C to 1500°C without 
failure. Seals have been held at 1300°C 
in gettered argon for over 1000 hours 
and have remained hennetic with no 
degradation of the seal. 

Bendix Research embraces a wide 
range of technology including acoustics, 
nuclear, solid state physics, quantum 
electronics, mass spectrometry, photo
electronics, electron beam and tube tech
nology, measurement science, applied 
mechanics, energy conversion systems, 
dynamic controls, systems analysis and 
computation, navigation and guidance, 
microwaves, digital techniques, data proc
essing and control systems. Motivation: 
to develop new techniques and hardware 
for The Bendix Corporation to produce 
new and better products and complete, 
integrated, advanced systems for aero
space, defense, industrial, aviation, and 
automotive applications. Inquiries are in
vited. We also invite engineers and 
scientists to discuss career position op
portunities with us. An equal opportunity 
employer. Write Director, Bendix Re
search Laboratories Division, Soutllfield, 
Michigan. 
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UNLOCK 
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such that a is less than 5 times as big 
as b. 

The illustration on page 1 15 represents 
this function as a class. 

In mathematics, talk of functions is 
no less plentiful than talk of number. 
But the philosophical question-What 
are functions?-is more quickly settled 
than that of number. A function can be 
identified with the relation of its values 
to its arguments. The function "square 
root of" can be explained as the relation 
of root to square : the relation that ° 
bears to 0, that 1 bears to 1 ,  that 2 
bears to 4, that 2/3 bears to 4/9 and so 
on. Thus the square-root function be
comes the class of all the pairs (0,0), 
( 1 , 1 ) ,  (2,4), (2/3,4/9), in general (X,X2) . 

Our sample studies in the foundations 
of mathematics started with trouble
shooting and have leveled out into a 
general tidying up. It is a process, we 
see, of reducing some notions to others 
and thereby diminishing the inventory 
of basic mathematical concepts. Let us 
apply this technique in reducing a fa
miliar notion, the definition of a prime 
number, into elemental class terms. To 
keep track of our presuppositions we 
must render our successive definitions 
in explicit detail and take note of all the 
logical and mathematical devices that 

2 

7 

1 0  

x - ( y  - z )  = z - ( y  - x )  AX IOM 

( F rom th ese we d e r i ve t h eorems by s u b s t i t u t i n g  a n y o n e  t e r m  f o r  a l l  o c c u rrences 
of a n y  var i a b l e  or ,  g i ve n  a n  e q u a t i o n ,  s u b s t i t u t i n g  i ts  o n e  s ide for i ts  oth e r  s i d e  
a n yw h e r e . )  

z = z - (y - y ) 

z = z - (x -- x )  

y - y = (y - y )  - (x - x ) 

x - (x - z )  = z - (x - x )  

x - ( x  - ( y  - y ) )  = (y  - y )  - ( x  - x )  

x - x = (y - y) - (x - x )  

x - x = y - y 

Step 1 

Step 3 

Step 4 

Step 2 

Step 6 

Steps 1 , 7 

Steps 5, 8 

( T h e  e x p ress i o n  "x + y" c a n  be d e fi n e d  as s h o rt for "x - ( (y - y) - y) . "  T h e  

l aws o f  ad d i t i o n  t h e n  come t h ro u g h  a s  m e re a b b re v i a t i o n s  of l aws o f  s u b t ract i o n .  
T h u s  t h e  law " x  + y = y + x " i s  p roved as to l l ows . ) 

. 

- ( ( x  - x) - y) = y - ( ( x  - x) - x )  

x - ( (y - y )  - y )  = y - ( (x - x )  - x )  

x + y = y + x 

Step 2 

Steps 9, 1 0  

Step 1 1 ,  d efi n i t i o n  

PROOF PROCEDURE for arithmetical addition and subtraction begins with equations 

( Steps 1 and 2 )  taken as axioms. Then the steps for deriving theorems by substitution are 

defined. Steps 3 through 9 follow from previous steps listed in the column at right. Addi

tion is defined in terms of subtraction before its elementary law is proved (Steps 1 0-1 2 ) .  
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are used in them. Each definition must 
explain how to eliminate some locution 
by paraphrasing it, or the sentences in 
which it appears, into a residual vocabu
lary that eventually narrows to rudi
mentary terms. We begin by changing 

to 

n is a prime number 

n is a natural  number and for a ll 
nattl ral numbers h and k, if n is 
h X k, then h or k is 1 .  

Our first step eliminated the trouble
some "prime number" from the residual 
vocabulary but left in its place "n is a 
natural number," the notation for mul
tiplying h by k and the notation for 1. 
We know how to eliminate the mul
tiplicative notation by expanding the 
clause n = h X k to read 

a class of n members falls into h 
parts having k members each . 

To replace the notion of "parts" of a 
class with the simpler concept of mem
bership, this clause can be changed to 

for evel'Y class x with n members 
there is a class y of h members 
such that each membel' of y has k 
members and no members of y 
share members and all and only the 
members of the members of y are 
members of x .  

Cumbersomeness is increasing apace, 
but the vocabulary is being reduced to 
terms of class membership . \"Ie can now 
eliminate "x has n members" and kin
dred clauses. If we use Frege's version 
of the natural numbers, this becomes "x 

is a member of n ."  Our original phrase 
has now been analyzed to mean 

n is a natural number a nd, for all 
nattlral numbers h and k, if for 
every member x of n there is a 
member y of h such that all mem
bers of y are members of k and no 
members of y share members and 
all and only the members of the 
members of y are members of x, 
then h al' k is 1 .  

The dwindling of perspicuity is less 
noteworthy than the reduction of vocab
ulary. Where perspicuity is to our pur
poses the eliminated locutions can be 
restored, after all, as defined abbre
viations. 

The term that next calls for elimina-
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Raytheon systems management experience 
now exceeds quarter-mi l l ion man months 

Serving as prime contractor for two 
major missile systems (which represent 
contracts in excess of $ 1 . 5 billion) has 
given Raytheon Company a n  unusual 
amount of systems manage ment ex
perience . 

The Army HAWK and the Navy/ 
Air Force SPARROW I I I  programs to 
date have provided Raytheon with over 
a quarter-mill ion man months' experi
e nce in such critical areas as program 
and cost control, subcontractor rela
tions and value engineering. As a fur
ther outgrowth of these programs, Ray
theon has also developed a distinct 
capability in such new systems man
agement techniques as Project Defini
t i o n ,  C o n fi g u r a t i o n  M a na g e m e n t ,  

Pert/ Cost a n d  Multiple Incentive Con
tracting. 

I n  the i mportant area of subcon
tracting, Raytheon directs the efforts of 
over 1 6,000 firms ranging in size from 
two or three man specialist organiza
tions to co mpanies as large as Ray
theon itself. 

The undertaking of i mportant proj
ects requires awareness of the need 
for vast subcontractor networks ; their 
successful completion demands the 
kind of experience that Raytheon has 
acquired over the past ten years of 
major  systems management activity. 

In addition to its pool of over 1 1 00 
experienced technical managers, Ray
theon e mploys almost 2000 p rofes-

sional managers i n  other specific func
tions related to the design and produc
tion of advanced defense systems.  This 
singularly experienced group is an in
creasingly important reason fo r custom
e r  confidence in Raytheon's continu
ing ability to perform with distinction 
on p rograms of national i mportance. 
Raytheon Company, Lexi ngton,  Mass. 
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tion is "is a natural number" (said of 
n, h and k) .  To say that n is a natural 
number is to say that n is 0 or successor 
of 0 or successor of that or so on . Frege 
showed how to dodge the "so on" idea 
by defining "a natural number" as 

a member of every class z such 
that 0 is a member of z and aLL 
Sllccessors of members of z are 
members of z. 

Frege explained "0" as the class 
whose sole member is the class without 
members, and the "successor" of any 111 

as the class of all the classes that, when 
deprived of a member, come to belong 
to 111 . If we eliminate "0" and "succes
sor" in rewriting the above version of 

"is a natural number" and then use the 
result as a clause in rewriting our orig
inal phrase, we end up with a long 
story in a short vocabulary [ see illus
tration on page 1 1 8 ] .  The number ' '1 '' 
at the end of our intermediate defini
tion is resolved too, because 1 is suc
cessor of O.  The vocabulary that remains 
refers to class membership and little 
else . There is an assortment of elemen
tary logical particles : "is," "and," "or," 
"if-then," "every," "all" and the like. 

By further steps, all of these can be 
reduced to several basic locutions. One 
is "and" as a connective of sentences. 
Another is "not ." A third is the idiom 
of universal quantification, "everything 
is such that . . .  it . . .  " or, more flexibly, 
"everything x is such that . . . x . . .  ," with 

FIVE·COLOR MAP is uneconomical and can be redrawn using only four colors so that 

no two countries of like color share a border. No mathematical proof of this statement has 

been found for the general case, yet no one has drawn a map that will require five colors. 
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variable letters. The prefix "everything 
x is such that" is compactly symbolized 
as "(x) .

" Fourth, there is the transitive 
verb " € " meaning "is a member of." 
Perhaps the list should also include, 
fifth, the parentheses used to group 
clauses. The following, then, is an illus
trative, brief sentence in our frugal 
notation : 

(x) not (y) not (x € y and not y € x) .  

It amounts in effect to the words "Ev
erything is a member of something not 
a member of it ." 

Every sentence expressible in the no
tation of pure classical mathematics, 
whether in arithmetic or the calculus or 
elsewhere, can be paraphrased into this 
thumbnail vocabulary, if not with com
parable brevity. What "n is a prime 
number" was seen to stretch to is terse 
compared with what it would be if fully 
paraphrased in our five basic idioms. 
The five are not to be recommended as 
a lingua franca of mathematics, nor as a 
practical medium of computation . But it 
is of theoretical interest that so much in 
the way of mathematical ideas can be 
generated from so meager a basis, and 
from this basis in particular. 

Four of the five basic locutions belong 
to logic. One, "

€ ," is peculiar to set 
theory, or the mathematics of classes. 
Or we might say that all five are in set 
theory; the logical locutions are a proper 
adjunct of every science, after all, and 
so of set theory. 

It would appear, then, that all mathe
matics can be paraphrased in a set
theory vocabulary. Therefore all mathe
matical truth can be seen as truth of set 
theory. Every mathematical problem 
can be transformed into a problem of set 
theory. Either this augurs well for the 
outstanding problems of mathematics or 
else set theory has problems as deep as 
those of classical mathematics. 

The latter is the case . And the worst 
aspect of set theory is not just that sen
tences can be written whose truth or 
falSity is hard to prove, but that sen
tences can be written whose simulta
neous truth and falsity seem all too easy 
to prove. One such is the sentence 

not (y) not (x) [ not (x € y and 
x € x) and not (not x € y and not 
x € x) ] .  

Partially transcribed with an Bye to 
mortal communication, it says : 

There is something y sllch that (x) 
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H elping pe ople to help thems elve s 

In the past ten years, the population of the under
developed countries has increased by 250,000,000. 
In many cases, despite heroic efforts to  improve 
both agricultural and industrial technology, these 
countries are actually losing ground in terms of  
per  capita production- including food.  Foreign aid 
helps, of course. But i t  is not a ,final answer.  

'The answer is in helping other countries help 
themselves . An effective way to do this is for Amer
ican industry to send abroad the technology, the 
management skills and the marketing know-how 
that have made this country so  prosperous.  

Celanese has a very active world-wide program 
to do j ust that .  Celanese® 

C �e.&e.-
C H E M I C A L S ,  F I B E R S ,  P L A S T I C S ,  F O R E S T  P R O D U C T S  
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which wi l l  ripen f irst? 
The form.ula i s  a banana , too . It  ripens inside a com.puter t o  disclose why too m.any real 
bananas turn brown before they reach the grocer ' s  shelf .  C - E- I - R  m.athem.aticians devel
oped this analytical tool for a banana im.porter to cut spoilage losses . C - E - I - R  applies 
m.athem.atics and com.puter power to help all kinds of enterprises solve their own particular 

brown - banana problem.s . 

W A S H I N G T O N · N E W Y O R K · B O S T O N · L O S  A N G E L E S . S A N  F R A N C I S C O . M E X I C O  C I T Y . L O N D O N  
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(x � Y if and only if not x � x) . 

It seems to be true; just take y as the 
class of all the things x such that x 

is not a member of itself. Yet it must 
be false; if y were as averred, we could 
take x in particular as y and conclude, 
in self-contradiction, that y � y if and 
only if not y � y . 

This paradox, turned up by Bertrand 
Russell in 1901 ,  is the simplest of many 
in set theory. The moral of them all is 
that giving a necessary and sufficient 
condition for membership in a class 
does not guarantee that there is such a 
class .  Russell's paradox shows in par
ticular that there is no class of exactly 
the things that are not members of 
themselves. Consequently the great task 
of set theory comes to be that of de
ciding what classes there are . No nat
ural and tenable answer is known; what 
seemed the natural answer, that there 
is a class for every membership condi
tion, is untenable. 

Since 1901 there has been a prolif
eration of set theories, no one of them 
clearly best. Even the question of free
dom from self-contradiction is  moot in 
such a framework, since we no longer 
can trust common sense for the plausi
bility of the propositions .  Common sense 
in set theory is discredited by the para
doxes.  As a foundation for mathematics, 
set theory is far less firm than what we 
have founded on it. 

Clearly we must not look to the set
theoretical foundation of mathematics 
as a way of allaying misgivings regard
ing the soundness of classical mathe
matics.  What we are looking for, as we 
evaluate various plans for a workable 
set theory, is a scheme that will repro
duce in the eventual superstructure the 
accepted laws of classical mathematics. 
We find ourselves regarding set theory 
as a conveniently restricted vocabulary 
in which to formulate a general axiom 
system for classical mathematics-let the 
sets fall where they may. 

Such a program of axiomatization can 
never be completed. There is no 

hope of a proof procedure strong enough 
to cover all the truths of classical math
ematics, or even of arithmetic, while 
excluding all the falsehoods. This re
markable fact was proved by Kurt 
Codel in 1931 .  

The proof procedure for addition and 
subtraction shown in the illustration on 
page 122 is complete; every truth that 
can be expressed in the notation can be 
proved by the procedure. This notation, 
however, covers only a few aspects of 

arithmetic, neglecting multiplication as 
well as the logical operators. If notations 
were added for these further purposes, 
then no proof procedure could cover all 
the expressible truths and avoid the 
falsehoods.  This is the case even if we 
limit the values of the variables to nat
ural numbers . 

Such is the notation of what is called 
elementary number theory. A typical 
truth in this notation is 

(x) (y) not (z) [not (x = y + z) and 
not (y = x + z) ] .  

This amounts to saying of all natural 
numbers x and y that either x = y + z 

or y = x + z for some natural number z .  

Codel showed that given a proof pro
cedure we can construct a sentence in 
this meager notation that is false if it 
admits of proof under that procedure, 
and true if it does not. Therefore, Codel 
concluded, our given procedure is either 
unsound, since it affords proof of a false
hood, or else incomplete, since it fails 
to afford proof of a truth of elementary 
number theory. 

Coders discovery was a shock to pre
conceptions .  The very nature of mathe
matical truth, one supposed, was its 
demonstrability. But not so. Surely 
each sentence constructible in this lim
ited and lucid notation of elementary 
number theory is significant, each is 
true or false, each or its own negation 
is  true; yet its truth does not assure 
demonstrability. The difference between 
truth in mathematics and truth in nat
ural science is perhaps less abrupt than 
we thought. 

Work in the foundations of mathe
matics can be concerned with concepts 
and it can be concerned with laws . 
Work with concepts-the reduction of 
concepts by defining some in terms of 
others-occupied us throughout much 
of this article. But it is to the study of 
laws and their encapsulation in axioms 
or proof procedures that Coders discov
ery relates .  This type of work was not 
curtailed by the realization that we can
not get complete systems for substantial 
branches of mathematics; we can get 
incomplete ones that are illuminating 
in various ways. 

The fact is that Coders result has 
greatly stimulated work in the branch of 
foundation studies devoted to laws . The 
remarkable techniques that went into 
Coders proof have brought about an 
imposing and thriving branch of mathe
matics : proof theory. Here is  an in
stance where the foundation did give 
rise to the superstructure. 

PAPER HARD AS STONE OR SO 
SOFT IT D O E S N ' T  R U STLE?  

Asbestos p a p e r  d i scs co m p ressed 

i nto ca l e n d e r  ro l l s  become h a rd as 

sto n e .  R i ege l ma kes pa pers soft 

a n d  porous too, l i ke t hose i n  gas/ 

a eroso l face masks o r  rust le-proof 

pop-corn bags. R i egel  i s  servi n g  

fast m ov i n g  resea rch m e n  i n  e l ec

tron ics,  p h otogra p h i cs ,  e l e ctro

g ra p h ics,  cryoge n ics,  n u c l e o n i c s .  

Pa per h a s  become o n e  of sc ience's  

versa t i l e  new mater i a l s .  Fo r in

sta n ce :  cha rcoa l f i l led  papers,  e l ec

t ro-se ns it ive pa pers for fa csi m i l e 

use,  e lectr ica l i n su lat ion  that  de

fies age,  o r  new cond uct ive pa pers 

for e l e ctro n i c  s h i e l d i n g .  Th ese a re 

th i ngs a l ready produced com mer

c i a l l y  i n  R i ege l m i l l s .  A l so papers 

of g lass,  n y l o n ,  po lyeste r ,  a c ry l ics .  

I f  you have a n y  pro b l e m  that  paper 

may so lve . . .  i n  prod u cts, in  pro, 

d ucti o n ,  in packa g i n g  . . .  write to 

R iege l Pa pe r Corpora t i o n ,  Box 250,  
M u r r a y  H i l l  S ta t i o n ,  N e w  Y o r k ,  

N .  Y .  1 0 0 1 6 .  

T E C H  N I CA L  PA P E R S  
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ELECTRIC CHARGE, Q 
SUCCESS OF CROUP THEORY in the physics of fundamental 

particles was dramatized early this year with the discovery of 

the omega-minus (n-) baryon at the Brookhaven National Labo

ratory_ The existence of the omega minus had been predicted by 
the "ei ghtfold way," a theory devised independently by Murray 

Cell-Mann and Yuval Ne'eman. The term "ei ghtfold" refers to 

a classification scheme based on the mathematical theory of ab

stract grollps. Previous theory had shown that "isotopic spin" 
symmetry (black arrows) connects families of particles with differ-
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ent values of electric charge ( Q). The eightfold way invokes a 

new system of symmetries (colored arrows) to group together 

sllperfamilies of particles with different values of hypercharge (Y) 
and isotopic spin (l). The omega-minus baryon was needed to com

plete a superfamily of 10 members, of which nine members were 

previously known : a delta (ll.) quartet, a si gma (L) triplet and a 

xi ( 2) dOllblet. The omega minus is the only baryon singlet with 

a negative electric charge, and its observed mass is within a 
few million electron volts (mev) of the mass predicted by theory. 
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Mathematics in the Physical Sciences 
The outstanding exalnples of the power of InathelTlatics to relate 

the facts of nature can be found in physics. The latest exalnple 

is the use of group theory to relate the fundalnental particles 

I
n 1910 the mathematician Oswald 
Veblen and the physicist James 
Jeans were discussing the reform of 

the mathematical curriculum at Prince
ton University. "We may as well cut out 
group theory," said Jeans. "That is a 
subject which will never be of any use 
in physics." It is not recorded whether 
Veblen disputed Jeans's point, or wheth
er he argued for the retention of group 
theory on purely mathematical grounds. 
All we know is that group theory con
tinued to be taught. And Veblen's dis
regard for Jeans's advice turned out to 
be of some importance to the history 
of science at Princeton. By an irony of 
fate group theory later grew into one 
of the central themes of physics, and it 
now dominates the thinking of all of us 
who are struggling to understand the 
fundamental particles of nature. It also 
happened by chance that Hermann 
Weyl and Eugene P. Wigner, who pio
neered the group-theoretical point of 
view in physics from the 1920's to the 
present, were both Princeton professors. 

This little story has several morals. 
The first moral is that scientists ought 
not to make off-the-cuff pronouncements 
concerning matters outside their special 
field of competence. Jeans provides us 
with a clear lesson on the evil effects 
of the habit of pontification. Starting 
from this unfortunate beginning with 
Veblen, he later went from bad to 
worse, becoming a successful popular 
writer and radio broadcaster, accepting 
a knighthood and ruining his profes
sional reputation with suave and shal
low speculations on religion and phi
losophy. 

�le ought not, however, to look so 
complacently on the decline and fall of 
Jeans. There, but for the grace of God, 
go we. After all, Jeans in 1910 was a 
respected physicist (although Prince
ton, aping the English custom in titles 

by Freeman J. Dyson 

as in pseudo-Gothic architecture, called 
him professor of applied mathematics). 
He was neither more incompetent nor 
more ignorant than most of his col
leagues. Very few men at that time had 
the slightest inkling of the fruitfulness 
that would result from the marriage of 
physics and group theory. So the sec
ond and more serious moral of our story 
is that the future of science is unpredict
able. The place of mathematics in the 
physical sciences is not something that 
can be defined once and for all. The in
terrelations of mathematics with science 
are as rich and various as the texture of 
science itself. 

O ne factor that has remained constant 
through all the twists and turns of 

the history of physical science is the 
decisive importance of mathematical 
imagination. Each century had its own 
particular preoccupations in science 
and its own particular style in mathemat
ics. But in every century in which major 
advances were achieved the growth in 
physical understanding was guided by 
a combination of empirical observation 
with purely mathematical intuition. For 
a physicist mathematics is not just a 
tool by means of which phenomena can 
be calculated; it is the main source of 
concepts and principles by means of 
which new theories can be created. 

All through the centuries the power 
of mathematics to mirror the behavior 
of the physical universe has been a 
source of wonder to physicists. The 
great 17th-century astronomer Johannes 
Kepler, discoverer of the laws of motion 
of the planets, expressed his wonder in 
theological terms: "Thus God himself 
was too kind to remain idle, and began 
to play the game of signatures, signing 
his likeness into the world; therefore 
I chance to think that all nature and 
the graceful sky are symbolized in the 

art of geometry." In the more idealis
tic 19th century the German physicist 
Heinrich Hertz, who first verified James 
Clerk Maxwell's electromagnetic equa
tions by demonstrating the existence of 
radio waves, wrote: "One cannot escape 
the feeling that these mathematical for
mulae have an independent existence 
and an intelligence of their own, that 
they are wiser than we are, wiser even 
than their discoverers, that we get more 
out of them than was originally put into 
them." Lastly, in our rationalistic 20th 
century Eugene Wigner has expressed 
his puzzlement at the success of more 
modern mathematical ideas in his char
acteristically dry and modest manner: 
"We are in a position similar to that of 
a man who was provided with a bunch 
of keys and who, having to open several 
doors in succession, always hit on the 
right key on the first or second trial. 
He became skeptical concerning the 
uniqueness of the coordination between 
keys and doors." 

The mathematics of Kepler, the math
ematics of Hertz and of Wigner have 
almost nothing in common. Kepler was 
concerned with Euclidean geometry, 
circles and spheres and regular poly
hedra. Hertz was thinking of partial 
differential equations. Wigner was writ
ing about the use of complex numbers 
in quantum mechanics, and no doubt 
he was also thinking about (but not men
tioning) his own triumphant intro
duction of group theory into many di
verse areas of physics. Euclid, partial 
differential equations and group theory 
are three branches of mathematics so 
remote from each other that they seem 
to belong to different mathematical uni
verses. And yet all three of them turn 
out to be intimately involved in our one 
physical universe. These are astonish
ing facts, understood fully by nobody. 
Only one conclusion seems to follow 
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KEPLER'S MODEL OF THE SOLAR SYSTEM, published in 1596, was based on the five 

"perfect" solids of Euclidean geometry. The planetary orbits were successively inscribed 

in and circumscribed about an octahedron, an icosahedron, a dodecahedron, a tetrahedron 
and a cube. The model is a supreme example of misguided mathematical intuition. AI· 

though Kepler was aware of the discrepancies between his theory and the best observations 

of his time, he always regarded this model as one of his greatest achievements. 

with assurance from such facts. The 
human mind is not yet close to any 
complete understanding of the physical 
world, or of the mathematical world, or 
of the relations between them. 

In this article I shall not attempt 
any deep philosophical discussion of the 

reasons why mathematics supplies so 
much power to physics. In each century 
it is only a few physicists-in our century 
perhaps only Albert Einstein, Weyl, 
Niels Bohr, P. W. Bridgman and Wig
ner-who dig deep enough into the 
foundations of our knowledge to reach 

RATIO OF ORBITS I COPERNICAN 
VALUES 

KEPLER'S 
MODEL 

MODERN 
VALUES 

M E RCURY MAXIMUM I I .650 V ENUS MINIMUM .723 .707 1----
______ .. _._. ___ -l--- I I 

EARTH MINIMUM 
.741 VENUS MAXIMUM I .794 L·795 I 

i 757--- , 795 --1'--7- 35--EARTH MAXIMUM 
MARS MINIMUM 1 --------4------
MA R S  MAXIMUM

- I 333 I .333 I .337 
__ J����R�����_�---�----l-----�------

JUPITE R  MAXIMUM 
SATURN MINIMUM I· II I .635 I .577 I .604 

genuinely philosophical difficulties. The 
vast majority of working scientists, my
self included, find comfort in the words 
of the French mathematician Henri 
Lebesgue: "In my opinion a mathe
matician, in so far as he is a mathemati
cian, need not preoccupy himself with 
philosophy-an opinion, moreover, which 
has been expressed by many philoso
phers." 

\lYe are content to leave the philos
ophizing to giants such as Bohr and 
Wigner, while we amuse ourselves with 
the exploration of nature on a more 
superficial level. I shall accordingly not 
discuss further the ultimate reasons why 
mathematical concepts have come to be 
preeminent in physics. I shall beg the 
philosophical question, assuming as an 
article of faith that nature is to be un
derstood in mathematical terms. The 
questions I shall address are practical 
ones relating to the way in which math
ematical ideas react on physics. \lYhat 
are the standards of taste and judgment 
that mathematics imposes on the phys
icist? Which are the parts of mathemat
ics that now offer hope for new physical 
understanding? In conclusion, since one 
concrete example is better than a moun
tain of prose, I shall sketch the role 
group theory has played in physics, 
leading up to the theory of fundamental 
particles known as the "eightfold way" 
[see "Strongly Interacting Particles," 
by Geoffrey F. Chew, Murray Gell
Mann and Arthur H. Rosenfeld; SCIEN
TIFIC AMERICAN, February J. This theo
ry, developed independently by Gell
Mann and Yuval Ne'eman, has been 
brilliantly vindicated by the discovery of 
the omega-minus particle. 

Before plunging into the details of 

MERCURY 
V ENUS EARTH. 

EXPLODED VIEW of Kepler's polyhedron model of the solar sys· 
tern (right) shows how each planetary orbit was supposed to occupy 

a spherical shell whose thickness corresponded to the di fference 
between that planet's maximum and minimum distance from the 

sun. The table at left contains three sets of values for the ratio 

between each planet's maximum orbit and the next outer planet's 

minimum orbit. The first column gives the observational values 

obtained by Kepler from Copernicus. The second column gives the 
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present-day problems, I shall illustrate 
the effects of mathematical tastes and 
prejudices on physics with some his
torical examples. In trying to explain 
technical matters to a nontechnical au
dience, it is often helpful to examine 
past history and draw analogies between 
the problems of the past and those 
of the present. The reader should be 
warned not to take historical analogies 
too seriously. Very few active scientists 
are particularly well informed about

'
the 

history of science, and almost none are 
directly guided in their work by his
torical analogies. In this respect scien
tists can be compared to politicians. 
The greatest politician of our century 
was probably Lenin, and he operated 
successfully within a historical view
point that was grossly limited and dis
torted. The only important historian of 
modern times to achieve high political 
office was Fran<;ois Guizot, prime min
ister of France during the 1840's, and 
all his historical understanding did not 
save him from mediocrity as a states
man. A good historian is too much 
committed to the past to be either a 
creative political leader or a creative 
scientist. In science at least, if a man 

wishes to achieve greatness, he should 
follow the advice of William Blake: 
"Drive your cart and your plow over 
the bones of the dead." 

The most spectacular example in phys-
ics of the successful use of mathe

matical imagination is still Einstein's 
theory of gravitation, otherwise known 
as the general theory of relativity. To 
build his theory Einstein used as his 
working material non-Euclidean geome
try, a theory of curved spaces that had 
been invented during the 19th century. 
Einstein took the revolutionary step of 
identifying our physical space-time with 
a curved non-Euclidean space, so that 
the laws of physics became propositions 
in a geometry radically different from 
the classical flat-space geometry [see 
"Geometry," page 60 J. All this was done 
by Einstein on the basis of very general 
arguments and aesthetic judgments. The 
observational tests of the theory were 
made only after it was essentially com
plete, and they did not play any part in 
the creative process. Einstein himself 
seems to have trusted his mathematical 
intuition so firmly that he had no feeling 
of nervousness about the outcome of the 

observations. The positive results of 
the observations were, of course, de
cisive in convincing other physicists 
that he was right. 

General relativity is the prime ex
ample of a physical theory built on a 
mathematical "leap in the dark." It 
might have remained undiscovered for 
a century if a man with Einstein's pe
culiar imagination had not lived. The 
same cannot be said of quantum me
chanics, the other major achievement 
of 20th-century physics. Quantum me
chanics was created independently by 
'Verner Heisenberg and Erwin Schro
dinger, working from quite different 
points of view, and its completion was 
a cooperative enterprise of many hands. 
Nevertheless, in quantum mechanics 
too the decisive step was a speculative 
jump of mathematical imagination, seen 
most clearly in the work of Schrodinger. 

Schrodinger's work rested on a formal 
mathematical similarity between the 
theory of light rays and the theory of 
particle orbits, a similarity discovered 
some 90 years earlier by the Irish math
ematician William Rowan Hamilton. 
Schrodinger observed that the theory of 
light rays is a special limiting case of 

theoretical values predicted by Kepler'S polyhedron model. The 

third column gives the accepted modern values. Kepler cheated in 
the case of Mercury in order to account for the most conspicuous 

discrepancy between his theory and the Copernican values: although 

the four outer polyhedra are circumscribed around a planetary 

shell in the usual way (the shell touches the faces of the polyhe

dron), the octahedron is circumscribed around the shell of Mercu

ry in a special way (the shell touches the edges of the octahedron). 
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DISCOVERY OF ELLIPTICAL ORB IT FOR MARS was Kepler's great triumph after 
years of trying to make circular orbits satisfy Tycho Brahe's observations. In this diagram 

he shows that Mars sweeps out equal areas, measured from the sun at It, in equal times. 

the theory of light waves that had been 
established after Hamilton's time by 
Maxwell and Hertz. So Schrodinger 
argued: vVhy should there not be a the
ory of particle waves having the same 
relation to particle orbits as light waves 
have to light rays? This purely mathe
matical argument led him to construct 
the theory of particle waves, which is 
now called quantum mechanics. The 
theory was promptly checked against 
the experimentally known facts con
cerning the behavior of atoms, and the 
agreement was even more impressive 
than in the case of the general theory 
of relativity. AS.often happens in phys
ics, a theory that had been based on 
some general mathematical arguments 
combined with a few experimental facts 
turned out to predict innumerable 
further experimental results with un
failing and uncanny accuracy. 

General relativity and quantum me
chanics are success stories, showing 
mathematical intuition in a fruitful and 
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liberating role. Unfortunately there is 
another side to the picture. Mathemat
ical intuition is more often conservative 
than revolutionary, more often hamper
ing than liberating. The worst of all the 
historic setbacks of physical science was 
the definitive adoption by Aristotle and 
Ptolemy of an earth-centered astronomy 
in which all heavenly bodies were sup
posed to move on spheres and circles. 
The Aristotelian astronomy benighted 
science almost completely for 1,800 

years (250 B.C. to A.D. 1550). There were 
of course many reasons for this pro
longed stagnation, but it must be ad
mitted that the primary reason for the 
popularity of Aristotle's astronomy was 
a misguided mathematical intuition that 
held only spheres and circles to be aes
thetically satisfactory. 

Ptolemy explained the motions of the 
moon and planets by means of cycles 
and epicycles, that is to say, hierarchies 
of circles of various sizes moving one 
on another. The devastating feature of 

Ptolemy's system was that, since it was 
tailored in detail to fit the observed 
motions of each planet, it was immune 
to observational disproof. By the time 
of Ptolemy (A.D. 150) the vital force of 
Greek mathematics had been extin
guished, and there were no new mathe
matical ideas to contest the strangle
hold of Euclid's spheres and circles 
on the scientific imagination. Disturbed 
neither by new celestial observations 
nor by new mathematics, the 1,000-

year night set in. 

When Kepler in 1604 finally demol-
ished the epicyclic cosmology by 

his discovery that planetary orbits are 
ellipses, he was not helped by any mathe
matical preconceptions favoring ellip
tical motions. On the contrary, he had 
to fight tooth and nail against his own 
mathematical prejudices, which were 
still uncompromisingly medieval. Only 
after years of struggling with various 
systems of epicycles did he overcome his 
conservative tastes enough to consider a 
system of ellipses. Such mathematical 
conservatism is the rule rather than the 
exception among the great minds of 
physics. The man who breaks out into 
a new era of thought is usually himself 
still a prisoner of the old. Even Isaac 
Newton, who invented the calculus as 
a mathematical vehicle for his epoch
making discoveries in physics and as
tronomy, preferred to express himself 
in archaic geometrical terms. His PTin
cipia Mathematica is written through
out in the language of classical Greek 
geometry. His assistant Henry Pember
ton, who edited the third edition of the 
PTincipia, reports that Newton always 
expressed great admiration for the ge
ometers of ancient Greece and censured 
himself for not following them more 
closely than he did. Lord Keynes, the 
economist, who made a hobby of col
lecting and studying Newton's unpub
lished manuscripts, summed up his im
pressions of Newton in the following 
words: 

"In the eighteenth century and since, 
Newton came to be thought of as the 
first and greatest of the modern age of 
scientists, a rationalist, one who taught 
us to think on the lines of cold and un
tinctured reason. I do not see him in 
this light. I do not think any one who 
has pored over the contents of the box 
which he packed up when he finally 
left Cambridge in 1696 and which, 
though partly dispersed, have come 
down to us, can see him like that. New
ton was not the first of the age of rea
son. He was the last of the magicians, 
the last of the Babylonians and Su-
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merians, the last great mind which 
looked out on the visible and intellectual 
world with the same eyes as those who 
began to build our intellectual inheri
tance rather less than 10,000 years ago. 
Isaac Newton, a posthumous child born 
on Christmas Day, 1642, was the last 
wonder-child to whom the Magi could 
do sincere and appropriate homage." 

The character of Newton and his de
votion to alchemy and to ancient apoc
alyptic writings are a fascinating sub
ject, but it does not concern us here. 
vVe are concerned only with his mathe
matical style and tastes and with the 
effect of his mathematics on his science. 
Everything we know concerning his at
titude toward mathematics is consistent 
with Keynes's conclusions. There is little 
doubt that Newton, like Kepler, made 
his discoveries by overcoming deeply 
conservative mathematical prejudices. 

From these various historical exam
ples we can only conclude that mathe
matical intuition is both good and bad, 
both indispensable to creative work in 
physics and also totally untrustworthy. 
The reasons for this two-edged quality 
lie in the nature of mathematics itself. 
As the physicist Ernst Mach remarked: 
"The power of mathematics rests on its 
evasion of all unnecessary thought and 
on its wonderful saving of mental op
erations." A physicist builds theories 
with mathematical materials, because 
the mathematics enables him to imagine 
more than he can clearly think. The 

..... : ...
. : . .. 

physicist's art is to choose his materials 
and build with them an image of na
ture, knowing only vaguely and intui
tively rather than rationally whether or 
not the materials are appropriate to his 
purpose. After the design of the theory 
is complete, rational criticism and ex
perimental test will show if it is sci
entifically sound. In the process of the
ory-building, mathematical intuition is 
indispensable because the "evasion of 
unnecessary thought'" gives freedom to 
the imagination; mathematical intuition 
is dangerous, because many situations 
in science demand for their understand
ing not the evasion of thought but 
thought. 

I come now to discuss the present situ-
ation in physics. 'Without intending 

discourtesy to the experts in solid-state, 
nuclear spectroscopy and so forth, I use 
the word "physics" as an abbreviation 
for high-energy physics: the study of the 
fundamental particles. Physics (in this 
narrow sense) is now in an unusually 
happy situation. The latest generation 
of big accelerators has revealed during 
the past Rve years a whole new world 
of particles, with a quantity of detail 
and a richness of structure hardly any
one had expected. We must be pro
foundly thankful that the responsible 
physicists and politicians, not knowing 
that all these things were there, had the 
faith and courage 10 years ago to go 
ahead with building the machines. As 
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a result of their enterprise we now have 
a large amount of exact information 
about a world that is as new and strange 
as the world of atoms was in 1910. Just 
as in 1910, we have no comprehensive 
theory, and the theorists have complete 
freedom to make of the experimental 
data what they will. 

In this situation the theoretical phys
icists choose their objectives and their 
methods according to criteria of mathe
matical taste. The primary question for 
a theorist is not yet "Will my theory 
work?" but rather "Is what I am doing 
a theory?" The material at hand for 
theoretical work consists of fragments 
of mathematics, cookbook rules of cal
culation and a few general principles 
surviving from earlier days. vVhat com
bination of these items would deserve 
the name of a theory is a question of 
mathematical taste. 

The three main methods of work in 
contemporary theory are called ReId 
theory, S-matrix theory and group theo
ry. They are not mutually exclusive; at 
least there is no contradiction between 
the things that adherents of the dif
ferent methods do, although there is 
sometimes a contradiction between the 
things they say. Probably all three points 
of view will in the end make fruitful 
contributions to the understanding of 
nature. 

The three methods differ not only in 
their choice of mathematical material 
but also in the uses to which the ma-
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CURVATURE OF SPACE was postulated by Einstein on the basis 

of very general arguments and aesthetic judgments. To build his 
theory Einstein llsed as his working material non-Euclidean geom
etry, a theory of curved spaces that had been invented during the 

, 
, I f , 
I , 
I I 
I I I \ 
I 
, 
, 

, 
, 
, 

I , 
I 
, 
I I I �� .. "'" 

I I I I , 

19th century. In this representation two massive bodies are shown 
in two dimensions on a two-dimensional surface_ The local curva
ture of space around the bodies accounts for their gravitational 
properties. In actuality physical space-time is four-dimensional. 
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terial is put. Field theory begins from 
a prejudice in favor of mathematical 
depth, a feeling that deep physical 
understanding and deep mathematics 
ought to go together. So the chosen 
mathematical material is the algebra of 
operators in Hilbert space, which is 
combined with various other difficult 
parts of mathematics in order to reach 
a structure that embodies some of the 
salient features of the real world. The 
emphasis is on a rigorous mathematical 
understanding of the theory, not on de
tailed comparison with experiment. Of 
the three methods, field theory is the 
remotest from experiment and the most 
mathematically strict, the most ambi
tious in its intellectual tone and the 
vaguest in its relevance to physics. I 
am myself addicted to it and am there
fore particularly qualified to point out 
its limitations. 

In S-matrix theory (the S stands for 
Streu, the German word for "scatter") 
the mathematical material is deliber
ately chosen to be as elementary as 
possible. It consists of the standard 
theory of analytic functions of complex 
variables, a theory whose essential fea-

tures have not changed since it was 
created by the French mathematician 
Augustin Cauchy early in the 19th cen
tury. S-matrix theory compensates for 
the weakness of its mathematical base 
by making heavy use of experimental 
data. The S-matrix theoretician typically 
aims to compute or predict the result 
of one experiment by making use of the 
results of others. Sometimes predictions 
are made from "first principles" inde
pendent of other experiments, and the 
hope is ultimately to deduce everything 
from first principles. One of the most 
pleasant and refreshing features of S
matrix theory is that the rules of the 
game can be changed as a calculation 
proceeds. The method as it now exists 
is transitional; one is not applying a 
cut-and-dried theory but rather creat
ing a theory as one goes along by a 
process of trial and error. At every stage 
of the work the comparison with experi
ment will ruthlessly eliminate the un
fit idea and leave room for truth to grow. 

The success of S-matrix theory in 
interpreting experiments, and in giving 
guidance to experimenters, has been 
impressive. My own preference for field 

THREE·DIMENSIONAL ROTATION GROUP 03 is defined as the set of all rotations of 

an ordinary three·dimensional space about a fixed center. If Rl and Rz are any two such 
rotations, the result of combining the two can be duplicated by a third rotation, R3• 
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theory is based on a personal taste that, 
judged by the evidence of history, can
not be considered reliable. I find S
matrix theory too simple, too lacking in 
mathematical depth, and I cannot be
lieve that it is really all there is. If the 
S-matrix theory turned out to explain 
everything, then I would feel disap
pointed that the Creator had after all 
been rather unsophisticated. I realize, 
however, that He has a habit of being 
sophisticated in ways one does not ex
pect. 

I shall now discuss group theory, the 
third of the principal methods used in 

modern theoretical physics, in somewhat 
greater detail than the other two. The 
mathematical material here is a theory 
of considerable depth and power, mostly 
dating from the first quarter of the 20th 
century. The two main concepts are 
"group" and "representation." A group 
is a set of operations possessing the 
property that any two of them per
formed in succession are together equiv
alent to another operation belonging 
to the set. For example, the three
dimensional rotation group 03 is de
fined as the set of all rotations of an 
ordinary three-dimensional space about 
a fixed center. Obviously, if Rl and Rz 
are any two such rotations, the combi
nation of Rl with R2 can be duplicated 
by a third rotation, R3. A representation 
of a group is a set of numbers and a rule 
of transformation of these numbers such 
that each operation of the group pro
duces a well-defined transformation of 
the numbers. The transformations in a 
representation are restricted to being 
linear; that is to say, if a particular 
transformation sends p to p' and q to 
q', then it also sends p + q to p' + q'. 
An example of a representation of 03 
is the set of three coordinates (x, y, z) 
that determine the position in space of 
any point P [see illustration at left]. 
When a rotation R is applied, the point 
P moves to a new position P' with co
ordinates x', y', z', and this determines 
the rule of transformation for x, y, z. 
This particular representation of 03 is 
called the triplet representation, since 
there are three numbers involved in it. 

The immense power of group theory 
in physics derives from two facts. 

First, the laws of quantum mechanics 
decree that whenever a physical object 
has a symmetry, there is a well-defined 
group (C) of operations that preserve 
the symmetry, and the possible quantum 
states of the object are then in exact 
correspondence with the representations 
of C. Second, the enumeration and 
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CERAMIC ENGINEERS AT HOMER LAUGHLIN MIX IMAGINATION WITH ALCOA ALUMINAS 

The uncommon strength of Homer 

Laughlin chinaware has hotel and 

restaurant men shaking their heads

and smiling all over. Sure, you can 

break these plates, but you have to 

work at it. 

Produced by The Homer Laughlin 

China Company, Newell, W.Va., pio

neer in the use of aluminas for institu

tional china, this remarkable dinner

ware is made with Alcoa® Alumina. 

And that's the difference. 

Specifically, alumina content in-

RELAX! 
It's Homer Laughlin China 

creases the fired whiteness of vitreous 

china; increases mechanical strength 

remarkably, particularly resistance to 

chipping; and increases the firing 

range of the body. 

Today, ceramic engineers employ 

the special properties of Alcoa Alu

minas to make a wide variety of 

things harder and stronger - nose 

cones, electronic parts, refractories, 

cutting tools, bearings, insulators, 

even gyroscopes. There's no foresee

able end to the list. 

Fortunately, Alcoa Aluminas are 

readily available in large quantities at 

reasonable prices. Please write for 

our booklet, Ceramics - Unlimited 
Horizons. It will likely spark an idea 

for your next ceramic project. Alumi

num Company of America, 840-J 
Alcoa Building, Pittsburgh, Pa. 15219. 

Alcoa Brings You America's Finest News Show ... 

THE HUNTLEY·BRINKLEY REPORT, on NBC·TV 

r11ALCOA 
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IN AUTOMATIC 
MEASURING SYSTEMS 
the �state of the art' is 
on our production line 
Only a decade ago, most electrical meas

uring systems were entirely manual. Since 

each meter read ing had to be observed 

and recorded individually, data acquisi

tion was a tedious and expensive proce

dure. Only when the digital voltmeter was 

invented did the electronic industry have 

the basic instrument needed for automati

cally measuring data in digital form. 

In the mid-1950's engineers began devel

oping so-called "building block systems" 

for automatically making and recording 

measurements. Instruments with digital 

readout were built to measure voltage, 

current and resistance; other devices 

were developed to scan a number of meas

uring points sequentially; recorders of 

various types were used to make data 

available for later analysis. 

These individually developed instruments 

were only partially successful as "building 

blocks." Systems could not be con

veniently assembled for an assortment of 

measuring applications in practical en

vironments. In many cases the so·called 

building blocks were not compatible and 

each system was "customized" - a costly 

and time-consuming process. 

Hewlett-Packard Company, through its 

Dymec Division, recognized the need for 

inexpensive, pre-engineered, general pur

pose systems for automatic accumulation 

of digital data. These systems, now in pro

duction, are available as easily as any 

other Hewlett-Packard instrument. 

Hewlett-Packard systems include a Dymec 

Integrating Digital Voltmeter which meas

ures dc voltage and frequency in a wide 

range of practical, realistic environments, 

including those troubled with high electri

cal noise. Companion instruments, each 

designed to be completely compatible 

with the voltmeter, include ac/ohms con

verters, scanners, signal conditioning de

vices and couplers to drive most available 

recorders. 

Seven standard data acquisition systems 

are available from Hewlett-Packard to

day. More than 50 standard options are 

available, offering literally hundreds of in

strument performance combinations de· 

liverable off a standard production line. 

Here, once again, Hewlett-Packard has 

successfully applied a major development 

and manufacturing effort to the practical 

demands of the scientific and industrial 

activities whose progress depends on 

measurement. 

All seven Dymec DY-2010 Series Data 

Acquisition Systems can provide rapid, 

automatic measurement of dc and ac volt

age, resistance and frequency. Additional 

systems soon to be introduced will offer 

output recorded on magnetic tape. 

SYSTEM DY-2010A DY·2010E DY-2010C 

Input 
Up to 25 3-wire signal sources; 
to 100 channels with 
slave scanners 

Voltage 
Ranges 

100 mv to 1000 v, full scale; 10 mv range optional 

Output 

Price 

Printed 
paper 
tape 

$8,675 

Perfor
ated 
tape 

$10,800 

Punched 
card (on 
IBM 526) 

$9.885 

Printed 
paper 
tape 

$10,965 

Perfor
ated 
tape 

$12,850* 

*OY·2010G similar to 20100, has guarded amplifier for low·level measurements, $14,250 

Data subject to change without notice. Prices f. o. b. factory. 

An extra measure of quality 

HEWLETT-PACKARD COMPANY 
Palo Alto, California 94304 (415) 326-7000 
Europe: 54 Route des Acacias, Geneva; Canada: 8270 Mayrand St., Montreal ~ .. , © 1964 SCIENTIFIC AMERICAN, INC



Berthoud's Chronometer (French-18th Century) Courtesy Mariners Museum, Newport News, Virginia. 

from Berthoud's chronometer to supersonic navigation 
In 1785, Ferdinand Berthoud's mechanical timekeeper 
was a boon to navigators. Although local apparent time 
and latitude could be reckoned without reference to a 
prime meridian of longitude, that in itself demanded 
such a fixed point of departure as the meridian of 
Greenwich. Accuracy was Berthoud's goal then-ac
curacy is our goal today. 

AC Spark Plug avionic systems are offsprings of these 
early mechanisms ... advanced descendants of a long 
and illustrious line of bombing-navigational systems 
which traditionally have been produced to guide the 
air fleet of our Strategic Air Command. By combining 
the most recent developments of inertial guidance, 
digital computation and integrated circuits, AC avionic 
systems provide accurate, lightweight, reliable systems 
for manned aircraft. The pilot is thus provided all of the 

capabilities vital to all-weather operation: precision self
contained navigation, terrain avoidance, blind ordnance 
delivery, and integrated controls and displays. 

Perha ps AC's ca pa bility in systems development, pro
duction and management can 
help you. Contact Director of 
Sales-Engineering, AC Spark 
Plug Division, General Motors 
Corporation, Milwaukee, Wis
consin 53201. 

MASTER NAVIGATORS THROUGH TIME AND SPACE 
GUIDANCE AND NAVIGATION FOR SPACECRAFT • 

BALLISTIC MISSILES • AVIONICS • SPACE 
BOOSTERS • DELIVERED ON TIME AT LOW COST 
WITH OUTSTANDING ACCURACY AND RELIABILITY 
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classification of all well-behaved groups 
and of their representations have been 
done by the mathematicians, once and 
for all, independently of the physi
cal situation to which the groups may 
be applied. From these two facts re
sults the possibility of making a purely 
abstract theory of the symmetries of 
fundamental particles, based on the 
abstract qualities of groups and rep
resentations and avoiding all arbitrary 
mechanical or dynamical models. 

The crucial transition from concrete 
to abstract group theory is most easily 
explained by examples. An atom floating 
in a rarefied gas has no preferred di
rection in space and therefore has the 
symmetry of the ordinary rotation group 
03, Among the representations of 03 
there is the triplet representation. Those 
states of the atom that have one unit of 
spin belong to this representation and 
are called triplet states; they always 
occur precisely in groups of three with 
the same energy. Now let a magnetic 
field be turned on so as to destroy the 
rotational symmetry; the three equal 
energies are slightly split apart and the 
three states can be seen in a spectro
scope as a visible triplet of spectral lines. 
Such a classification of states of the 
atom according to their rotational sym
metry is the standard example of con
crete group theory at work. 

Now we jump to a different example. 
There are three kinds of fundamental 
particle called pions, one positively 
charged, one negatively charged and 
one neutral. They all have approxi
mately the same mass and approximate
ly the same nuclear interactions. Let us 
then imagine that they are a triplet rep
resentation of a group 03', having ex
actly the same abstract structure as 03 
but having nothing to do with ordinary 
space rotations. We can then predict 
many of the properties of pions from 
abstract group theory alone without 
knowing anything about the intrinsic 
nature of the operations constituting 
Oa'. It turns out that all of these pre
dicted properties of pions are correct. 
What is much more remarkable, these 
predictions were made on the basis of 
abstract group theory by Nicholas 
Kemmer in 1938, nine years before the 
first pion was discovered. The group Oa' 
(with some slight modification) is known 
in physics as the "isotopic-spin group." 

F inally we come to the eightfold way, 
which gave us the key to the classi

fication of the more recently discovered 
particles. The classification depends on 
a group Ua, which is larger and less 
familiar than 03, To make U3 under-

standable to nonmathematicians I shall 
introduce a mechanical model that bears 
the same relation to the abstract group 
U 3 as the rotations in three-dimensional 
space bear to the abstract group 0H' 
Needless to say, this mechanical model 
is not supposed to exist in the real 
world. It is intended only to illustrate 
the structure of UH• 

Consider a solar system in which the 
force of gravity varies directly with. the 
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first power of distance instead of with 
the inverse-square law. Suppose the 
planets to be small, so that their mu
tual perturbations are negligible. Each 
planet then moves independently in an 
elliptical orbit with the sun at the cen
ter. The peculiar feature of these orbits 
is that they all have the same period, 
the outer planets moving faster than the 
inner ones. We call the period of each 
orbit a "year," so that the positions of 

b 
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EIGHTFOLD·W AY MODEL bears the same relation to the abstract group 5U 3 as rota

tions in three·dimensional space (illustrated on page 134)  bear to the abstract group 03, 
The model (a ) shows seven planetary orbits that can be transformed into each other 

by operations belon ging to the group 5U a' discussed in the text. That there are seven 

orbits is not significant ; any number of others could be specified to satisfy the needs of 

this particular model. Orbit No. 3 is shown separately (b ) to indicate how a planetary 

motion is defined by the points P and Q, with values P1 and q2' Normally six coordinates 

( three of p and three of q )  are needed to define a point in space. But because of the special 

way the coordinate axes are chosen for this model, P2 and q1 are zero, and because the 

orbits all lie in a plane, the coordinates P3 and qa are also zero. All the orbits have the 

same total energy (P12 + q22 = 1 0 )  but different angular momenta, expressed in terms 

of the value Q 12 ' In particular the two strai ght.line orbits ( 1  and 7 )  have zero angular mo

mentum, whereas the circular orbit ( 4 )  has the most angular momentum. According to the 

eightfold way the seven orbits can be represented by sets of nine numbers, listed in c. 

It is evident that six of these numbers vanish because P2' P3' q1 and qH are all zero. Thus 

only three components remain : 511, a12'  522, When the appropriate values for P1 and q2 
are inserted, the three components take the values shown in d. The values are such that 

they transform into each other when the operations of 5U 3 symmetry are applied. This 

is possible, in part, because the total energy for all orbits is the same : 511 + 522 = 10. 
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CAN'T 
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DONE 
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• 

TRY 

PAPER e "��::::,

; J::� 
s o m e t i m e s  n o t  

fully aware o f  paper's possibilities. Paper 
is so much more than just something to 
write on, read from, wrap packages with. 

The potential in paper is growing 
with every new development, every 
new use. Perhaps you're faced with a 
knotty problem right now. Would you 
think of turning to paper for a solution? 
Maybe you ought to. 

To get an idea of what specialty 
papers - custom-designed for the job -
are accomplishing in industrial and 
technical applications, write for a free 
copy of our "Creative Imagination" 
booklet. 

And if you're working on a great idea 
that "can't be done" - give us a chance 
to think it through with you. You may 
have some very pleasant surprises in 
store. 
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all planets repeat themselves at yearly 
intervals. 

The motion of a planet can be speci
fied precisely by two points in space 
denoted (P, Q) , P being the position of 
the planet now and Q being the position 
it will occupy three months later. An
other planet traveling three months 
ahead of the first in the same orbit will 
be specified by (Q, -P) , where -P 

means the point diametrically opposite 
P. The total energy of either of these 
planets is given by (Op2 + OQ2) , which 
is the sum of the squares of the dis
tances of the points P and Q from the 
sun at O. The group U� (as exhibited by 
this particular model) is defined as the 
set of all transformations of the plan
etary motions, subject to the following 
three restrictions: ( 1) the transforma
tions are linear; (2) the transformations 
leave the total energy of each motion 
unchanged, and (3) if two or more plan
ets are moving in a given orbit, a trans
formation that takes one to a new orbit 
takes all. 

If only the first two conditions were 
imposed, we would have the group of 
all linear transformations of (P, Q) , leav
ing the sum (OP2 + OQ2) unchanged. 
This would be simply the rotation group 
OG in a space of six dimensions (three 
dimensions for P and three for Q).  The 
group Ua is thus a subgroup of 0G' The 
third restriction on U3 can be stated in 
a more concise but equivalent form as 
follows: A transformation that takes the 
motion (P, Q) into (R, S) must also take 
(Q, -P) into (S, -R) .  

Two special kinds of  transformation 
can easily be seen to belong to U3• 

First, consider ordinary rotations operat
ing on P and Q simultaneously. These 
obviously satisfy the three conditions. 
Hence the rotation group 03 is a sub
group of Ua. Second, consider the 
transformations of time-displacement, in 
which each planet is transformed into 
the same planet at a fixed interval of 
time earlier or later. The time-displace
ments also belong to U3 and form an
other subgroup (T) of Ua. 

For application to physics it is con
venient to reduce U3 to a smaller group 
S U3 (and when I write S U3, I mean the 
group the professionals call S Ua/Z3) .  

One obtains 5 U3 from U3 by simply for
getting time. For S Ua all motions be
longing to the same orbit are regarded 
as identical, irrespective of the time. 
\;Yhereas U3 transforms a planetary mo
tion into another planetary motion at a 
particular time, S U3 transforms an orbit 
into an orbit without reference to time. 
In mathematical language S Ua is the 
group U3 with the subgroup T of time-
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SUPERFAMILY OF EIGHT was the first 

grouping suggested by the ei ghtfold way. It 

contains the eight most familiar baryons : 

the neutron (NO )  and proton ( N +  )-also 

known as the nucleon doublet-the lambda 

( A )  singlet, the ori ginal sigma (L) triplet 

and the ori ginal xi ( S )  doublet. The sig

ma triplet and xi doublet that appear in 

the lO·member superfamily containing the 

omega minus (see page 128 ) are heavier 

particles with the same values of Y and I. 

displacements removed from it. The 
representations of 5 U  � are precisely 
those representations of U3 that are in
dependent of time. 

Let us now look for simple represen
tations of S Ua.  A planetary motion 
(P, Q) is defined by the six coordinates 
(PI , P2, Pa, q1 , q2, qa) of P and Q. 

These coordinates by themselves define 
a representation of U� but, since they 
are time-dependent, not of S U3•  The 
Simplest time-independent quantities 
(for reasons we need not go into) 
consist of p's and q 's multiplied together 
in various combinations, as shown in 
the illustration on the preceding page. 
There are nine and only nine such 
quantities. Three of them are compo
nents of the angular momentum and 
are designated a12, an and a�l ;  six are 
components of another kind that are 
related to the total energy of the sys
tem: S11 ,  522, Sa�, S12, S2a, Sal ' (The 
subscripts indicate which of the p's 
and q's are involved in defining the 
quantity, thus al2 = Plq2 - P2q1 and 
S12 = PIP2 + q1q2' ) 

Because this representation of SUa 

involves nine quantities it is said to be 
nine-dimensional. The sum Sl1 + 522 + 
533, however, is the total energy of the 
system and does not transform at all 
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Frequency and 
time measurements 
h ave p r o gres s e d  t oward 
grea ter  a n d  grea ter  prec i s ion  
t h rough t h e  development of t h e  pen
d u l u m ,  t u n i n g  fo r k ,  reso n a n t  e lec
tronic  c i rcuits ,  and crystal  oscil lators.  

In the past decade, the study of quan
t u m  electronics has led to a n  u nder
s t a n d i n g  o f  the i nh e r e n t  s t a b i l i t i e s  
associated w i t h  atom ic resonance.  A s  
a resu l t ,  several  p r a c t i c a l  " a t o m i c  
clocks" have been developed which 
provide the most accurate frequencies 
yet known - against which the most 
accurate measurements yet known can 
be made.  Var ian Associates produces 
three different devices of this  nature.  

Cesium beam tubes have provided 
the reference for the first practical 
atomic standard. Thei r  acceptance and 
w i despread use h a s  revol u t i o n ized 
measurement concepts. At Bever ly .  
M assachusetts, Var ian makes tubes  of 
this type which i n corporate the most 
recent designs.  

A t  Palo Alto, Cal ifornia ,  Varian has 
combi ned solid-state elect ronic c i r
cui try with rubidium optical packages 
to c reate small,  h ighly rel iable ,  port
able i nstruments.  

H y d r o g e n  m a s e rs .  d e v e l o p e d  at 
Beverly.  have proven to be the most 
stable refe rence yet d iscovered . 

I f  frequency or t ime control is part 
o f  your work.  V a r i a n  would l i ke to 
help you.  

VAR IAN 
I NSTR U M E NTS 

AT WO R K  
• VA R I A N  a s s o c i a t e s  

INSTRUMENT G ROUP. PALO ALTO, CALIFO RN IA 
IN EUROPE, VA R I A N  A . G  . •  ZUG ,  SWITZE R L A N D  

Electromagnets, 
frequently the heart 
of a phys i c s  e xperim ent, 
often thwart the efforts of 
exp erimenters by varyin g  
t h e i r  fie ld  s trength randomly 
w i t h  changes i n  ambient  temperature 
and l i ne power, o r  with the placement 
of the experiment i n  the air gap. These 
deviat ions a re most obvious and t rou
b l e s o m e  d u r i n g  e x p e r i m e n t s  w h i c h  
req u i re a h igh degree of field stabi l i ty  
o r  l i nearity of field sweep. 

Var ian's new F I ELD I A L '" magnetic 
field regu l a t o r  v i rt u a l l y  e l i m i n a t e s  
t h e s e  frust rat i n g  field shifts .  I t  also 
provides more than a n  order of mag
n i tude i mprovement in the stabi l i ty  
and control  of the magnet ic  field com
pa red with conve nt ional  current regu
lation methods. 

F I E L D I A L  regu lators employ feed
back from a s e n s o r  l o c a t e d  in t h e  
magnet a i r  g a p  t o  control magnet cur
rent input ,  t hereby reducing u n wanted 
fluctuat ions to ze ro almost instantly .  
This  unique sensor,  based on the well
k n o w n  H a l l -effect p r i n c i p l e ,  is t h e  
result  of an extensive crystallography 
research program at  Var ian .  

I n  addit ion to improv i n g  i nternal  
field control.  the F I E L D I A L  regulator 
( as i ts  name implies ) provides d i rect 
d i a l i n g  and d i g i t a l  r e a d o u t  o f  t h e  
desi red field i ntensity . I t  also permits  
l i near  field sweeps despite non-l inear 
c u r r e n t  i n p u t .  Field values d i a le d  
yesterday o r  l a s t  year can be repeated 
with the assurance that hysteresis wi l l  
not afl'ect field values selected .  

The F I E L D I A L  regu lator i s  compat
ible with  previous Varian electromag
n e t s ,  t h u s  m a k i n g  t h e  i ns t r u m e n t  
a v a i l a b l e  f o r  c o n v e rs i o n  o f  e x i s t i n g  
systems. ':' T M  V a r i a n  Assoc i a t e s  

i 
" 
.5 

Varian Field Rea:u1ator Dial Setting Curtent Regulator Dial Setting 

Fi n g e rp ri nt s 
are unique to each 
individual.  Likewise, e ach 
organic compound gives an 
N M R  spectrum entirely its 
own .  You can tell a man by his 
prints ;  you can ident ify a compoun d  
by i ts  N M R  spectrum. E v e n  a m i nute 
change i n  the structure o f  a compou nd 
creates a sl ightly d i fferent magnetic 
e n v i ronment for the hydrogen atoms 
within a molecule,  which the nuclear 
magnetic resonance spectrometer wil l  
detect and record.  

Var ian N M R  spectrometers can re
solve d ifferences equal to 1 part in 
2 x 1 08 •  Comparing it  to today's fine 
o p t i c a l  i ns t r u m e n t s ,  i t  i s  r o u g h l y  
equivalent t o  having a telescope which 
would let you dist inguish one black 
cat from another near i t  on the surface 
of the moon ! 

Such a powerful analyt ical  tool has,  
of course,  been used for m a n y  years by 
lead i n g  research laboratories around 
the world . Since the development o f  
the Varian A - 6 0  Spectrometer,  how
ever,  the use of nuclear magnetic reso
n a nce for rout ine analysis  o f  orga n i c  
compounds has grown steadi ly .  

I n part ,  th is  increase i s  due to the fact 
that the A-60 i s  less expensive than the 
more powerful research spectrometer. 
But w h a t ' s  m o re i m p o r t a n t  i s  the 
A-60's ease of ope rat ion.  Because it 
provides reproducible spectra o n  p re
cal ibrated charts you can use the A-60 
to collect and catalog spectra for fast, 
rout i ne ident ificat ions.  

P lease  send  i nfo rmat ion  on  N A M E  ____________________________________ ___ 

o N M R  Spect rometers  

o F I E LD IAL  TM Regu l ators 

o Atom i c  C l ocks 

o Rub i d i um  

o Hydrogen ,  Ces i u m -

D E PARTM ENT ________________________________ _ 

O R G A N  I ZAT I O N  _______________________________ _ 

STR E E T  ____________________________________ _ 

C l T y  _____________________ STATE _______ _ 

* P l e a s e  m a i l  r e q u e s t s  for  Hydrogen a n d  C e s i u m  Ato m i c  C l o c k  i nfor
m a t i o n  t o  Q u a n t u m  E l e c t r o n i c  D e v i c e s ,  D i v i s i o n  of V a r i a n  Assoc i a t e s ,  
B e ve r l y ,  M a s s a c h u s e t t s .  

1 4 1  
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2 1 8 7  3 8 7  
ACT U AL S I Z E  

These new 
General Electric 

lamps have 
25,OOO-hour 

• • Insomnia 

They're made for wide - awake designers . For men who 
want a longer - lasting, dependable lamp for Computer 
Systems • Displays • Read- outs • Aircraft Indicators · 
Switches • Etc. ! 

If you're noodling over one of the above ( including 
Etc. i ) ,  you'l l  want to check out new, reliable #2 1 8 7  and 
#387.  The leads o n  the wire terminal version,  i n ciden
tally, are cleaned and solderable-at no extra charge . Or 
for q uick, easy i n stallation,  you may find #387's midget 
flanged base more to your l iking.  

Send for Bulletin number 3-4365.  It's the best  way to 
find out which of these newcomers you can use best. 
General Electric Company, M i n iature Lamp Department 

M-420, Nela Park, Cleveland, Ohio 44 1 1 2. 

D e s i g n  
Ca n d l e  Life 

N o .  Volts Power A m  p s  (average) Fi l a m e n t  Bulb Base 

3 8 7  2 8  0 . 3 0  0 . 0 4  2 5 , 0 0 0  C · 2 F  T · 1  % M i d g . 

( ap pro, .) h r s Fl a n ge d  

2 1 8 7 2 8  0 . 3 0  0 . 0 4  2 5 , 0 0 0  C·2 F T· 1  % W i r e 
h rs Te r m i n a l  

Progress Is Ovr Mosf Imporl-emf 'Protlvd 

G E N E R A L  _ E L E C T R I C  

SPECTRAL LINE OF NIOBIUM (bottom) 
i s  split into three components when a mag· 

netic field is  turned on so as to destroy the 

rotational symmetry of the atoms. Two com· 

ponents are observed perpendicular to the 

magnetic field (middle) and a third is ob· 

served parallel to the magnetic field (top ) .  
The triplet lines correspond t o  three states 

of the atom that have one unit of spin each ; 

these states always occur precisely in groups 

of three with the same energy. Such a classi· 

fication of states of the atom according to 

their rotational symmetry is an example of 

applied group theory. Spectrograms were 

made in the Spectroscopy Laboratory of 

the Massachusetts Institute of Technology, 

under any of the operations of V 3 '  
When three quantities yield a constant 
sum, it is evident that only two of them 
are independent and that the third is 
always implied when any two are given. 
The three quantities 511 ,  522 and 533 
might be reduced to two independent 
quantities in various ways, but for tech
nical reasons they are usually combined 
as follows: one quantity is expressed 
as 51 1  - 522 and the other as 533 -
Jf(5 1 1  + 5d. As a result there are only 
five independent components of 5 rather 
than six, and these together with the 
three components of a yield a total of 
eight quantities that do in fact trans
form into each other under V3. These 
eight quantities are time-independent 
and provide an eight-dimensional rep
resentation of 5 V3 •  The representation 
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COMPUTERIZED TRANSMISSION TOWERS . . .  VIA HELICOPTER? 
To compete as a supplier of new-type trans
mission towers for the nation's expanding electric 
power systems, Kaiser Aluminum needed ways 
to produce bid information fast and accurately. 
Computers came through. Helicopters followed 
through. 

With computers, we increased the reliability of 
engineering data on these "guyed -V" towers. 
Also, we shortened the time required to develop 
the information, as compared to former long
hand mathematical methods. 

By designing the towers to be flown ful ly
assembled by helicopter - all-aluminum for 
light weight, and strong enough to do the job -
we are giving our customers important savings 
in construction time and money. 

Already, we've delivered more than 1400 of 
these aluminum towers, with savings for some 
remote sites in excess of $1000 per tower ! 

Find a need. Fill it. 

This is the Kaiser Aluminum way of working 

that contributes more useful product innovations 
- and gives more customers better service -
every day. 

Address inquiries to Kaiser Aluminum & Chemical 
Corporation, Kaiser Center, Room 856, Oakland, 
California 94604. 

KAISER 
A L UMIN UM 
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P L E N C C> 
P H E N O L I C  M O L D I N G  C O M P O U N D S  

For electrical connectors. Washing ma
chine agitators. Vacuum tube bases. Air 
conditioner blades. Underground-pipe 
fittings. Pot and pan handles . Bottle 
closures and control housings. Switch 
parts and steam iron bodies. Diamond 

grinding wheels, shuffleboard discs and 
distributor rotors. Tape recorder heads , 
serving trays . . . and countless other 
widely different products whose design
ers and molders have learned that if 
phenolics can do it, Plenco can provide it 
. . .  and does . With distinction . 

PLAST I C S  E N G I N EERI N G  COMPANY 
S h e boygan,  Wisconsin 

Through research . . . a w i d e  r a n g e  o f  ready- made 
or c u st o m  for m u l ated p h e nOlic,  m e la m i n e  and epoxy 
thermoset m o l d i n g  c o m p o u n d s , a n d  i n d u strial resins. 

so obtained is the simplest that exists 
and is the famous eightfold way. 

Finally, let us imagine that the S U3 
symmetry in nature is not perfect. Sup
pose, for example, that the "three direc
tion" (that is, the direction in which 
the coordinates have the values PH and 
q3) is somehow different from the other 
two directions. In terms of our imagi
nary solar system this means that sym
metry is preserved only when the orbits 
all lie in the same plane and is not pre
served by rotations that carry the orbits 
off the plane. In this case the symmetry 
group U3 will be replaced by its sub
group U2, consisting only of those trans
fonnations of U3 that leave the three 
directions unaltered. Under the oper
ations of U 2 the eightfold way does 
not remain a unified representation. Its 
eight components split into' subsets in 
the following manner; 

(a singlet) 

(two doublets) 

(a triplet) 

Each of these subsets forms a represen
tation of U2• In other words, the trans
formation defined by the singlet repre
sentation pertains to a unique subset of 
the total set ; a subset of one member. 
Each of the two doublets represents a 
slightly larger subset ; a subset of two 
members. Similarly, the triplet subset 
has three members. 

Turning now to the actual physical 
world, compare this eight-member struc
ture with the eight original baryons, the 
most familiar of the heavy "elemen
tary" particles, which consist of the 
lambda (A) singlet, the proton-neutron 
(or nucleon) doublet, the xi (S) doublet 
and the sigma (�) triplet. The agree
ment is exact. 

In other representations of SU3 there 
are 10, 27 or more members. Cell-Mann 
was the first to point out that the sym
metry of a 10-member set could be 
satisfied by nine of the known baryons 
if they were augmented by a missing 
singlet that he named, in advance, the 
omega-minus ( 0 - )  baryon. The known 
members of this 10-member set were 
a delta (C.) quartet, another sigma triplet 
and another xi doublet. The predicted 
singlet was discovered in February in 
bubble-chamber photographs made at 
the Brookhaven National Laboratory. 

The evidence is now overwhelming 
that an abstract symmetry with the 
structure of SUa actually exists in nature 
and dominates the behavior of the 
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No balance wheel, 
no mainspring, 
no hairspring, 
no tick, no tock. 

Accutron® made 
them obsolete. 

Old·fashioned balance 
wheel is still used in  al l  wind, 

self·wind, and electric 
watches. It is not used in the 

Accutron movement. 

Accutron tumng fork 
keeps virtually perfect time 

and comes with the 
first guarantee of accuracy 

ever given. 

We do not call this timepiece a watch , 
All the parts that make a watch fast or slow 

have been left out of it. 
Accutron time is kept by the vibrations of a 

tiny tuning fork. 360 vibrations a second . 
It is so precise that we guarantee average 

daily accuracy within 2 seconds. * 
And many owners say their error is only 

second or none at all . 

The tuning fork principle was discovered over 
60 years ago, But no one could make it work in a 
timepiece small enough to wear. 

This is what Bulova has done, 
And you might like to know that the U.S. 

Government is  now using Accutron movements 
in satellites . 

And has issued them to all X- I S  pilots . 
One thing more, 
Dust,congealed oil, and just plain 

wear will get to the precision of a regular 
watch sooner or later. 

These things do not affect Accutron 
time at all .  It will be as accurate years 
from now as it is today. 

We're sorry about the tick tack. 

Accutron by Bulova.L) Model  "209", $ 1 50 p l u s  tax. Others from $125 p l u s  tax. ·Your Accutron jeweler  w i l l  adjust  to t h i s  tolerance if  necessary. G u a rantee is for one f u l l  yea r.  © B u lova Watch Compa ny, Inc. 
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_ _ _  a n d  i n  add i t i o n ,  

. . .  t h e  F I RST of a s e r i e s  of  
F l u ke a l l - s o l i d  - state 

D I F F E R E NT I A L  V O LT M E T E R S  
Fl uke, foremost manufacturer o f  d i fferential vol tmeters, expands the l i ne 
with the introduction of the fu l ly-transistorized, A C  and DC d i fferential  
voltmeter Model  883 A B .  
DC a n d  AC accu racy a re :':: ( 0 .0 1 %  + 5 � , v ) a n d  :':: ( 0 . 1 %  + 25 � 'v ) o f  
i n p u t ,  respectively.  I n p u t  is  0 to 1000V A C  o r  DC i n  fou r  ranges. F u l l 
sca le deflection of n u l l  m e t e r  incl udes seven ranges, 100 ! Iv through 
100V . Six-digit i n - l i ne readout is  obtained by fou r  decade switches plus 
h i gh- reso l ution interpolating vernier.  Deci mal point placement is auto
matic accord i n g  to i nstrument range. 
Compact and l i ghtweight ( on l y  14  Ibs. including batteries ) ,  the 883AB 
is provided i n  a single configura t ion for cabinet o r  half- rack mounting.  
Equipped with fol d-back t i l t i n g  ba i l .  Di mensions a re 8 Y2 "  wide x 6 Y2 " 
h i gh x 14%"  deep. 
Severe m i l -spec tempera ture, h u m idity,  shock and v i bration tests prove 
that Model 883 A B  w i l l  give maximum laboratory, p roduction l ine, or 
field performance. 
This instrument can be powered from either  i nterna l ,  recha rgeabl e  
battery pack o r  50-440 c p s  l ine power .  Complete isolation d u r i n g  batte,;y 
operation e l i m i nates common-mode and norma l-mode effects associated 
with electrica l  g round-loop feedback.  

Prices a n d  fu ll specifica t io n s  (su bject t o  c h a n ge) on req u e s t .  

D e m o n s t ra t ion call b e  arrallged t h rollr;h t h e  Flu h e  represen 

t a t i v e  ill your area.  

IFLU KEI -, 
.J O H N F L U K E  M F G .  C O . ,  I N C . ,  B o x  7428 , 
Seatt le,  Wash.  981 33 (Phone 206 - 776 - 1 1 7 1 )  
Pl ease send m e  com p l e t e  i n fo r m a t i o n  o n  

o S o l i d - s t a t e  M odel 883AB d i fferen t i a l  vol tmeter  

o Full  l ine  of F l u ke t es t  a n d  measurement i ns t ruments  
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strongly interacting particles. The sym
metry is not perfect, being broken by 
some relatively weak perturbation that 
reduces the group SUa to its subgroup 
U2· The U2 symmetry that remains is 
essentially identical with the abstract 
isotopic-spin symmetry discussed ear
lier. Our entire picture of the strongly 
interacting particles has been trans
formed from chaos to a considerable 
degree of order by these compellingly 
simple group-theoretical ideas. 

Group theory is in many respects the 
most satisfactory of the three theoreti
cal methods I have discussed. Unlike 
S-matrix theory, it has an elegant and 
impeccably rigorous mathematical basis; 
unlike Reid theory, it has clear and solid 
experimental support. What then is 
lacking? The trouble with group theory 
is that it leaves so much unexplained 
that one would like to explain. It iso
lates in a beautiful way those aspects 
of nature that can be understood in 
terms of abstract symmetry alone. It 
does not offer much hope of explaining 
the messier facts of life, the numerical 
values of particle lifetimes and inter
action strengths-the great bulk of 
quantitative experimental data that is 
now waiting for explanation. The proc
ess of abstraction seems to have been 
too drastic, so that many essential and 
concrete features of the real world have 
been left out of consideration. Alto
gether group theory succeeds just be
cause its aims are modest. It does not 
try to explain everything, and it does 
not seem likely that it will grow into a 
complete or comprehensive theory of 
the physical world. 

We are left with three methods of 
work in theoretical physics: Reid 

theory, S-matrix theory and group theo
ry. None of them really deserves the 
name of theory, if we mean by a theory 
something similar to the great theories 
of the past, for example general rela
tivity or quantum mechanics. They are 
too vague, too partial or too fragmen
tary. This is of course only my personal 
judgment. Even if they succeed in their 
declared aims, they do not satisfy my 
aesthetic sense of what a theory ought 
to be. I am tempted to apply to them 
the term "Bridges of snow built across 
crevasses of ignorance" to describe my 
feelings of dissatisfaction. This splendid 
phrase is often useful for characterizing 
theoretical ideas with which one hap
pens to be unsympathetic. It is well to 
remember, however, that it was Rrst so 
used by the bigoted biometrician Karl 
Pearson in a diatribe against Gregor 
Mendel's laws of inheritance. 
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How long wou ld it take us to show you the advantages 

of the new 31 5 RMC Rod Memory Comp uter? 

About 800 bi l l ionths of a second .  

Beca use its enti re m a i n  memory i s  
made u p  of t h i n  w i re rod s p lated with 
a magnetic thin fi l m  that perm its 
cycl e  speeds of 800 n a noseconds 
(800 b i l l ionths of a second) . That 
memory, i nc identa l ly,  has a capac ity 
of up to 240,000 d igits. 

Also ava i l a b l e fo r t h i s  n ew 3 1 5  R MC 
- a n d  a l l  3 1 5 ' s  - is a new l i ne of 
faste r a n d  m o re effi c ient  peri p h e ra l s ,  
s u c h  a s :  speed i e r  tape d rives (66 K C  
convers i o n  o f  data from oth e r  com· 
puters a n d  1 20 KC fo r d i rect p rocess· 
i ng) ; a 1 000 l i ne·per· m i n ute pr i nter; 
a 250'cpm ca rd p u n c h ;  a data com· 
m u n icat ions contro l l e r  fo r " o n - l i ne "  
a p p l ications;  b u i lt- i n  float i n g  point 
a rith metic;  new h igh capac ity CRAM 
I I I  (Ca rd Random Access Memory) 
that has up to 1 6 , 000, 000 c ha rac
ters of ra ndom a ccess sto rage in  
eac h  CRAM ca rt ridge. 

The 3 1 5  R MC i s  co m p l etely com
pat i b l e  with a l l  ex ist i n g  3 1 5  peri p h 
e ra l  eq u i pment. A l l  3 1 5  p rogra m s  
a n d  softwa re, i n c l u d i n g  N EAT, CO B O L  
a n d  the recently a n no u n ced p rogra m 
gen e rator B EST may be ru n -as i s .  

De l ive ries beg i n  i n  m id - 6 5 .  For 
m o re i nfo rmation a bout the versat i l e  
3 1 5  fa m i ly of com pute rs (a n d ,  espe
c ia l ly ,  the new 3 1 5  R MC) , ca l l  you r  
loca l NCR office. Or,  write t o  NCR,  
Dayto n ,  O h i o  45409. 

BE SURE TO VISIT THE NCR PAV I L ION AT THE  N EW YORK WORLD'S FAI R  THE NATIONAL CASH REG I STER COMPANY ® 
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Mathematics in the Biological Sciences 
Biologists use 7nathe171atics, but the comple�{; systems they study resist 

mathe171atical description. The kind of description that 7night someday 

be helpful is suggested by the abstract ana�ysis of self-reproduction 

Rene Descartes looked on animals 
(and the hUfllan body, but not 
the soul) as devices that could be 

explained in mechanical terms.  Once 
when he was tutoring Queen Christina 
of Sweden, she challenged him with the 
question: But how can a machine re
produce itself? The same question is be
ing asked today by mathematicians who 
reflect on the capabilities and limita
tions of machines. In their efforts to 
construct a detailed mathematical theory 
of self-reproduction they apply mathe
matical methods to the study of a proc
ess that has always seemed uniquely 
biological. 

Such applications of mathematics 
have been rare. \Vhereas physics and 
mathematics have flowered together 
over the past 300 years, closely related 
to each other and mutually stimulating 
[see "Mathematics in the Physical Sci
ences," page 128] , original mathemati
cal thought has done little for biology. 
I can think of a few exceptions .  Thomas 
Malthus created a mathematical model 
in which population multiplies in a geo
metric progression while the food sup
ply increases only arithmetically, precip
itating a "struggle for existence." Both 
Charles Darwin and Alfred Russel Wal
lace, on reading �Ialthus, saw in that 
struggle the mechanism with which to 

by Edward F. Moore 

explain natural selection . An essentially 
mathematical idea, in other words, can 
be said to have contributed to the de
velopment of the central concept of 
biological evolution. 

As for contributions by biology to 
mathematics, they too have been rare . 
One of the most notable has been in the 
area of population genetics.  R .  A. Fisher 
of Britain and Sewall Wright of the 
U .S .  developed mathematical models to 
show how the rules of heredity com
bine with the laws of chance to cause 
a given gene to survive or die out in a 
population. vVright's extremely sophis
ticated model was based on diffusion 
theory, and it led William Feller of 
Princeton University to explore new 
areas of mathematics. 

In their everyday work, of course, 
biologists do make use of mathematics. 
Like other investigators, biologists must 
subject their results to statistical tests 
(some of them developed by Fisher), 
and they customarily display the rela
tions they discover in the form of the 
curves of analytic geometry. The mathe
matical equations of thermodynamics 
are familiar to biochemists. Statistical 
techniques have played a role in the 
deciphering of the genetic code and in 
the mapping of genes. The fact remains 
that all this is conventional mathemat-

SELF.REPRODUCTION is one of the biological proces,es that have been subjected to 

mathematical analysis. The little red and blue "creatures" in the photographs on the oppo· 

site page are the two kinds of part of an elementary self.reprodU!:ing machine designed 

by the geneticist L. S. Penrose. If the parts are placed in a plastic tray (a) and the tray is 

shaken end to end, the parts are jostled but they do not link up (b). But if a blue·red "seed," 

or "machine," is introduced (c) and the parts are shaken again, the seed imparts a tilt to  

the other parts, which link to form more blue·red units ( d); these machines are spread 

apart for bettcr visihility in e. Now if a red-blue seed is introduced instead (f), shaking 

produces only red·blue machines ( g, h): the machine "breeds true." Penrose's creatures 

were made of plywood ; these were made of aluminum at the B ell Telephone Laboratories. 

ics .  Although there have been a number 
of deliberate attempts to establish a 
"mathcmatical biology," most of these 
efforts seem not to fulfill their early 
promise. It is possible, however, that 
new mathematical studies utilizing com
puters may accomplish more than could 
be done in the past with necessarily 
oversimplified models of biological proc
esses. 

The special value of mathematics to 
biology lies not in its use as a tool but 
in its power to abstract and thus to lay 
bare fundamental problems and the 
relations between superficially distinct 
entities and processes . Organisms are 
machines, albeit highly organized ma
chines. It  seems to me that the signifi
cant encounter between mathematics 
and biology will stem from the logical 
examination of problems in machine  
theory that turn out  to  have relevance 
to fundamental problems in biology, 
and it is to speculations of this kind that 
this article will be largely confined. 

C laude E. Shannon of the Massachu-
setts Institute of Technology and 

John �IcCarthy of Stanford University 
once pointed out that when men find 
machine analogues for the human body, 
the machincs they pick necessarily re
flect their times. Descartes compared 
the body to intricate water clocks and 
fountains ;  earlier in this century the 
brain was regarded as a telephone cen
tral office ; more recently the electronic 
computer has been the preferred ma
chine to which to compare an organism. 
Perhaps for this reason most of the 
workers who have recently explored the 
relations betwecn organism and ma
chine have concentrated on the central 
nervous system . They have tended to 
ask two questions: Can one explain the 
brain as a kind of computer? Can one 
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build a computer that "thinks" like a 
brain? 

There have been several l ines of ap
proach, but central to most of them has 
been the concept of the "automaton,"  
which i s  in  effect an idealized machine 
or machine part or, when the analogy 
to neurophysiological processes is being 
pressed, an idealized organism or part 
of an organism, such as a cell. In autom
aton theory one deals not with the in
ternal workings of the automaton but 
with its external manifestations. In the 
words of the late John von Neumann, 
the elements of a machine or an or
ganism "are viewed as automatisms the 
inner structure of which need not b� dis
closed, but which are assumed to react 
to certain unambiguously defined stim
uli, by certain unambiguously defined 
responses. " 

One of the most useful of such ab
stract machines is the "finite-state ma
chine," or "finite automaton . "  It is a 
"black box" that has a finite number of 
discrete internal "states ."  It also com

�only has a finite number of possible 
lIlputs ami possible outputs.  The state 
and the output at any time T depend in 
some arbitrary way on the previous state 
and input at time T - 1. Confronted 
with a finite automaton and a set of 
rules for its transitions from state to 
state, one can determine from its start
ing state and the input sequence what 
the state and output of the automaton 
will be at any specified time. The rules 
can be presented in the form of a table 
or diagram [see top illustration on page 
152]. It is important in dealing with 
finite-state machines to understand the 
concept of state. The state of an autom
aton that is an abstract model of a 
combination lock is not "locked" or 
"open," for example; it is the situation 
of the lock's innards-the positions of 
the various unseen gears and levers, 
which change with each twist of the 
visible dial [see bottom illustration on 
page 152]. 

In 1943 Warren S. McCulloch and 
W. S. Pitts of the Massachusetts In

stitute of Technology developed an ab
stract and highly simplified model of 
the basic element of a biological ner
vous system: the neuron, or nerve cell. 
I t  was in effect a finite automaton with 
only two possible states-firing or not 
firing. By combining these modules, or 
formal neurons, they set up models of 
nervous systems, and later S. C. Kleene 
of the University of Wisconsin proved 
a general theorem characterizing the 
kinds of behavior that can be expected 
of networks of McCulloch-Pitts neurons .  

1 50 

A MATHEMATICAL MODEL 
OF THE NERVE IMPULSE 

The most frequent subjects of mathe
matical modeling in the biological sci
ences are neurons, or nerve cells, and 
networks of neurons .  Some models as 
Edward F . .\100re indicates in the

' 
ac

companying article, leave biological fact 
far behind. Other models however seek 
to explain the actual functionil�g of 
nerve cells or fibers. The classic example 
is the model of the nerve impulse that 

+ + + __ �a++ + + + + 

---K�++ ---- -;- ; G""""" "'. "_'1 III - ;""/"""!..t�-_-_-_-_-.. ! 
+++ -- +++++ N a+ 

NERVE IMPULSE is a wavelike variation 

of potential difference across the nerve-axon 

membrane. Sodium i ons enter the axon dur

ing the rising phase of the impulse and po

tassium ions leave during the falling phase_ 

R 

1 62E 6E 1m = R 6x2 = c 6t + I; 

CABLE ANALOGUE of nerve axon has 

longitudinal resistances, membrane capaci

tances and ionic-current elements (Ii)' 

IONIC-CURRENT ELEMENTS have potas

sium and sodium batteries, each with a vari

able resistance_ E is  membrane potential. 

was developed by A. L. Hodgkin and 
A. F. Huxley of the University of Cam
bridge. 

The signal that travels down the 
cable-like axon of a nerve cell is an elec
trical pulse about 100 millivolts in am
plitude and one millisecond in duration . 
The impulse is propagated at constant 
velocity and shape by a mechanism that 
regenerates the pulse at each point 
along the axon; the energy for this re
generation comes from the distribution 
of ions between the inside and the out
side of the axon. Potassium ions are 
more concentrated inside the axon, and 
if the axon membrane were permeable 
only to potassium, the potential differ
ence across it would be the potassium 
equilibrium potential (£f() of about 75 
millivolts, with the inside of the axon 
negative. Sodium ions are more con
centrated outside, and if the membrane 
were permeable only to sodium, the 
voltage across it would be the sodium 
equilibrium potential (Esa) of about 50 
millivolts ,  with the inside of the axon 
positive. What happens is that the per
meability of the membrane to ions un
dergoes dramatic changes in response to 
changes in potential. In its resting state 
the membrane is moderately permeable 
to potassium and the potential is about 
-60 millivolts . If  an artificial stimulus 
or an advancing nerve impulse reduces 
this potential, the membrane momen
tarily becomes highly permeable to so
dium ions, which enter the axon' the 
potential in this active region mom�ntar
ily becomes positive. Almost immedi
ately, then, the sodium permeability is 

�hut off and the potassium permeability 
lIlcreases, restoring the membrane po
tential to its resting value as the nerve 
impulse moves on down the axon. 

A number of investigators in Britain 
an� the U.S .  established that the propa
gation of the nerve impulse, or action 
potential, is essentially an electrical 
process described by the nonlinear par
tial differential equation shown in the 
middle illustration at left. The equation 
says that the current (Im) across any seg
ment of the membrane (color) equals 
the difference between the longitudinal 
currents flowing into and out of that 
segment, and that this in turn is equal 
to the membrane capacitance current 
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plus the current carried by ions moving 
through the membrane. The dependence 
of this ionic current on the membrane 
potential was still unknown until 1949, 
when Hodgkin and Bernhard Katz dis
covered the effect of the sodium-potas
sium sequence on the rising and falling 
phases of the impulse. In 1952 Hodgkin 
and Huxley, using a technique origi
nated by K. S. Cole at the Marine 
Biological Laboratory at Woods Hole, 
Mass., measured the ionic current when 
the membrane potential was held con
stant. From these data they deduced 
the laws governing the dependence of 
sodium and potassium permeability on 
membrane potential, and they fo rn1U
lated the laws in a set of differential 
equations. 

The active nonlinear element that ac
counts for the ionic current is shown in 
the bottom illustration at left. The equa
tion with it shows how the ionic current 
is the product of the electrochemical 
driving force for each ion and its spe
cific condi.lctance. The sodium and 
potassium conductances depend on 
three dimensionless, experimentally de
termined variables: In, hand n. These 
variables obey the nonlinear differential 
equations shown in the top illustration 
at right. The time constants (r) and 
steady-state values in the equations are 
functions only of the membrane poten
tial. Five equations-these three and the 
two previously described-together form 
the Hodgkin-Huxley model. 

If one assumes that a potential pulse 
travels with a constant velocity, solu
tion of the equations yields the wave 
form of the impulse and produces an 
adequate description of other observed 
phenomena. In order to inspect the 
transient buildup of the pulse from a 
stimulus, however, one needs a more 
general solution. Recently Fred Dodge, 
James Cooley and Hirsh Cohen at the 
International Business Machines Re
search Center have carried out a com
puter calculation in which they replaced 
the five equations with difference equa
tions. One of their results is the set of 
curves in the top illustration, showing 
the relation between sodium and potas
sium conductances and potential. The 
three-dimensional graph in the bottom 
illustration exhibits the formation of the 
pulse as it tends toward a fixed shape 
and constant velocity. This new method 
of solving the equations should also 
make it possible to study the propaga
tion of the nerve impulse in axons that 
branch or otherwise change in geometry. 

-.2 

':"$ 
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COMPUTER PRINT·OUT shows how the membrane potential and effective conductances 
of sodium and potassium vary along the axon at a fixed time. The distance scale runs from 
o {left} to 4.55 centimeters. The potential curve is delineated by asterisks {with a curve 
added for clarity} on a scale of 0 to 90 millivolts, 0 corresponding to the membrane's resting 
potential of -60 millivolts. The three curves consisting of letters are the variables represent· 
ing changes in ionic conductance of the membrane: M (sodium activation), H {sodium in· 
activation} and N {potassium activation}. Their values lie between 0 and 1. These variables 
obey the nonlinear differential equations shown with each curve. The voltage·dependent 
time constants and the steady-state values in each equation were obtained experimentally. 
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THREE·DIMENSIONAL GRAPH of a nerve impulse moving out in time and space was 
constructed from a series of curves generated by a computer, which gave the voltage as a 
function of distance along the axon at successive time intervals {colored curves}. The black 
curves show the voltage as a function of time. The graph shows how a short stimulus (.2 
millisecond) triggers a change in potential that hovers around the threshold and then flares 
into an action potential, and how the nerve impulse attains its constant shape and velocity. 
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PREVIOUS PRESENT STATE PRESENT PRESENT 
STATE STATE OUTPUT 

ql q4 q3 ql 0 

q2 ql q3 q2 0 

q3 q4 q4 q3 0 

q4 q2 q2 q4 

8�-E-- < ----�-8 
FINITE AUTOMATON is an idealized machine or part of a machine ; in automaton theory 

it  is the basic building block of systems ranging from neural networks and computer c ir

cuits to self-reproducing machines_ An automaton can be described by two tables. One (top 

left) shows the change in state in a unit of  time depending on input (color). The other (top 

right) shows the output associated with each state. The description can be diagrammed 

(bottom). Vertices give the states and outputs ; edges give transitions for each input (color). 

PREVIOUS PRESENT STATE 
STATE 

ql q2 ql 

q2 ql q3 

q3 q4 ql 

q4 ql ql 

PRESENT 
STATE 

PRESENT 
OUTPUT 

o 

o 
o 

COMBINATION LOCK can be described in fi nite-automaton terms. The input sequence is 

the combination. In this simple example the combination is 0, I, 0 ;  output I is "unlocked." 
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Kleene's theorem has since been applied 
directly to arbitrary finite-state ma
chines, without considering neurons. 
What began as an attempt to analyze 
the nervous system therefore led eventu
ally to theoretical advances in logic 
and electrical engineering. 

The British logician A. M. Turing 
took a different approach to the "think
ing machine" problem. Without making 
any assumptions about the physiology 
of the brain, he sought to define in logi
cal terms an automaton that could in 
principle carry out any precisely de
finable computation. A Turing machine 
works by performing a very large num
ber of exceedingly simple operations. 
It is an automaton with a finite number 
of states but supplied with an infinitely 
long "tape." Its instructions are written 
on a finite portion of the tape; given 
enough time and enough steps, the 
"head" of the machine reads these in
structions and prints out its answer on 
more of the same tape. Turing showed 
that a "universal" machine could even 
be designed to perform any possible 
computation. If it is supplied with de
scriptions of a task and of a machine 
that could perform that task, it  will 
figure out how to do the job itself and 
proceed to do it. 

Both the McCulloch-Pitts neurological 
model and the more abstract Tur

ing machine have stimulated interest
ing speculations on the nature of think
ing and on the extreme capabilities of 
machines. Automaton theorists have, 
for example, tried to mimic the ability of 
biological systems to repair themselves 
and to perform reliably in spite of hav
ing unreliable components. Von Neu
mann showed how one could make a 
machine that would function properly, 
even if some of its parts failed, by 
introducing redundancy: by providing 
multiple logic elements in a computer, 
for instance, and multiple pathways 
among them. Both self-repair and re
dundancy are of obvious importance in 
computer and other electronic tech
nologies and are currently under serious 
investigation. 

The fact remains that a biological 
neuron is  not a simple on-off switch 
that is either firing or not firing at any 
given time, and that computers are not 
"thinking machines." There are prob
ably better ways to build computers 
than to imitate what we think we un
derstand of the brain, and better ways 
to improve that understanding than by 
oversimplifying the behavior of neurons. 
It has sometimes seemed to me that the 
effort to design oversimplified neurons 
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A MODEL OF ENERGY TRANSFER IN PREDATION 
Ecology, the study of interactions 

between organisms and their environ
ment, is a ReId of biology that has 
seen an increasing application of 
what might be called "constructive" 
mathematics, or mathematics de
signed to create models that in turn 
lead to predictions and biological in
sights . This is a brief account of one 
such piece of work, an investigation 
of predation by L. B. Slobodkin of 
the University of Michigan. Slobod
kin experimented with laboratory 
populations of the minute freshwater 
crustacean Daphnia, measuring the 
caloric content of a population, of its 
food (algae) and of the Daphnia 
taken as "prey" (simply by removing 
them from the tank) at various rates. 
He reasoned as follows: 

If the energy income, or input, per 
unit time to a steady-state population 
is I, and if in the absence of preda
tion the "standing crop," or caloric 
content of the population, is P, and 
if the cost in calories to maintain one 
calorie of crop for one day is c, then 

I = cP. 

If there is predation, the standing 
crop P' will be reduced; assuming 
that the energy input is constant, 
there will be a change (AC) in the 
cost, so that under predation 

1= (c + AC)P' = cP' + ACP' . 

The last term in the equation repre
sents the effect of predation. If one 
considers this effect in a different way, 
then 

1= cP' + -.: . L 
y. 

Epi 

The new expression is a summation 
of as many different kinds of yield 
(Y;) as are involved, divided by Epi' 
The latter is a dimensionless number, 
a "regression coefficient" inserted to 
avoid converting  I into Y without 
taking into account the events im
plied by the switch from algae (I) to 
Daphnia (Y) .  Inspection of the equa
tion shows that a high EPi will make 
for a low drain on the population for 
a given amount of yield. Having 
measured I, P' and Yi, Slobodkin 

solved equations for C and the various 
values of EIJi• High EPi values turned 
out to be associated with older Daph
nia. This implied that EPi should be 
equivalent to some biologically mean
ingful expression . 

Now, if one assigns to each dying 
animal the energy required to re
place it, the sum of the replacement 
costs of all animals dying in a given 
interval in a steady-state population 
should precisely equal the energy in
come to the population in that in
terval. So if Ki is the cost of replac
ing an animal of age i, and if D; such 
animals die in a unit of time, then in 
the absence of predation 

and in the presence of predation 

I = L K;'D;' = cP' + ACP' . 

Now suppose only one kind of 
prey is taken, k. Then by manipulat
ing equations one can write 

This eqnation implies that predation 
on animals that are about to die any-
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way minimizes the difference be
tween the two death distributions 
and is therefore best for both the 
predator and the prey. It provides 
the predator with a maximum steady 
yield and at the same time enables 
the population to withstand preda
tion . In nature, then , both predator 
and prey might be expected to evolve 
toward a relation in which the ani
mals taken as yield will have maxi
mum Epi' For the predator this means 
taking the biggest and weakest ani
mals it can get; for the prey it sug
gests a life pattern in which the 
causes of death other than predation 
accumulate at the age level normally 
taken by the chief predator. 

The regression coefficient Epi, 
which Slobodkin calls "population 
efficiency," leads to new questions 
about actual predator behavior and 
the mechanism of aging; it suggests a 
theory even though it makes no 
unique numerical prediction . In this 
it is unlike another concept of effi
ciency, Y II, or "ecological efficiency," 
which has a fairly constant maximum 
value in various populations [see il
lustration J. There is as yet no expla
nation for this value, although it is 
predictable. The ratio Y II, in other 
words, still awaits constructive math
ematical analysis. 

• 
• • 

• 

• 
• • 

• • 

• 

• 

.5 
PREDATION INTENSITY 

ECOLOGICAL EFFICIENCY tends to reach a maximum value of 7 to 13 percent, 

whether in Daphnia pulex (color) or in species of the coelenterate Hydra (black). 
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as a step toward "thinking machines" 
is comparable to an early attempt to 
build artificial feathers to enable men to 
fly: a bird's flight reveals some funda
mental principles of aerodynamics that 
are pertinent to aircraft design, but the 
details are Significantly different. As for 
describing brain function in logical 
terms, that appears to be far beyond our 
present capabilities . Von Neumann sug
gested that the simplest possible de
scription of a specific mode of opera
tion of the brain may be a diagram of 
all the nerve connections themselves! 
There may be a mathematical logic that 
can explain the brain, but it is surely 
orders of magnitude more complex than 
anything mathematicians have yet de
vised . 

I s there perhaps some characteristic 
of living things that is more amenable 

to logical analysis? Self-reproduction is 
a good possibility. Certainly it is the 
most primitive aspect of life. Most or
ganisms do not "think," and many have 
no nervous system at all, but all orga
nisms do reproduce themselves .  There 
is a good chance, then, that self-repro
duction will turn out to be much sim
pler logically than thinking is .  If one 
could uncover a logical scheme of re
production, one should at least be able 
to identify the important problems in 
the process and perhaps even some of 
the ways in which those problems can 
be solved; this might in turn tell the 
biologist what to look for and perhaps 
throw light on some of the biological 

x y Z 0 

X Z Y X 

0 0 0 0 

X Y Z X 

X Z Y X 

processes that are now under intensive 
investigation . 

Von Neumann was the first to con
sider in detail how to make a machine 
reproduce itself. The task he set him
self, as he once stated it, was : "Can 
one build an aggregate out of [simple] 
elements in such a manner that if it is 
put into a reservoir, in which there Roat 
all these elements in large numbers, it 
will then begin to construct other ag
gregates, each of which will at the end 
turn out to be another automaton ex
actly like the original one?" He pro
ceeded to show that this was feasible : 
that a properly instructed machine 
placed in a "stockroom" environment 
would wander around assembling the 
parts with which to reproduce itself, 
and that there would in time be two 
and then four, eight and 16 machines 
and so on as long as the parts held out 
and space was available. 

At first this sounds quite impossible 
and even ridiculous. Is it not, however, 
perhaps just a matter of degree? If a 
small crystalline "seed" composed of a 
few molecules of a substance is intro
duced into an environment of many of 
the same molecules at the appropriate 
temperature and pressure, the seed 
causes more molecules to be assembled 
in the same crystalline configuration . 
Seen in this light, crystal growth is self
reproduction . So is the closing of a 
zipper:  two little hooks are brought 
together in an environment consisting 
of more hooks, arranged in a row, and 
a runner; all the other hooks join in 

X Y Z 0 

X Z Y X 

0 0 0 0 

Y Z 0 0 

Z Y X 0 

TESSELLATION is a plane subdivided into square cells. This array is a configuration of 40 
cells, shown in states designated X, Y, Z and 0 (quiescent). The total configuration contains 

three "copies" of a seven-cell configuration (color). A copy mnst be a "disjoint subset" ; 

the fonrth set like the others (black olLtline) is not a copy becanse it is not disjoint. 
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sequence to form a series of two-hook 
"machines," a sort of one-dimensional 
crystal . 

These are, to be sure, trivial exam
ples, because each involves one sim
ple change in state : from amorphous to 
crystalline, from open to closed. How 
about the punched card of a business 
machine? It is a "machine" and it re
produces itself-with the help, to be 
sure, of a complex environment :  the 
card-punching equipment, which sup
plies most of the organization required 
for duplicating the card. (Note, how
ever, that whereas some one-celled orga
nisms can reproduce in a simple nutrient 
medium, higher organisms may be de
pendent on a complex environment that 
contains, for instance, such complex 
elements as vitamins . )  The real prob
lem, then, is to produce a complicated 
machine in a simple environment-a ma
chine with a large number of parts, per
haps, but not very many kinds (or 
"states") of parts .  This is what von Neu
mann accomplished with his model of 
self-reproduction . 

One might still ask if von Neumann's 
model bears any significant relation to 
biological reproduction . One of the first 
logical difficulties he encountered pro
vides a good example of such a relation, 
as does the way in which he solved it. 
He quickly realized that the instructions 
that tell the machine how to construct 
a copy of itself cannot be complete. To 
be complete they would have to de
scribe not only the automaton but also 
the instructions themselves ;  there would 
be a blueprint of the blueprint, and this 
could go on in an infinite regress. The 
,,,ay to get around this problem is to 
provide two machines that operate on 
the blueprint in two ways. One is a 
blueprint-copier (C). The other is a 
blueprint-obeyer (0). They are com
bined, along with a sequencing device 
(s) that turns each on at the proper 
time, with the blueprint describing all 
three elements (Be + 0 + s). The com
plete machine can be symbolized as 
C + 0 + s + Be + 0 + s' Presented with 
the blueprin t for the total machine, C 
copies it and 0 follows it to build C, 
o and s. 

Recent findings in the chemistry of 
genetics reveal some striking par

allels between von Neumann's elements 
and processes in the living cell. B is a 
set of genes composed of deoxyribonu
cleic acid (DNA), which encodes heredi
tary characteristics . C is the enzyme 
DNA polymerase, which catalyzes the 
replication of a strand of DNA and so 

© 1964 SCIENTIFIC AMERICAN, INC



Mark 10 
newest addition to 

the Brush line 

SJ-r : 1 - ,  

that's all 
A new strip chart recorder 
solid state ... even the ink! 

A solid capsule is the ink supply in this new 10" servo-type 
recorder. Heated to flow freely from the pen . . .  it dries in
stantly on contact with the paper. Modular electronic and 
mechanical assemblies simplify operation and maintenance. In 
addition, you have the complete flexibility of plug-in units. 
Check out these performance facts . . . 
Full scale span of 5 mv to 200 volts in 15 steps 

Zero positioned to within 0.1% 
Zero suppression-up to 10 full scales 

Selectable input signal filtering 

Accepts common mode voltages up to 500 volts 
140 db common mode rejection 

1 megohm input impedance 

10 chart speeds 

Call Brush collect for complete details: 216-361-3315. 

---/:,rush INSTRUMENTS 
DIVISION OF ICLEVITE I 371H AND PERKINS, CLEVelAND 14, OHIO 
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� REFRACTORY METALS 
\W APPLICATION NOTES 

G-E Moly rod makes the 
heat, or takes the heat. 

Any way you cut it, 
it's protean. * 

Consider the versatility of this form of 
General Electric molybdenum. Moly 
rod is used to heat and stir molten 
glass. It makes ideal furnace resistance, 
heating elements and structural parts. 
It is easily machined into complex 
shapes for use in electronic power tubes 
or as fasteners in high temperature ap
plications. Here are a few examples of 
parts made of G-E Molybdenum rod: 

General Electric unalloyed p owder 
metallurgy moly rod is available in 
diameters .020" through 4". Standard 
diameters can be delivered off the shelf. 
Alloyed or unalloyed arc-cast moly 
rod is also available. 

G.E. makes most other forms of 
moly, too-including powder, wire, 
sheet, plate, foil and pressed and sin
tered shapes. No matter what form you 
need, if it's molybdenum contact us. 

For a starter, write today for infor
mation on G-E Powder Metallurgy 
Molybdenum rod. We'll send it to you 
along with data on other moly forms 
in which you indicate interest. 

Write to: General Electric Co., Lamp 
Metals & Components Dept., 21800 
Tungsten Rd., Cleveland, Ohio 44117. 
Or call (216) 266-2970. 

*Pro.te.an, ad). I. (P-), of or like Protells. 2. 
readily taking on different shapes and forms. 
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CONFIGURATIONS of two arrays of the same size are shown as of time T. The configura· 

tions of the two inner arrays are different from each other. (The drawings show inner 

arrays of one particular size but they could be any size.) The configurations marked G, the 

hollow squares of neighbors of the inner arrays, are similar to each other. So are the H's. 

f 9 f 9 

NEW CONFIGURATIONS of the arrays shown at the top of the page are shown here at 

T + 1. The inner arrays have been mapped into a new configuration that is the same for 

each of them. The intermediate arrays are also similar to each other. The state of the outer 

arrays cannot be specified. Two arrays that differ as in the illustration at the top of the 

page and are followed by identical arrays, as here, are said to be "mutually erasable." 

copies the genes. 0 i s  the system of 
messenger ribonucleic acid (RNA), en
zymes and ribosomes that assembles 
amino acids according to the prescrip
tion of the DNA to synthesize enzymes 
and other proteins and thereby build 
the new cell. 

Von Neumann's early models were 
"kinematic" in that they dealt with 
physical parts in motion, but they were 
not actually built. Some less general 
kinematic models have been demon
strated, however. In one, deSigned by 
Homer Jacobson of Brooklyn College, 
the self-reproducing machine is a train 
of toy railroad cars ; the cars are the 
individual parts and control i s  accom
plished by circuits mounted in each car. 
When a train of different kinds of cars 
arranged in a particular sequence is 
placed on a track layout, it moves 
around bumping into unattached cars, 
rearranging them when necessary by 
using sidings and coupling them in its 

own image. Jacobson designed one such 
train model that would work for arm
trary trains of any length, and he actu
ally built a simpler demonstration model 
in which a train two cars long can re
produce itself. 

The British geneticist L. S. Penrose 
took a different approach, stimulated in 
part by his speculations on the manner 
in which the genetic material might 
replicate. In its most elementary form 
Penrose's machine has two kinds of part, 
A and B, simple cutouts shaped so that 
they can hook together in either of two 
ways. If an AB machine is placed on a 
tray with a number of A's and B's and 
the tray is shaken, a number of new 
AB units are formed; the first machine 
acts as a seed [see illustration on page 
148]. If the seed is a BA machine, the 
reproduced pairs will be more BA's. 

Kinematic models have the virtue of 
realism and dramatic impact, but they 
are exceedingly hard to deal with math-
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ematically. In his later work von Neu
mann turned to an abstract model; he 
discarded the hardware, thereby avoid
ing all problems of mechanical move
ment, fit and manipulation and setting 
himself a more purely logical and math
ematical task rather than one in me
chemical or electrical engineering. For 
his stockroom he substituted a mathe
matical environment: a tessellation, or 
plane subdivided into square cells . In 
each cell he placed one of his ele
mentary parts : a finite-state machine.  
Von Neumann's machines have no 
inputs or outputs but only a number 
of permissible states. The list of these 
states and the rules governing transi
tions from one state to another are the 
same for all the cells, although different 
cells can be in different states at any 
one time. Each machine is deterministic 
and synchronous :  at each integer-valued 
time T (except in the initial condition, 
or at T = 0) the state of each cell de
pends only on its own and its neighbors' 
states at time T - 1 .  There is a special 
state known as the "quiescent" state; all 
but a finite number of cells are in this 
state, which has the special property 
that if any cell and all its neighbors are 
quiescent at time T - 1, that cell will 
be quiescent at T.  The entire system
tessellation space, cell machines, allow
able states and transition rules-is called 
a "tessellation structure ."  A finite block 
of cells, or "array," is called a "config
uration" when the states of i ts cells are 
specified. 

\V hat have all these definitions to do 
with machines and reproduction? 

Consider the entire tessellation space as 
an extremely abstract environment-one 
in which space and time are quantized 
and both motion and other forms of 
gradual change are replaced by succes
sions of discrete states, the transitions 
between which are prescribed by defi
nite rules . Within this environment 
there are configurations of square cells; 
these are our "machines," and it is these 
machines that can be made to be self
reproducing. The individual cells are 
the elementary parts-perhaps mole
cules. Their changing states can be 
thought of as different quantum states
energy levels or chemical-activation 
states-and geometrical positions .  The 
rules for transitions between states are 
the physical and chemical laws of this 
environment that determine how the 
cells change and relate to one another. 
The quiescent-state cells are unused raw 
materials, and the rule for quiescent 
states says in effect that no cell sepa-

H AS N O  RAC E , 
C R E E D, COLOR , S EX 
OR  N AT I O N AL O R I G I N 
A T  THE NA VA L 
L A B ORA TORIES IN 
CA L IFORNIA 
A career in science or engineering has 
realistic demands . . .  it has no place 
for false values at either the mecha
nistic or human level. Here at the 
Naval Laboratories in California, tal
ent, skill ,  experience, intelligence, ed
ucation and the ability to work well 
with associates are the only accept
able criteria for employment in any of 
the scientific disciplines . . .  no others 
are considered. 

These criteria apply whether you are 
a physicist o r  a mathematician, an 
electronic engineer o r  mechanical 
engineer, a metallurgist or a chemist 
. . .  or a specialist in any of the many 
other maj or disciplines p revalent at 
the Laboratories. 

The only basic qualifications for j oin
ing the team, for becoming a member 
of the scientific, engineering and tech
nical staff at one of our Laboratories 
are an applicant's overall capability, 
his capacity to grow, to absorb, and to 
perform to the highest degree the 
function for which h e  or she has been 
selected. 

With these qualifications in mind, in
terested personnel are cordially in
vited to explore the wide choice of 
excellent career opportunities avail
able at the Laboratories listed below. 
Contact the Personnel Director, Dept. 
A ,  at the facility of your preference. 

U.S. NAVAL ORDNANCE  TEST STAT I O N  (NOTS) 
C H I NA LAKE AND PASADENA 

PAC I F I C  MISSILE RANGE (PMR) AND  U .S .  NAVAL 
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SAN D I EGO  

U .S .  NAVAL C I V I L  ENG INEER ING  LABO RATORY 
(NC ELl, PORT H U E N EME 
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U .S .  NAVAL RAD I OLOG I CAL D EFENSE LABORA
TORY (NRDLl, SAN FRAN C ISCO 

U.S.  NAVAL PERSON N E L  RESEARC H  ACTIVITY 
(NPRA), SAN D I E G O  

U . S .  N AVAL W EA P O N S  STAT I O NS ,  Q U A L I TY 
EVALUAT I O N  LABORATORY (QEl), C O N C O R D  

U . S .  NAVAL WEAP O N S  STAT I O N ,  Q U A L I TY 
EVALUAT I O N  LABO RATORY (QELl, S EAL BEACH 

U .S .  NAVAL SHIP MISSILE SYSTEMS E N G I N EER
ING STAT I O N  (NSMSES), P O RT H U ENEME 

U.S .  NAVAL FLEET  M ISS ILE  SYSTEMS ANALYS I S  
AND  EVALUAT I O N  G R O U P  (NFMSAEG),  Corona 

U . S .  NAVAL LABORATO R I ES 
I N  CAL I FORN IA 
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rated from a configuration will suddenly 
Rare into activity; a machine "reaches 
out" to surrounding materials through 
local action only. 

The problem, therefore, is to build a 
tessellation structure with individual 
cells that have a small number of states 
(fairly simple parts, in other words) ,  
to choose the transition rules and then 
to arrange cells into a configuration that 
will in time reproduce itself. It is a task 
somewhat like writing a program for a 
digital computer. Von Neumann set a 
further requirement : Each configuration 
must contain a universal Turing ma
chine. He then worked out most of the 
details for a self-reproducing configura
tion of some 200,000 cells with 29 per
missible states. Since his death in 1957 
others have continued to work with 
tessellation models, examining the de
tails of their construction and attempt
ing to draw conclusions, in the form of 
provable theorems, as to the logic of 
reproduction. 

One question that I asked was : How 
fast can a population of self-reproducing 
configurations grow? The answer is that 

it cannot grow exponentially-cannot 
keep doubling with each generation, 
for instance. The population of a two
dimensional tessellation cannot at any 
time be larger than the square of the 
time. Let us formulate that statement 
as a theorem : If a self-reproducing con
figuration is capable of reproducing f(T) 
offspring by time T, then there exists a 
positive constant k such that f(T) :S kT2 . 
(The symbol .::; means "is less than or 
equal to.") 

The proof is as follows : Let c be the 
self-reproducing configuration and let 
the smallest square array able to con
tain a copy of c be of size D X D. 
Then at each time T the total number of 
nonquiescent cells is at most (2T + D)2, 
since the square array can only grow 
by one cell on each side with each unit 
of time. If r is the number of cells in c, 
then 

(2T + D)2 f(T) < ---- r 

This inequality expression can be sim
plified in a few more steps to reach 

T 
l�n---7I ___ --, _______ ---, 

n 

1 
kn 

I�<�----------------------- kn-------------------------->�I 
"GARDEN OF EDEN" THEOREM (see text) is proved with the help of this diagram. The 

small array of size n X n has an erasable configuratiou. The large array is of size kn X kn. 
(The integer k is 4 in the illustration but would actually be much larger.) This drawing 

shows the array as of time T. At T + 1 it  will be reduced in size to ( kn - 2) X ( kn - 2 ) .  
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B = 
M 

P ROCEDURE 
C ALCULATE FIELD STREN GTH ; 
BEGIN 
RE AL B ;  C O MMENT B : =  MAGNETI C  FIELD STREN GTH ; 
B : =  M/ ( Rt 3 * C0S ( LAMBDAt 2 ) *SQRT ( 1  + 3 *SIN ( LAMBDA ) t 2 »  
END OF C AL C . FIELD STREN GTH ; 

Some problems facing Bellcomm : 

• E f f i c i en t  Apo l l o  t raj e c t o r i e s , inc luding t rans l una r ,  l una r l andi ng , 
rendezvous and t rans e a r t h  phas e s . 

• Rad i a t i o n  dosage pe r un i t  a r e a  r e c e ived by an obj e c t  t rave l i ng th rough 
the geomagne t i c  radi a t i on b e l t s . 

• Dynam i c a l  behav i o r  o f  the Apo l l o  veh i c l e  i n  s imul a t e d  fl i gh t , 
i n c l ud i n g  the e f fe c ts o f  e r ro rs . 

• S t a t i s t i ca l  analys i s  o f  the p robab i l i ty o f  l o c a t ing s u i t ab l e  l una r 
l anding s i t e s  as a func t i on o f  the types o f  s u r fa c e s  on the moon . 

B e l l c omm i s  d o i n g  sys t ems e n g i ne e r i n g  on P roj e c t  Apo l l o  fo r Headqua r t e rs , 
Manned Spa c e  F l i gh t , Na t i onal Ae ronau t i c s  and Spac e  Adm i n i s t ra t i o n . 
I f  B e l l c omm ' s  p robl ems i n t e r e s t  you , add r e s s  you r re sume t o  M r . W .  W .  B raunwa rth , 
Pe rsonnel D i re c t o r ,  B e l l c omm , Inc . , Room 1 202M , 1 1 0 0  17th S t . ,  N . W . , 
Wash ington , D . C .  20036 . B e l l c omm i s  an equal oppo rtun i ty emp l oye r .  
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Here ' are 93  uses for I i n : 
How many more do you know? 

Sensit iz ing glass and 
p l a stics before 
meta l l iz i ng  
Ta n n i n g  agent  
M o rd a n t  i n  dyeing of 
texti l e s  
S u ga r  b l each ing  
Li q u o r  fi n i s h i ng of  
co pper  w i re 
P rod u ction of 
transpa rent, 
e l ectrocond u ctive fi l m s  
o n  glass 
Weighting of s i l k  
Tooth paste add iti ve 
Sta b i l izer  of hyd rogen 
perox ide 
A nthe lm inth ic  
Catalyst for  on e·shot 
u retha n e  foa ms 
Cata lyst for preparing 
polyesters 
P lat ing chemica ls  
Sta b i l izer  i n  polyvi n y l  
c h lor ide  
Wood p reservation 
S l i m ic ide i n  paper·pu l p  
m i l l  water systems 
Germicide i n  hospita l 
e n v i ronment  
Pestic ides 
A ntifou l i n g  com posit ion 
f o r  marine a p p l i cat ions 
Polyme rization  catalyst 
of o lefi ns  
Food co nta i ners 
Beverage can s  
Gas  m eters 
Toys 
C rowns and caps 
C a b l e  sheath i n g  
A i r  c l e a n e r  pa rts 
D a i ry e q u i p m e n t  
K itchen utensi ls  
Refrigerator co i l s  
M eat gr inders 
T i n ·washed lead p i pes 
Beater b a rs used in 
p a p e r  m i l l s  
P iston r ings 
Bear ing  she l l s  
S h i pp i n g  d ru m s  
T h i m b les  
Safety p ins  
Paper  c l ips  
Sta ples 
Watch pa rts 
Refrigeration 
e q u i p m e n t  
Sc ientific a n d  optical  
a p pa ratus 

Costu me j ewel ry 
B u i l d ers' h a rdware 
Handbag frames 
Forks a n d  spoons 
lamp reflectors 
Carbu reto r pa rts 
Fue l  ta n ks 
Ri vets in a i rcraft 
Motorcycle p a rts 
Connectors for 
a l u m i n u m  ca bles 
Switchgea r 
Corrosion p rotection 
of steel 
C u ri n g  ebonite 
D isti l l ed water 
condensers 
Cool i n g  co i l s  in 
chem ical  p la nts 
Packing g lands  of 
p u m ps of food 
mach inery 
P h a rmaceutica l s  
J ewelry 
P u m p s  
Valves 
T u r b i n e  b lades 
Evaporators 
B u s h i ngs 
Washers 
N uts 
Bolts 
Bear ing backi ngs 
P iston r ings 
D i a p h ragms 
Statua ry 
Be l l  meta l  
P laques 
A b ras ive wheels  
W i re screen for paper  
m i l l s  
A i r  fra mes 
P rope l lers 
Automatic p i lots 
Rad iators 
A uto body solders 
Gas meters 
Telephone e q u i p m e n t  
T h ermostat be l lows 
M a r i n e  eng ines 

M in ing mach in ery 

Domestic utensi ls 
Monotype  
L inotype 
Bo i ler  p l ugs 
A utomatic f ire 
s p r i n k ler  systems 
Foundry patterns 
and dies 

Sti l l  more uses. We haven't  room 

to print our full l ist of over 300 
uses. We will gladly send you the 

listing free jf you will write us. 

Stra its T i n .  Tin is so amazingly 

versatile a metal that it might well 

hold the answer to one of your 

current or future problems. So keep 

tin's usefulness in mind. And re

member, Straits Tin from Malaysia 

i s  the world's standard for quality 

and uniformity . . . 99.89% purity. 

Straits is to Sn as Sterling is to Ag. 
T h e  M a l a y a n  T i n  B u r e a u  

D e p t .  3 9 · J ,  2 0 0 0  K S t  . . N .  W .  
W a s h i n gto n ,  D . C .  2 0 0 0 6  
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STAT ES AT T I M E  T 

• • • 

STAT ES AT T I M E  T + 1 

NUMBER OF POSSIBLE STATES for the array illustrated on page 158 decreases between 

time T and T + 1 as  a result of erasure and of shrinkage at the b oundary layer ( see 

text). It can be shown that the loss by erasure is larger than the loss by shrinkage.  

There will  therefore be an extra state at T + 1 ;  it i s  P, the Garden of Eden configuration. 

the conclusion of the theorem. The sit
uation is Malthusian: the population is 
limited by the space available, since the 
non quiescent region has a velocity of 
propagation that cannot exceed a fixed 
constant. 

j�lOther important question is this: 
Can every configuration reproduce 

itself? It turns out that there are con
figurations that cannot occur except at 
the outset, at T = O.  Such a configura
tion is non constructible, in the sense 
that there is  no configuration that can 
give rise to it by means of the speCified 
rules of transition . John W. Tukey of 
Princeton University suggested calling 
such a block of cells, which can have 
had no predecessor state, a "Garden of 
Eden" configuration. Since such con
figurations cannot be produced by any 
other configuration, they cannot repro
duce themselves .  An investigation of 
the conditions under which they can 
occur therefore helps to define funda
mental limitations on the ability of 
machines to reproduce themselves. 

These conditions involve the ability 
to perfOilli something called "erasing." 
When a blackboard has been erased, 
there is no way of telling what was 
written there . Computer designers ap
ply the term "erasing" to an operation 
on computer memory elements that puts 
them into a standard state regardless of 
what was stored there before the eras
ing. In general, erasing is an irreversible 
process; after it occurs it is impossible 
to determine the preceding states from 
which the present state could have 
arisen . There must, then, have been at 
least two possible preceding states that 
could go through transitions putting 
them into the same present state. In the 
case of tessellation structures it is neces
sary to define erasing somewhat more 
formally to make sure that the informa-

tion as to past state is  really erased and 
not merely shifted away to neighboring 
states. 

To establish sl lch a definition con
sider the two configurations in the upper 
illustration on page 156. The configura
tions of the two nine-cell inner arrays 
are different at a given time; call them 
F and F " .  At the same time the config
urations of the intermediate arrays-the 
hollow squares of immediate neighbors 
of the inner arrays-are both G; that is, 
one intermediate array is  a copy of the 
other. The same is  true of the configura
tions of the outer arrays :  both are H. 
Now consider the configurations into 
which these arrays will have been 
mapped after one unit of time [see 
lower illustration on page 156]. If, in 
these T + 1 arrays, the configurations f 
and g of both the inner and the inter
mediate arrays are copies of each other, 
then the two original configurations are 
said to have been "mutually erasable"
they were different and have become 
alike. Note that one cannot specify the 
final configuration of the outer array be
cause the states of its cells are affected 
by exterior cells that have not been con
sidered in this definition ; its function 
has been simply to "protect" the inter
mediate array. A configuration, then, 
will be said to be erasable if there is 
another configuration such that the two 
are mutually erasable. It further follows 
from this definition that if an erasable 
configuration of any shape is  contained 
within a rectangular array, that rec
tangular array is also erasable. As a 
result one can consider this problem in 
terms of square arrays, which are easier 
to work with than those of irregular 
shape. 

It is now possible to state a theorem : In 
a tessellation structure for which 

there exist erasable configurations, there 
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This is CO R N I N G - prob l e m  s o lv i n g i n  s c i e n ce a n d  i n du stry 

Coming's new photochromic glasses respond indefatigably to near-ultraviolet stimulation, 

Photochromic glass panel at right darkens in sunlight while conventional glass stays clear. 

New glasses go dark in the light, light in the dark 
Corn i ng's researchers ca l l  t h i s  new fam
i ly of g l asses photoc h rom i c  because they 
d a rken when exposed to l ight,  then c lear  
as  the l ight fades-and they do t h i s  in
d ef i n itely-without fat igue.  

These new g lasses da rken in s u n l ight,  
but  rem a i n  c lear  with normal  i n door 
l ight i n g  because they respond p r i n c i 
pa l ly to the near-u ltrav i o l et.  Otherwise 
they exh i b i t  a l l  normal  properties of 
true glasses. 

They d iffer in t h e i r  degrees of dark
e n i n g  a n d  in the t i m e  they req u i re to 
da rken a n d  c lear.  Some go so dark they 
let t h rough on ly 1 %  of the l ight. Some 
d a r ken i n  seconds,  c lear  i n  m i n utes; 

others req u i re h o u rs to c l ear,  
O u r  photoch r o m i c  g lasses are sti l l  in  

the laboratory stage , but  we' re i nvesti
gat i n g  the i r  use i n  w indows, s u n g l asses, 
and prom i s i n g  e lectro n i c  and optical  
appl  icat ions.  

I f  you wou l d  l i ke more i n formation , 
wr ite for you r  copy of Photoc h ro m i c  
G lass Report # 1 ,  or,  f o r  m o r e  d eta i led 
i nformation , a copy of the paper w h i c h  
Dr .  S ,  Dona l d  Stookey presented be
fore the Amer ican Phys i c a l  Soc i ety. The 
add ress : Corn i n g  G lass Wo rks, 4 Hough
ton Pa rk,  Corn i n g ,  New York-where 
so l v i n g  prob lems for science a n d  i n d us
try i s  our bus i ness. 

CORNING 
C O R N I N G  G LA S S  W O R K S  

W e  know the solutions t o  many specialized 
problems of light control-refractors that 
cast a four-leaf clover of light from a single 
luminaire for highway engineers; tiny lenses 
that add safety to an airport runway, or style 
and utility to a home appliance; special pris
matic designs and glass compositions that 
let an architect build with light; all the colors 
of the rainbow and more besides in the un
changing dimensions of glass for control 
panels and switchboards; globes that go into 
surgical-lighting fixtures and keep back 90% 
of the heat, let through 90% of the light, and 
convert its Kelvin to daylight. 

1 6 1  
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With the LAB POT potentiometer,  you can q u ick ly  ( 1 )  set exact vo ltage va l ues, (2) read n u l l  ba lance 

i n  a b r i dge c i rc u i t  and (3) i ntrod uce known resistance v a l ues i n  a c i rcu i t .  I t  has  the same h igh ly  

leg ib le  c l o c k·d ia l  face  as the Bourns  KNOB POT® Sr.  potent iometer, a round  wh ich  i t  i s  des igned.  

F ive·way b i n d i ng posts prov ide  ease of wir ing and  fused 
w i p e r  c i rc u i t  e l i m i n a t e s  o v e r p o w e r i ng the p r ec i s i o n  
potent iometer .  W i t h  a l l  of i t s  prec is ion  des ign features, 
the LAB POT unit i s  surp r i s i ngly low p riced .  Write today �OURNS 
f o r  comp lete data. � 
Std . resistances . . . . . . . . . . 1 K ,  10K,  lOOK (Other resistances ava i l ab l e on request) 
�r:/��cnuCr�c

t
� I :����� . '. ' . ' . .. .. .. .. .. .. . : . .. . :. · .

.
. · . . ±ojOo/� ,· iO K=iJ6K �2�� ���� ��1� ' �V

T
E� 

I 
;I��RTS I ��� I;��;:. 

��
o
�\�:

a
:��� i���i��I�d��

t
�rn��:rt�\ 

:!: 0 . 1 5 % , l K P H O N  E 6 6 4 · > 7 0 0 . 
TWX ,  7 ' 4 · 6 6 2  9 5 6 2  

Repeatab i l ity of d i a l  read ing . . . . . . . . . .  ±.05 % voltage ratio CABL E :  BOU R N S I N C . 

lAB POT is a tra d e m a r k  of B o u r n s ,  I n c .  

M A N U FA C T U R E R :  T R I M POT® & P R E C I S I O N  PO T E N T I O M E T E R S .  R E L AYS; T R A N S D U C E R S  F O R  P R E S S U R E .  

P O S I T I O N ,  A C C E L E R A T I O N .  P L A N T S :  R I V E R S I D E ,  C A L I F O R N I A ; A M E S ,  I O W A ;  T O R O N T O ,  C A N A D A  
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CONTROLLED ENVIRONMENT 
ISOLATORS AND SUPPLIES 
Fast service on . . .  flexible film 
isolators, chambers, glove isola· 
t o r s ,  d o o r s ,  c a p s ,  b l o w e r s ,  
v a c u u m  h o s e s ,  f i l t e r s ,  t r a p s ,  
s t e r i l i z i n g c y l i n d e r ,  d r y  b o x  
g l o v e s  a n d  r i n g s ,  t r a n s f e r  
sleeves, clamps, assorted tapes 
and related equipment and sup· 
p l i e s .  M o s t  s t a n d a r d  s i z e s  
always i n  stock. Design service 
f o r  s p e c i a l  a p p l i c a t i o n s .  
WRITE TODAY F O R  C O M ·  
PLETE B R O C H U R E .  

G - F  SUPPLY DIVISION 
43 1 North Quen t i n  Road . Pa lat ine ,  I l l i no i s  

m i n iatu re 

a l l  purpose ca lcu lator 

\ 
\ 

W e i g h s  o n l y  B o z .  

T H E C U RTA I S  A P R E C I S I O N  
C A LC U LAT I N G  M A C H I N E  F O R  
ALL ARITHM ETICAL OPERATIONS 
Curta adds,  subtracts, m u l t i p l ies ,  d i v ides,  
square and cube roots ,  cont inuous m u l t i ·  
p l icat ion ,  negat i ve m u l t i p l icat ion ,  standard 
deviat ions and al l  stat ist ica l  c a l c u l at ions ,  
squares and h igher powers,  co·ord i n ates and 
associated l a n d  survey formu lae ,  and  every 
other computat ion a r i s i n g  in sc ience a n d  
commerce . . .  A v a i l a b l e  o n  a t r i a l  bas is .  
Pr ice  $125.00. Write for l i terature.  

CU RTA C O M P A N Y  

DEPT. SA·9 P. O. BOX 3 4 1 4  

V A N N U Y S ,  C A L  I F O R  N I A 

exist Carden of Eden configurations. 
(Although one might construct a tessel
lation without erasable configurations, 
such a structure would be essentially 
trivial. ) 

I shall sketch the intuitive proof of 
this theorem rather than give the de
tailed proof. Let n be an integer such 
that there is an array of size n X n that 
has an erasable configuration. Then con
sider a larger array of size kn X 1m [see 
illustration on page 158]. Each of the 
k2 arrays of size n X n is the proper 
size to contain a copy of an erasable 
configuration ; k is chosen to be large 
enough so that there will often be many 
such erasable configurations in the large 
array. If A states are permissible for 
each cell, then the whole array can 
have A ( len ) '  possible configurations at 
time T. Consider next the array into 
which this first array is mapped after 
one unit of time. Remember that one 
cannot specify the states of the outer 
hollow square at T + 1 .  There are there
fore fewer possible states available to 
the T + 1 array: A ( lcn - 2 ) ' . 

Now, if in the original 1m X 1m array 
there was one n X n array with an eras
able configuration, then two possible 
states-those of the erasable configura
tion and of the one mutually erasable 
with it-will both map into only one 
possible state at T + 1 .  If there were 
two copies of an erasable configuration, 
their four possible states will map into 
only one possible state. In general, if 
there were s copies of the erasable con
figuration at time T, there will be 2" 
states mapping into one state at T + 1 .  
This situation is diagrammed i n  the 
illustration on page 160 .  Now it is only 
necessary to show that the loss in the 
number of states due to erasure must be 
larger than the loss due to shrinkage of 
the outer boundary cells-that is, the 
loss due to the difference between A (len ) '  
and A (lcn-2 ) ' . 

Consider the logarithms of the num
bers of states rather than the num bers 
themselves. The logarithm of the ratio 
that indicates boundary-layer loss in
creases approximately linearly with Ie . 
But the logarithm of the number of 
states lost by erasure increases with 
the number of erasable configurations, 
and therefore approximately with the 
area of the array, or with the square 
of k. For a large k, then, more states 
will surely be lost by erasure than by 
shrinkage at the boundary layer. There
fore there must exist a state P at time 
T + 1 that cannot be reached from any 
of the states at time T. 

This state P is the Carden of Eden 
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• • •  SYM M ETRIC GROUPS • • •  FREE GROU PS . • •  MATRIX THEORY . . .  EIGENVECTO R TEC H N IQUES . . .  L I N EAR AND NON· 
LINEAR RECU RSIVE SEQUENCES . • •  GALOIS TH EORY • • .  SYM BOLIC LOG IC • • .  DISC R I M I NATION TESTS . • .  ANALYSIS OF 
VARIANCE • • .  MARKOFF PROCESSES • • •  PROBABI LITY • • .  WAVE EQUATION • • •  QUANTUM M ECHANICS . . •  COOPERATIVE 
PHENOM ENA • • •  I N FORMATION TH EORY • • •  GAM ING • . • AUTOMATIC CODI NG . • •  PROGRAM M I N G  . . •  OPERATI ONS R ESEARCH 

The Mathema tics of 
Secure Comm unications 

is a new and intellectually rewarding science 

Actually, much the same thing could be 
said for the many other professions and 
specialties that are employed here in the 
N ational Security Agency in the develop
ment of secure communications systems
transmitters. receivers. antennas, terminal 
units to handle all kinds of information 
transmission, and recording & storage de
vices. But, by the very nature of the "secur
ity" requirement, higher mathematics plays 
a l ead role at this unique research facility 
. . .  not only in developing hardware, but 
i n  assuring the continuing invulnerability of 
all vital U.S.  communications. 

Mathematicians with a high order of in
tellectual curiosity and ingenuity will  find a 
wealth of opportunity in any of the follow
ing categories : 

1 .  RESEARCH & DEVELOPMENT
working with engineers to design special 
features into secure communications sys
tems. This involves statistics, modern alge
bra, probability theory, and i nformation 
theory. You may also assist computer ex
perts i n  designing automatic d ata processing 
equipment needed to solve logical problems. 

2.  COMMUNICATIONS SECURITY
designing cryptographic systems and proce
dures for U.S.  Communications. Cryptog
raphy-and its cryptanalysis counterpart
will be taught you here at NSA, but a back
ground in number theory, topology, ma
trices, combinatorial analysis, statistics, and 
probability will prove valuable. 

3. ADVANCED SYSTEMS ANALYSIS 
-software research and design involving 
the theoretical structure of programming 
l anguages, compilers, and executive pro
grams . . .  plus the higher m athematics of 
computation. 

There are also numerous career oppor
tunities for Liberal Arts graduates who have 
a similar intellectual curiosity, persever
ance, and natural inventiveness . . .  com
bined with a propensity for analytical and 
scientific research. 

Openings at the National Security Agency 
range up to $15,665 to start, with regular 
increases and all the benefits of Federal Em
ployment. If you are a U.S. citizen and have 
a special mathematics capability to offer, 
contact Mr. George W. Kephart, Personnel 
Officer (M343-T) immediately. 

nsa 
National Security Agency 
Fort George G. Meade, Maryland 
An Eq u a l  Opportu n ity E m p loyer 

From a l most a ny viewpoint, the National Secur ity Agency i s a un ique orga n izat ion. I t i s a Federa l  agency, yet works closely with industry and research institu· 
tions. I ts profess i ona l staff has special access to in· format ion at un ivers it ies and laborator ies everywhere, 
and consu ltant re lat ions with sc ient ists of commanding stature. Although funct ion ing under the Depa rt· ment of Defense, its influence and responsib i l ity i s government-wide-a nd i t is located i n  a p l easa nt ru ra l  s ite outs i de of ,  but conven i ent to ,  the Federa l com· 
plex of downtown Wash i ngton. NSA staff members en· joy all the benefits of federa l emp loyment without the 
forma l competit ion and requi rements of Career C iv i l  Serv ice . 

This-together w i t h  i t s  well-instrumented la bora
tories and staff of speciali sts i n  some quite unex
pected fields-proyides an inte l l e ctual ly stimulating 
atmosphere for indiYidual study and accomplishm ent. 
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This stunning composition is worthy of John James A udubon . A rrow poillts to the nervous but 
unafraid Water Turkey , hundreds 0/ feet from a standard Questar. A bove is image Questar 
reached out and delivered to 35-mm. negative ready for enlargement. Tri-X, 1 /250 second. 
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We included the sprocket holes of this 35-mm. negative for 
clarity. Beautiful l l x 1 4  enlargements are practically grain
less. Questar telescopes are priced from $795. They make 
possible sharp wildlife photographs like this without tents or 
towers or stalking blinds_ At left the versatile Standard Wide
Angle Model. The latest Questar booklet now has 40 pages, 
8 of them in color, and has a long essay on what we have 
learned about telescopic photography in IO years. One dollar 
postpaid in U.S.,  Mexico and Canada. By air to West Indies 
and Central America, $2.30. By air to Europe, N. Africa and 
S. America, $2.50. By air to Australia and elsewhere, $3.50. 

Q U IE � 1rA� 
B O X  W N E W  H O P E ,  P E N N SYLVANIA 

configuration of the theorem. It is a 
conceivable state but one that cannot 
be reached from any previous state_ 
It corresponds to a machine that can 
be described as an arrangement of the 
available parts but that cannot be built 
out of those parts . Since it is a machine 
that cannot arise by reproduction, it 
must be a machine that cannot repro
duce itself. 

The two theorems I have discussed 
may suffice to give some idea of the 

manner in which a process such as re
production can be abstracted and made 
amenable to mathematical treatment. 
This is not to suggest that there is 
necessarily a close relation between a 
tessellation model of self-reproduction 
and biological reproduction; that cer
tainly remains to be shown. Yet, as I 
proposed earlier in this article, it seems 
likely that manipulation of machine 
models should at least help by identify
ing difficulties or establishing criteria 
for biological processes. 

To take just one example: Life on 
earth is now generally assumed to have 
originated through the chance interac
tion of nonliving materials. How likely 
would this be? Perhaps one could learn 
from tessellation models just how com
plicated an assemblage of parts must be 
in order to have the property of self
reproduction and the further property 
of being able to undergo evolution into 
more complicated descendants .  Jacob
son, the investigator who worked with 
toy-train machines, made a start in this 
direction, characterizing complexity in 
terms of "bits" of information. 

Even if machine self-reproduction 
finally proves quite inapplicable to bi
ology, it may nevertheless be of sur
passing interest-for its own sake. Let 
us return for a moment to von Neu
mann's stockroom model of a self-repro
ducing machine. \Vhat if we devise 
such a machine not for an arbitrary 
stockroom but for some natural en
vironment? Such a machine-really an 
artificial living plant-would make its 
own parts out of natural materials and 
then assemble those parts to reproduce 
itself. In the process it would extract 
substances from its environment and re
fine and concentrate them. A plant de
signed to reproduce in the oceans, for 
instance, might build itself largely out 
of magnesium, which is present in sea 
water, and could be harvested for its 
magnesium content. Nobody has yet 
done the engineering design work re
quired to build such a machine, but I 
think it will someday be built. 
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MAN AND HUMAN PROGRESS . . .  ONE IN A SERIES 

If-f 
I 
! I 
: 

"Johnny . . .  is probably 
the smartest man in the world. " 

The reaction of a colleague when John von Neumann was 
appointed to the AEC indicates both the awe and affection 
with which he was universally regarded : 

"Johnny will do all right, because he is probably the 
smartest man in the world." 

His grasp of the profound matched only by his genius 
for the practical, von Neumann left a legacy of astonishing 
scope and value. He gave us the theory of games, made 
possible a thermonuclear breakthrough in strategic war
fare, directe:l breathtaking advances in computer design 
and application, and helped place physics on a solid 
mathematical base. At the same time, he was contributing 
to knowledge in a dozen other fields of importance to 
scientific and human progress-fields ranging from hydro
dynamics to topology to astrophysics. 

Perhaps he was the smartest man in the world. 

In t h e  n ational interest,  the Research 
Analysis Corporation app lies scientific 

thought to major military, technical, eco

nomic, and political problems. Nonprofit 

and multidisciplinary, RAC invites scien

tists and engineers with advanced degrees 

and superior capabilities to investigate its 

career opportunities; please send your re

sume to Mr. John G. Burke, Professional 

Staffing, Research Analysis Corporation, 

McLean, Virginia 221 01 (suburb of Wash

ington,  D. C . ) .  An e q u a l  • _ ..... 
opportunity employer. � • fs>-

RESEARCH ANALYSIS COR PORATION 
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Getting there is only part 01 the program 
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Rocket 
Powe r 

Boe i ng  h o l d s  t h e  N ASA 

c o n t r a c t  to  d e v e l o p ,  

b u i l d  a n d  s u p port  t h e  

test i n g  o f  t h e  fi rst-stage 

S - l C  booste r o n  Satu rn  

V,  t h e  f r e e  w o r l d ' s  

l a  rgest rocket .  T h e  S - l  C 

w i l l  p u t  1 6 0 , 0 0 0 , 0 0 0  

h o rsepower  beh i n d  t h e  

f i r s t  m i s s i o n  t o  p u t  

A m e r ica ns  o n  t he  moo n .  

Lu n a r  
La bo ratory 

Boe i n g  has  con d u cted 

com p a n y  stu d ies  that  

theo ret ica l l y  put  fou r  

m e n  o n  t h e  moon for  90 

days, hea d q u a rtered i n  

s t ruct u re a bove.  Boe i n g  

h o l d s  N A S A  cont ract  t o  

stu dy s u p p ly  a n d  s u p 

p o r t  o f  a m o o n  exped i 

t i o n '  i n c l u d i n g  des ign  of 

veh i c l e  fo r e x p l o ra t i o n  

of t h e  m o o n ' s  su rface.  

Lu n a r  
O r b ite rs  

Boe i n g  i s  b u i l d i ng e i g h t  

l u n a r  o r b i ters  fo r N A SA,  

t h ree for  g ro u n d  test, 

f ive fo r fl i gh t .  L a u n c h e d  

f r o m  C a p e  K e n n e d y ,  

t h ey w i l l  o r b i t  t h e  m o o n ,  

ta ke a n d  t ra ns m i t  c l ose

up p hotogra p h s  of t h e  l u 

n a r  su rface a n d  m ea s u re 

t he  d e ns i ty of m i cro me

teo ro i ds  a n d  ra d ia t i o n .  

M oo n  
Su rface 
Stu d i es  

Boe i n g  resea rch e rs a re 

ca r ry i n g  o u t  moon  m a p 

p i n g  a n d  su rfa ce t e m 

peratu re stud ies .  A n d  

a s  pa rt o f  a N A S A  L u n a r  

Base study ,  Boe i n g  i s  

eva l u a t i n g  ra d i o  co m 

m u n icat ion  tech n i q ues  

fo r  use  between l u n a r  

bases ,  t ra n s m iss ion  of 

TV data a n d  effects of 

l u n a r  c l i mate o n  e l ec 

t ro n i c  eq u i p m e n t. 
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Mathelllatics in the Social Sciences 

Certain social SClences such as economlCS deal with facts that are 

usually represented by numbers. New techniques for relating these 

numbers point toward the mathematical analysis of entire societies 

Some 75 years ago the American 
economist Irving Fisher stated 
that the entire world's literature 

contained scarcely 50 worthwhile books 
and articles on mathematical economics. 
Today the situation is different, not only 
in economics but also in all the other 
social sciences : each year sees thousands 
of additions to a mountain of mathe
matical literature. The reason is a grow
ing appreciation of the advantages that 
come from expressing in mathematical 
telIDS concepts that were once dealt 
with only verbally. 

The progress has been greater in 
some areas of study than in others . The 
entire subject matter of demography 
and economics, for example, is so ag
gressively quantitative that a wider ap
plication of mathematics to these fields 
has been inescapable. But in every one 
of the social sciences it has become in
creasingly evident that an exclusively 
verbal description of complex systems 
and their interrelations-and more sig
nificantly the framing of theories about 
such systems-results in generalizations 
that are difficult to analyze, compare 
and apply. These difficulties are greatly 
reduced when mathematical expressions 
are substituted for words. For one thing, 
a number of problems that had seemed 
to be completely unrelated-for instance 

by Richard Stone 

the analysis of educational systems and 
the programming of capital investments 
-prove to be mathematically identical .  
For  another, even in subjects whose con
cepts are rather vague and in which pre
cise information is hard to find, mathe
matics can provide a means of obtaining 
valuable insights. 

At the risk of enormous oversimplifi
cation it can be said that the social 
sciences, for all their diversity, are con
cerned with only two major areas of 
investigation. The first of these is the 
precise description of how social sys
tems work and how their different parts 
are interrelated, whether the subject is 
cross-cousin marriage in a tribal society 
or the contribution of the steel industry 
to the total output of a technologically 
advanced nation. Studies of this kind 
investigate and analyze structure. The 
second area of investigation is con
cerned with control, that is, the effect of 
conscious aims on the operations of so
cial structures and an examination of 
the rational processes that underlie the 
formulation of policy. These studies in
vestigate and analyze decisions. 

In both fields the same kinds of math
ematics are applied to similar problems.  
Where empirical analysis of discrete 
observations is necessary much use is 
made of finite mathematics: in particu-

lar matrices, matrix algebra and differ
ence equations .  Where, on the other 
hand, purely theoretical analysis is de
sired and the data provide a continuum 
rather than discrete "bits," the use of 
the infinitesimal calculus-in particular 
differential equations-has many advan
tages. The examples that follow, drawn 
from the investigation of many kinds of 
structure, demonstrate the application 
of both kinds of mathematical method. 

Among its many investigations the 
discipline of demography requires 

analysis of the structure and probable 
development of populations . To project 
the future structure of any population, 
assuming a constant pattern of births 
and survivals, we need three sets of 
data: ( 1 )  the numbers of people of differ
ent ages alive at a certain date; (2) the 
numbers surviving over a chosen time in
terval immediately following that date, 
and (3) the numbers born during that 
same time interval to the members of 
the different age-groups . This third set 
of data, by the way, exemplifies the kind 
of imprecision that can creep into quan
tifications of social science. In real life 
husbands and wives often belong to dif
ferent age-groups, and the wife's child
bearing capacity is a function of this 
factor as well as of her own fertility. In 

FOUR MAJOR CIRCUITS, constituting a mathematical model of 

the British economy, are made to interact in the manner illustrated 

on the opposite page. At the heart of the model lies the circuit of 

real flows (solid colored arrows ). Consumption demands and the 

rate of growth in these demands, together with exports and their 

rate of growth, combine (middle right ) to determine the level of 

investment demands necessary to produce the required growth of 

output. Output levels themselves are composed of three "final" 

demands (for consumption, investment and exports) plus all inter. 

mediate demands for raw materials and fuels. Given the levels of 

output and the total labor force, industrial distributions of labor 

and capital are determined from the consideration that resources 

be used efficiently. The foreign·trade circuit (light colored arrows ) 

has a similar two·part start and, in addition to the obvious inter· 

actions of foreign prices and balances of trade on imports, has its 

effects both on domestic output levels and on domestic prices. The 

price circuit (gray arrows ) shows an immediate interaction with 

consumption demands and a feedback, derived from considerations 

of wages, labor productivity and value added in the production 

sector (middle left ),  so that domestic prices and total consumers' 

expenditure are recalculated at the end of a cycle of calculations. 

Finally, because labor skills are as important as capital equipment, 

the fourth circuit (black arrows ) sets forth interrelated factors of 

education and training that interact both with the total labor force 

(in terms of productivity and demands for skills) and with con· 

sumption demands (in terms of expenditures on education). 
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a 
SURVIVING SURVIVING 

b 
AGE AGE AGE AGE AGE 

AGE FEMALES FEMALES DAUGHTERS 0-14 0-14 15 -2 9  3 0-44 
(1940) (1955)  (1940-195 4) 

_.�m._�_·_�·� --- -----_ .. _. -

14,459 16,428 4,651 0-14 14,459 (A) 
4,651 10.403 1.374 

0-14 
--

A
� --B� 

C 
-.�-.---

15-29 15,26 14,258 10.403 15-29 15,264 (B) 14,258 
0 0 --

A
-

-----------

30-44 14,837 1,374 30-44 11,346 (C) 0 14,837 0 --B-

FUTURE POPULATIONS can be calculated by the use of matrix 

algebra. In this example it is assumed that the pattern of births and 

deaths remains constant over a 45·year period, and the calculation 

is confined to the future composition of the female population con· 

tained in three broad age·groups. The figures are samples and pro· 

jections based on the 1940 U.S. Census; arrayed in tabular form (a) 

they show in tbree successive columns the numbers within each of 

three female age·groups in 1940, the numbers in each of these 

the mathematical model we will take up 
here, however, the children are assigned 
according to the age-group of the wife 
alone. 

In this kind of analysis of the process 
of change the changes from one time 
period to the next are most conveniently 
presented in a square array, or matrix 
[see illustration at top of these two 
pages]. The first step is to arrange the 
information about the age composition 
of the population in a single column of 
figures. Next, a square grid of rows 
and columns-the matrix proper-is con
structed, with one row and one column 
for each age-group in the adjacent pop
ulation column. Across the top row of 
the matrix are entered the number of 
children born to mothers in each age
group during the chosen time interval. 
Then the number of individuals in each 
age-group that are alive at the end of 
the chosen time interval, and have thus 
advanced from one age-group to the 
next, are entered diagonally on the grid, 
from top left to bottom right, in the 
spaces just below the main diagonal. 

The information is now ready to be 
manipulated. By dividing the number 
of newborn individuals and the number 
of surviving individuals shown in each 
column of the matrix by the total num
ber of people in the adjacent age-group 
column, a coefficient of birthrates and 
survival rates is obtained; these co
efficients can be arrayed in a second 
matrix. If the figures in the age-group 
column are now multiplied by the co
efficient matrix, the resulting totals in 
each age-group will show the estimated 
composition of the population at the 
end of the chosen time interval. Assume 
that this has been an interval of x years; 
if an estimate of population composi
tion at the end of 2x years is desired, 
the original age-group figures are multi
plied by the coefficient matrix raised 
to the power of 2. If a 3x-year projec
tion is desired, raise the multiplier to 
the power of 3, and so forth. In this 
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example the manipulation of figures has 
been simply called multiplication. Math
ematicians will realize that the actual 
process is premultiplication of the col
umn by the coefficient matrix. The rea
son is that the commutative law of 
arithmetic does not apply to matrix mul
tiplication [see "Number," page 50]. 

Projections of this kind assume that 
the pattern of births and survivals re
mains unchanged throughout the period 
of the estimate; this is another example 
of the differences between models and 
reality. Nonetheless, even the unreality 
is illuminating. Manipulation of this 
rigid model demonstrates that, if a 
human population actually achieved a 
fixed pattern of births and deaths, i t  
would eventually attain a stable age 
composition and a steady rate of growth. 

In actuality, of course, an unchang
ing matrix of coefficients is an extreme 
improbability: the birthrate and death 
rate are subject to chance or to sys
tematic influences or to both. The in
vestigator therefore works toward an 
approximation of reality by manipulat
ing the values in the coefficient matrix, 
a process known as complicating the 
model. It is not difficult to work out con
ditions in which a population would 
tend to attain an upper or a lower limit, 

and thus a demographer's device can 
be extended to the study of problems in 
such fields as ecology and epidemiology. 

Another point is worth reemphasis: the 
very process of mathematization 

helps to demonstrate that a certain 
unity exists in the structure of many 
apparently different problems. The pop
ulation-projection matrix described here 
has been presented in a demographic 
context. A precisely similar projection 
can be made for populations of inani
mate objects, such as telegraph poles, 
railroad cars or apartment buildings, 
and the model can then be used to 
study problems of industrial inventory 
or urban renewal. In such cases invest
ment rates are substituted for birthrates 
and obsolescence for death. Whatever 
the age composition of the original stock, 
the model will show the replacements 
(and extensions) needed to keep the 
stock on any selected time path. 

Another kind of structure, the investi
gation of which is the delight of ethnol
ogists, is kinship-with its associated 
complex patterns of marriage and de
scent, clans, phratries and tribes and 
eventually considerations of class struc
ture and social mobility. In such studies 
difference equations often provide a 

PARENT'S RANK CHILD'S RANK PARENT'S RANK 

MALE 

I STINKARD I X 
I STINKARD I X 
I STINKARD I X 

FEMALE 

I STINKARD I 

MALE FEMALE 

I STINKARD I 
� I STINKARD I 

MARITAL CUSTOM among the Natchez Indians of North America required that one part· 

ner in each match be a proletarian Stinkard. The table lists the seven possible unions and 
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m1 
d e 

TIME T 1940 1955 TIME T 1940 1970 TIME T 1940 1985 

'!2 .32167 .68154 
+--� 98610

1 
0 

� 0 1 97203 1 

12110] [14.459] [16.428] [g 77554 33694 03895] [14.459] [16.799] [,g 58172 56643 ! 09392] [14.459] [18,123] 
o x 15,264 = 14 258 i 31719 67207 11942 X 15,264 = 16,200 i -;-6��� 33226 03841 X 15,264 = 16,565 

o 11,346 14,837 I- 95852 0 0 11,346 13,863 i= 30832 65327 11608 11,346 15.747 

groups still alive in 1955 and finally the number of daughters born 

to each group during the same period. These figures are next ar· 

rayed in a square matrix (b) and then converted into a matrix of 

coefficients (c). When the coefficient matrix and the 1940 age· 

groups are now multiplied, the result (the column of numbers 

under 1955 at "c") is the predicted female population for that year. 

A multiplication of the square and cube of the coefficient matrix, in 

turn ("d" and "e") yields predictions for the years 1970 and 1985. 

convenient way to manipulate the data. 
A classic example of social stratification 
reportedly existed among the Natchez, 
an American Indian tribe of the Missis
sippi basin. Fundamentally there were 
two classes among the Natchez: the 
aristocrats and the proletarians. The 
aristocrats were subdivided into three 
ranks, with Suns at the top, Nobles in 
the middle and Honoreds-still aristo
crats but only a cut above the prole
tarian Stinkards-at the bottom. 

As European travelers described the 
Natchez society, a kind of continuous 
social ferment was built into it by the 
marriage rules. At least one partner in 
any marriage-husband or wife-was al
ways drawn from the Stinkard class. At 
the same time a child born into the 
aristocracy had the rank of its mother. 
Thus the child of a Sun, a Noble or an 
Honored mother and a Stinkard father 
was a Sun, a Noble or an Honored. The 
child of a Stinkard mother and a Sun 
father, however, inherited a rank one 
level below his father's and was only 
a Noble. This downgrading was progres
sive, so that the issue of a Stinkard 
mother and a Noble father was an Hon
ored, and of a Stinkard mother and an 
Honored father a common Stinkard. At 
the bottom of the social heap Stinkard 

and Stinkard produced Stinkard [see il
lustration at bottom of these two pages J. 

The Natchez tribe has long since dis
appeared, but students of class structure 
have continued to wonder if such a 
complex social system could possess any 
natural stability. To mathematize the 
problem it is necessary to assume that 
the population is stable, that each 
Natchez individual married once and 
only once and that each marriage pro
duced one boy and one girl. Using these 
values in a mathematical model, it is 
soon evident that a stable class struc
ture is impossible unless Suns and 
Nobles are initially absent from the 
population. Otherwise a few generations 
produce such a numerous aristocracy 
that there are no longer enough prole
tarian marriage partners to go around. 

The behavior of the model suggests 
that the real Natchez did not in fact 
have a stable class structure. The inade
quacy of the actual observations, how
ever, makes it impossible to be sure. 
Manipulation of the model to allow for 
possible variations in the number of 
marriages per individual, or the com
parative productivity, say, of Sun-Stink
ard v. Stinkard-Stinkard marriages, or 
such completely un modeled elements as 
a rapidly expanding population due to 

a Natchez policy of conquest and as
similation, might yield significantly dif
ferent results. 

I n a completely different area of study, 
economists who wish to examine such 

matters as rate of growth face the task 
of reducing innumerable transactions 
concerned with production, consump
tion, accumulation and foreign trade to 
some kind of order. One way to achieve 
such order is to view the economy as a 
vast system of interlocking accounts; in 
theory an enormous square matrix could 
be set up to do this, with each row
and-column pair representing a single 
account. Incoming revenue would be 
shown in the rows and outgoing costs 
in the columns. In actuality, if all the 
flows in an economic system were re
corded in detail in a single matrix, the 
resulting array of rows and columns 
would be impossibly large and unman
ageable. The solution is a selective con
solidation of accounts into major classes. 
One such consolidation, applicable to a 
closed economy, reduces a complex pic
ture to three interlocking accounts: one 
for production, one for consumption and 
one for accumulation [see illustration 
on next page J. 

In a model economy of this kind the 

INITIAL POPULATION GENERATION 1 GENERATION 2 I GENERATION 3 GENERATION 4 GENERATION 5 

SUN 10 10 10 1==10 10 10 

NOBLE 20 30 40 50 60 70 

HONORED 40 60 90 130 180 240 

TOTAL 70 100 140 190 250 320 

STINKARD 500 470 430 380 320 250 

TOTAL 570 570 570 570 570 570 

G G + 1 G+ G+3 G+4 G+5 

SUN S S S S S S 

NOBLE N N+S N + 2S + 3S N + 4S N + 5S 

HONORED H H+N H + 2N + S H + 3N + 3S H + 4N + 6S H + 5N + 10S 

the rank of their issue. At first glance the system seems plausible. 

But mathematical analysis of a sample population (in this case con· 

taining 70 aristocrats and 500 proletarians at the start) shows a de· 

ficiency in Stinkard marriage partners after only four generations. 
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KEYNESIAN VIEW of a closed economy states that income equals consumption plus sav

ings and that savings equal investment. When production, consumption and savings are 

interlocked in a model (top illustration ),  the growth of such a closed economy can be traced 

as the movement of income to the consumption account (1), which produces a two-way flow 

of outlay (2) into consumption spending and into savings. The second flow continues (3) 
from accumulation to production, increasing capital equipment and thereby stimulating 

greater production (4, enlarged arrow ).  If the rate of economic growth is to be increased, 

either more income must be saved and invested or greater efficiency must be achieved in 

the funds invested per unit of output. The importance of even slight rate increases, for 

example in the case of underdeveloped economies, is shown (bottom illustration ) by com

parison of a 1 percent difference between two rates of growth during a 50-year period. 
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production account receives money from 
the consumption account in exchange 
for sales of consumption goods and ser
vices and from the accumulation account 
in exchange for sales of investment 
goods. The production account then 
proceeds to pay out to the consumption 
account the value of its sales in the form 
of income.  This income is the only reve
nue the consumption account receives; 
within that account the revenue is di
vided into two unequal parts. The 
larger part is spent on additional con
sumption goods and services (with a re
sulting flow back into the production 
account) and the rest goes into savings 
(with a resulting flow back into the 
accumulation account). To close the 
system the accumulation account then 
pays these savings into the production 
account in return for further investment 
goods. 

Two of the assumptions in this model 
are obvious. The first is that total in
come is exactly equal to the sum ex
pended on consumption goods and sav
ings. The second is that savings, in tum, 
are exactly equal to expenditures on 
investment goods. Two other assump
tions, although less immediately appar
ent, prove on examination to be the key 
relations in this closed-economy model. 
One of these is that the economy's in
habitants save a fixed proportion of their 
income (here called a) . The other is 
that a fixed coefficient of proportionality 
exists between expenditures on invest
ment goods, to wit additional capital, 
and increased yields from the production 
account, to wit additional production. 
This coefficient is here called {3. 

Any closed economy that is based on 
these assumptions can only grow at the 
constant rate represented by a/{3. If it 
is to increase its rate of growth, the 
system must either save and invest a 
larger proportion of its income (that is, 
increase a) or contrive to use less capital 
per unit of output (that is, reduce (3) or 
both. As an example, let these relations 
be quantified as follows : a is a savings 
rate of 10 percent of income and {3 is 
a capital-to-output ratio of 2 .5 .  Under 
these circumstances a/ {3 will yield a 
growth rate of 4 percent. But if the 
value of a can be increased to 12.5 per
cent, or if the value of {3 can be re
duced to 2 percent, the economy's rate 
of growth will rise from 4 percent to 5 .  

A final example of  the use  of  mathe-
matics in describing and analyzing 

social situations can be found in the 
area of education. Concern over an ade
quate future supply of teachers, for in-
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LEITZ 
MICROMANIPULATOR 
Micromanipulation with the light touch 
Deft manipulation can now be achieved 
in microsurgery and other similar appli
cations with unexcelled accuracy. The 
motion reduction system is entirely me
chanical and free from backlash or play. 
It permits continuous direct control of 
microsubjects in t w o  coordinates b y  
straight-line movements o f  a single con
trol lever ... plus independent vertical 
movement-all with one-hand operation. 
Biologists can manipUlate cells, intro
duce chemicals by microinjection. Engi
neers can handle the most delicate parts. 
Write for full information on the Leitz 
Micromanipulator, or ask for a free 
demonstration. 50H4 ED E. LEITZ. INC., 468 PARK AVE. SO., NEW YORK, N. Y. 

_ .  Di s tributor s of the world·fa m ous pr o d ucts of 
Ernst Leitz: G.m.b.H., Wetzlar, Germany-Ernst Leitz Canada, Ltd. 
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GEOMETRIC DEMONSTRATION of the problems involved in a future supply of teachers, 

as a first step, shows that all the possible rates of growth for the stockpile of teachers are 

interactions between the number of students each teacher can bring to the graduate level 

and the proportion of graduates who then become teachers. For each growth rate a separate 

hyperbolic curve (black ) will plot all the possible combinations of these related factors. A 

separate calculation, in turn, establishes a linear relation between these same two factors in 

response to the varying stimuli of higher and lower rates of pay for teachers. When this 

linear relation is inserted in the graph (straight colored line ),  its intersections with the 

family of hyperbolas pinpoint specific values for each of the two factors in each instance. It 

is then possible to make another calculation that will show the corresponding rates of pay. 

stance, requires analysis of the way 
teachers and graduates interact. In the 
simplest kind of case it can be taken as 
self-evident that the number of gradu
ates produced by any educational sys
tem is in some way proportional to the 
number of teachers engaged in the 
system. An increase in the number of 
teachers, in turn, depends on the pro
portion (supposedly constant) of gradu
ates of the system who become teachers 
and the proportion (also supposedly 
constant) of the existing teacher pool 
that is lost to the profession through 
death, retirement or resignation. 

The ratio of graduates produced per 
teacher, in this example, may be desig
nated a, the proportion of graduates 
who become teachers designated f3 and 
the lost-to-the-profession proportion des
ignated y. It is then easy to devise an 
equation for the net growth of teachers 
and graduates (designated 8). The equa
tion is 8 = af3 - y. At first glance it  

seems that nothing but the obvious has 
been mathematized. All the equation 
says is that if more teachers are wanted, 
it is necessary either (1) to arrange for 
the existing number of teachers to turn 
out a greater number of graduates (that 
is, increase a) , or (2) to persuade a 
greater number of graduates to enter 
the teaching profession (that is, increase 
f3), or (3) to diminish the wastage rate 
in the existing stock of teachers (that is, 
reduce y), or finally (4) to do all three 
at once. 

Actually more than the obvious has 
been achieved by reducing the problem 
to mathematical relations. When these 
various interacting considerations are 
expressed geometrically [see illustration 
above l, it becomes possible to exam
ine still other interactions. Suppose the 
social situation is such that little or 
nothing can be done to reduce teacher 
wastage; no board of education, say, 
will reemploy retired teachers. Such a 
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of General Precision's desk-sized computers. 
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circumstance prevents any significant 
manipulation of y, but courses of action 
are still possible with regard to a and 
{3. What might be achieved by raising 
teachers' wages? Such an action would 
certainly bring more graduates into 
the teaching profession (thus affect-
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ing (3) and might also improve morale 
and increase teacher efficiency (thus 
affecting a) . 

Indeed, it can be imagined that both 
a and (3 are related hyperbolically to 
pay; that is, at very low rates of pay 
the teachers would do no work and no 
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MINIMUM-COST DIET demonstrates that even decisions made under conditions of cer

tainty are not always palatable. The example assumes that three required nutrient factors 

are present in varying proportions in both bread and cheese (two ounces of cheese, in this 

case, contain as much protein as six loaves of bread do). Plotting the three proportions on a 

graph produces a convex boundary (solid colored line), any point on which satisfies all 

constraints regarding nutrient demands. Now the least expensive combination of the two 

foodstuffs must be found. If 12 ounces of cheese cost the same as six loaves of bread (upper 

graph), the minimum-cost diet is reasonable: more than two ounces of cheese go with every 

half-loaf of bread. But if the price ratio is reversed (lower graph), the minimum·cost diet 

proves to contain an unacceptable bulk of cheap bread in proportion to expensive cheese. 
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graduates would enter the profeSSion, 
whereas at very high rates both the 
teachers' efficiency and the number of 
graduate careerists would approach up
per limits. In such a case the relation 
between a and {3 is linear, and this 
linear relation, when it is inserted in 
the geometriC construction, enables cor
responding rates of pay to be calculated 
for various values of a and {3. 

All the preceding examples are con
cerned with describing the world as it 
is without considering the mechanisms 
that determine how it comes to be that 
way. This latter consideration intro
duces the area of decisions. To a large 
extent the maintenance and modifica
tion of social patterns depend on innu
merable private and public decisions 
consciously undertaken in the hope of 
achieving certain ends, and therefore 
the study of the decision process is an 
essential part of the social sciences. 

To a large extent the decision process 
can be formulated and analyzed 

mathematically. In addition to the clas
sical techniques of mathematics today's 
decision-maker can draw on such new 
methods as linear programming, game 
theory and statistical decision theory. 
As a preliminary, however, it is neces
sary to distinguish between decisions 
made under conditions of certainty and 
those made under conditions of uncer
tainty. And within these two categories 
it is necessary to distinguish between 
decisions that relate to a single period 
and those that involve a course of action 
over several periods. 

An example of the first category 
and subcategory-a single-stage decision 
taken under conditions of certainty-can 
be found in the dietitian's problem of 
devising an adequate diet at minimum 
cost. This problem defines an adequate 
diet in terms of certain minimum quan
tities of such nutritional factors as 
proteins, carbohydrates and fats, vita
mins, caloric content and the like. Vari
ous foods, with fixed prices, contain 
these nutritional elements in known 
quantities. The question is: How much 
of each foodstuff should be bought in 
order to meet the nutritional require
ment at minimum cost? 

Because the function to be minimized 
in this problem is linear, the solution 
requires the technique of linear pro
gramming. If a simplified case-involv
ing only two foodstuffs and three nutri
tional elements-is taken, the problem 
can also be interpreted geometrically as 
a construction of two axes, one for each 
foodstuff [see illustration at left]. With 
n foods the same geometric construction 
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Working with the Air Force to plan 

well ahead for the nation's needs in 

missile and re-entry systems is the 

vital national-defense mission of 

Aerospace Corporation. Specifically: 

We plan: Considering weapon 

requirements, we relate the problem 

to all available technology, and 

identify the possibilities. In prepar

ing a recommended plan of action, 

we often util ize interdisciplinary 

teams. With minimum supervision, 

each team member must relate his 

specialty to the other disciplines. For 

example, the specialties encompassed 

in one group could include vehicle 

system design, weapons effects and 

operational analysis. 

We guide: After delineating the 

appropriate program, we help formu

l ate the means by which it can be 

implemented. From a position of 

objectivity, we may modify the pro

gram's course of development to 

insure that all its requirements are 

satisfied. 

We probe: We explore in depth 

the consequences of technical discov

eries, using current experience as the 

key to the future. This aspect of our 

mission is made possible by the fact 

that team members have unusual 

access to the nation's totality of tech

nological activity and information. 

We need: Engineers and scientists 

who welcome the demands and com

plexities of advanced thinking will 

find a stimulating environment at 

Aerospace Corporation. For infor

mation on current job opportunities, 

please write to Mr. R. E. Durant, 

Room 120, Box 249, San Bernar

dino, Calif. An equal-opportunity 

employer. 

You must get through this barbed·wire entan· 

glement by making no more than six cuts in 

the wire. Plan ahead! (From Mazes and Laby· 
rinths, a Book of Puzzles, by Walter Shepherd; 

Dover Publications, Inc., New York 14, N.Y.) 

@ AEROSPACE CORPORATION 

Organized in the public interest and dedicated to providing objective leadership in the advancement and application of 

space science and technology for the United States Government. 
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can be thought of as repeated in n di
mensions; as n increases, the number of 
calculations needed to find a solution 
also increases. 

example, the bulk of the food that con
stitutes the minimum-cost diet is not 
taken into account, and this bulk often 
turns out to be very large. As has re
cently been found, if a limit is put on 
the weight of the food to be consumed 
each day, a much more varied diet 
emerges with no appreciable increase in 
cost. This problem of narrow formula
tion illustrates a feature that is charac-

teristic of all complex calculations : 
mathematical methods are literal meth
ods. They solve problems as they are 
formulated; it is up to the investigator 
to see that they are formulated sensibly. In practice the solution of the mini

mum-cost diet problem usually turns 
out to involve very few foods and to 
offer a far from acceptable diet. The 
reason for this is that the problem is 
usually too narrowly formulated; for 

In any decision made under condi
tions of uncertainty, what was previ
ously a known (or supposedly known) 
magnitude has been replaced by an en
tire distribution of magnitudes. The 

III IZ :J o U U 
« . 
z o 
>= U :J o 
o 0: 0. 

III IZ O :J  z O  « U ", U  
::;; « 
0 >u « z -'  - I-

III IZ :J o U U « 
z Q IU « III z 
« 0: ';' ;;t l
ii: 
« U 

:J 
o 

COMMODIT I ES  

(' 
I 

FUEL  AND POWER 

COMMOD IT I ES 

METALS. ENG INEER ING .  CONSTRUCT ION 
AGR ICULTURE .  MANUFACTUR ING 

P R O D U C T I O N  ACCOUNTS 

I NDUSTR IES 
CONSUMERS 'GOODS 

AND SERV ICES 

INCOME AND 
OUTLAY ACCOUNTS 

'/ I N DI R ECT 
GOVERNMENT  TAXES AND  

PURPOSES SUBSI D I ES  

o 0 0 500 353 274 476 1 0 647 
o 0 0 235 6.077 750 756 , ° 373 

94 
88 

74 46 41 0 
637 62 98 0 

o 0 0 72 693 4 .032 882 I 4 .046 1 .363 381 28 1 47 39 0 
__________ -+-:

S
-;:
ER

-:-
V_IC

�
E� .. -���------------4-:-t:---::O::---o----::O----0�-2-8

0
1--1 .�72�

0
4-�I .�76

0
7-__ 3_6_

0
7+-1 .-47-8---8-ffi��2�.5����2�3

0
--�266�

0
--�67�--�0

0 FUEL  AND POWER 5 2.666 4 1 2  0 0 0 0 0 
I NDUSTR I ES  METALS. ENG INEER ING .  CONSTRUCT ION 6 5 1 5 .349 74  1 7  0 0 0 0 0 0 0 0 0 0 0 

AGR ICULTURE .  MANUFACTUR ING  7 12 43 1 1 . 769 12 0 0 0 0 0 0 0 0 0 0 0 
-:: __ -:-_--:-____ -1_���yl.��S=_ _________________ �8'-J 0 25 4 1 0.640 ! 0 0 0 0 O...! 0 0 0 0 0 0 

CONSUMERS ' FOOD. DR INK .  TOBACCO 9 0 0 0 0 I 0 0 0 0
0 I 0 0 0 0 0 0 0 

GOODS AND CLOTHING AND HOUSEHOLD 10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
__ S_E.R_V_IC_E_S ______ +-�

O
�
T
�
H

�
ER

�
--------------I

�
I�-

-O-
-

-O __ 0,. __ ._�04_-�0---�0----�0--�0�,��0----�0----0�-�0�-�0---0�-�0 
DEFENSE 1 2  0 0 0 0 0 0 0 0 0 ° 0 0 ° ° 0 

GOVERNMENT  
PURPOSES 

HEALTH .  EDUCATION.  CH I LD  CARE 1 3  ° ° 0 ° 0 0 0 ° 0 ° ° 0 0 0 0 
OTHER  1 4  0 ° 0 ° ° 0 0 ° , 0 ° ° 0 0 ° 0 l- I ND I R ECT TAXES I ND IRECT TAXES 1 5  1 49  85 ° 53 76 1 26 604 i 1 .221 471 372 10 20 14 0 

AND SUBS ID IES L E��_�UBS ID I ES  1 6  1 ___ o ___ o __ .,..o __ 0+_-_3_.-;;:-
0
:_-:-

-
-;:2::;57:---:-:::;I I:;::I-t! __ o::-_--::1-;:18 __ -::O+_,,-o __ o: __ .o _ __ Q 

----
-

---i--=Dc:ISTR IBUT ION OF PROPERTY INCOME 1 7 ° 0 0 0 10 1  1 .40 1 1 .369 1 . 899 Ii 0 524 ° 0 ° 0 0 I NST I TUT IONAL 
SECTORS 

PRIVATE SECTOR 1 8  0 ° 0 0 792 4 .341  2.408 5.02
0
8 .,i

. 
0 86 1 1 8  7 1 8  921 699 0 

.. PUBL IC SECTOR 1 9  0 0 ° ° 0 0 0 0 0 0 0 0 ° 3.405 

COMMODIT I ES 
FUEL  AND  POWER 2 0  0 0 0 0 0 0 ° 0 i 0 ° 0 0 ° 0 ° 
METALS.  ENG INEER ING .  CONSTRUCT ION 21 0 ° 0 0 0 0 0 ° ! ° 0 ° 0 0 0 0 ! 

� _______ -1_
�':.c;,�c:.�LTURE . MANUFACTUR ING 2 2  0 ° ° ° 0 0. __ "-0 __ ---'0'+, _.::o'--__ .::.o ____ ::..0f .. __ o. ____ o ___ '!.. ____ 0 
FUEL  AND POWER 23 0 0 ° 0 1 85 0 0 0 , 0 ° 0 ° ° 0 0 

I N DUSTR I ES. 
R EPLACEMENTS  

METALS. ENG INEER ING .  CONSTRUCT ION 2 4  ° 0 0 0 0 1 84 ° 0 I ° ° 0 ° ° ° 0 
AGRICULTURE .  MANUFACTUR ING 25 0 0 0 0 ° 0 3 12  0 i 0 ° ° ° 0 ° ° 

_____________ -+�SE::..R�V�IC::..E::..S� ________________ �2�6� ___ �0 ____ 0�_.�0 _�0_t __ ::..0 ____ ::..0 __ �0��41�6 L __ .::o'--__ �o __ ::..0t_---'o�-.::o---::..0t_--::..O 
FUEL AND POWER 27 ° 0 0 0 70 0 0 0 ! ° 0 ° 0 0 ° 0 

I N DUSTR I ES. 
EXTENSIONS 

METALS.  ENG INEER ING .  CONSTRUCT ION 28 0 0 0 0 ° 1 1 9  ° 0 ° ° 0 0 ° ° 0 
AGR ICULTURE .  MANUFACTUR ING 29 0 ° 0 ° 0 ° 91 0 0 ° ° ° ° 0 ° 

_
-:--:-_-,.. ___ +! .. _S.E.�VICES 30 . .  _:

0
:._._-;:

0
::-_-;:

0 __ :--
0:+ __ -'0'___0 ..... _ ..... O __ .209_-t-_O ____ o ___ 0-j_ • .  � ._. __ O: ___ .::.O�--.::.O 

CONSUMERS. .1. DWELL INGS 31 ° 0 0 0 ° 0 ° ° 0 132 0 ° 0 0 ° 
....!':.�!:.A_C.�M�E::..N::..T�S_-1--"D"'U-'R:..;A:;:B:.:LE:::S'_____________ 32 +-_0 ___ 0 ___ 0 __ 0; _ _ •. 0 . .. _-"o ___ o'-_"-0t_- 0 ___ 2'!�_-,3;o3!..7 t--.....::Oc.... __ �O ____ 0"-t ___ oO!. 

CONSUMERS.  DWELL INGS 3 3  0 0 0 ° I ° 0 0 Q 0 164 0 0 ° ° 0 
EXTENS IONS DURABLES 3 4  0 0 ° ° ! ° 0 ° ° 0 1 7 1  234 ° 0 ° ° 
GOVT R EPLACEMEN TS ALL  SOC IAL C.A:.cP-'I.::TA.::L:..... _________ �35 1-�0'___ �._---'0'___0�--0:.....-...:0::....--,0'---.:.0t_--o::....--'0:.....-..:0-1'-....:..I --"42:...........:20=.,1--..::.0 
GOVT. EXTENS IONS ALL  SOC IAL CAPITAL :-:-:-=:--__ =36 1--__ 0:..... __ -'0 __ . ..::.0 __ 0+_..::0:--_:.9_:--�

0_.....::0+ __ .::0:....... __ :::.0._:.......0�_...:0c....�44=__..:2::.6 t---::..O · 

I NST I TUT IONAL 
SECTORS 

CHANGES I N  ASSETS AND CLA IMS 37 0 0 0 0 - 7 -63 -81 - 1 1 2 0 0 0 0 0 ° 0 
PR IVATE SECTOR 
PUBL IC SECTOR 

REST OF THE WORLD ACCOUNT 
TOTAL OUTGO I N GS 

38 ° 0 ° 0 0 0 0 ° ° O · 0 ° ° ° 0 
39 ° 0 0 ° ° 0 0 ° ° 0 0 ° 0 ° 0 
40 1 45 665 1 .308 347 333 560 1 .045 255 296 0 277 1 20 0 26 0 
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MATRIX MODEL of the British economy presents the accruals 

and dishursements for the year 1960 within the four national 

accounts. These four are here subdivided into 40 groups ; in 

the author's larger model there are 253 such subdivisions. The 

accounting nature of the model is  shown (color ) for entry No. 10, 

a consumers' subdivision of the "Production accounts" that sum· 

marizes clothing and household transactions. At the intersection 

of row 10 and column 18 is  entered the total amount ( 4,918 million 

pounds )  spent by consumers on clothing and household items. Col· 

umn 10, in turn, presents the component parts of this expenditure. 
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problem is to find out the nature of this 
distribution and decide how it should 
influence the decision. Questions of this 
kind involve the fields of probability 
and statistics. A classic example is the 
tossing of heads and tails with a "bi
ased" coin. Under normal circumstances 
the probability of an ordinary coin's 
falling heads up at a single throw is, 
for all practical purposes, 1/2, and the 

probability of two consecutive heads-up 
falls, in turn, is 1/4. Obviously a trick 
coin with two heads would not yield 
the same probability: the single-throw 
prospect for heads would improve from 
1/2 to 1. Imagine, in place of this brutal 
kind of bias, a coin so ingeniously con
trived that the probability of obtaining 
a head at a single throw ranges evenly 
between the limits of 0 and 1. As Pierre 

Simon de Laplace established with his 
law of succession, the chance of obtain
ing a head at each of two throws with 
such a coin is not 1/4 but 1/3. 

What has happened, of course, is that 
a different distribution of magnitudes 
has been substituted for the usual dis
tribution. In the real world no such 
coins exist ;  however, the real world 
abounds with opportunities for deci-
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489 I 5,473 22,900 5,874 - 6  357 240 I 1 85 1 84 312 4 1 6  316 439 309 826 1 32 564 646 799 63 1 ,648 3 , 1 36 1 86 5 , 1 46 

First entry (647 million pounds) is the total spent for household 

heating and lighting : coal, coke, gas, electricity and oiL Negative 

entry at row 16 (- 1l8 million pounds) represents housing sub· 

sidies paid by government. Another entry, at row 18 (86 million 

pounds), is the total paid in salaries to domestic servants during 

1960. Author's larger model deals in more detail not only with the 

different branches of industry (a 3 1  X 31 square matrix stands in 

place of the 4 X 4 square matrix shown here at the intersection of 

rows 1, 2, 3 and 4 and columns 5, 6, 7 and 8) but also with the con· 

sumption, accumulation and foreign transactions of the economy. 
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NEW CAREER 
POSITIONS 

IN 
SPACE VEHICLE 
SYSTEMS 

Permanent positions ava i lab le  for qual ified 
eng ineers: 

SPACE COMMUNICATIONS 
ENGINEERING 

C i r c u i t  des igne rs, fa m i l i a r  w i t h  d e s i g n  o f  
c o m m u n icat ions  receive rs, t ransmitte rs, t e 
l e metry g e n e rators  a n d  DC/DC c o n v e r t e rs. 
Design p r o j e cts c a r r i e d  from b r e a d b o a r d s  
to fl ig h t  p rototypes. Backg r o u n d  r e q u i r e d  i n  
des ign  0 1  h i g h  r e l i a b i l i ty e q u i p m e n ts lo r 
space e n v i r o n m e n t .  Pos i t ions  a lso i n  c o m 
m u n icat ions  e q u i p m e n t  d e s i g n  a n d  syst e m  
d e s i g n  to p r o v i d e  d e t a i l e d  a n a l ys is  o f  sys
tem pe rfo rman ce. p r e p a r e  specifi ca t i o n s  
a n d  proced u res fo r su bsystem e v a l u a t i o n .  

ADVANCED SYSTEMS DEVELOPMENT 
Ana lysis a n d  d e v e l o p m e n t  0 1  advanced 
spacecraft  systems: Space probes, c o m m u n i 
c a t i o n  sate l l ites, n a v i g a t i o n  sote l l i tes  a n d  
reconna issa n c e  systems. BS d e g r e e  i n  a p 
p l i c a b l e  d isc ip l in es, 4-1 0  y e a r s  exp o  O P E N 
I N G S  I N  P R E LI M I N A R Y  D E S I G N ,  Miss ion 
ana lysis, system requirement  defi n i t ion,  system 
integrat ion and c o n fi g u rat ion  studies.  Back
g ro u nd i n  orb i t  m e c h a n i cs, t h e r m a l  c o n tro l ,  
space power, contro l  systems a n d  structu r a l  
a n a lyses. COMM U N ICAT I O N  SCI E N C ES,  
Ana lysis a n d  p r e l i m i n a ry des ign,  space 
c o m m u n icat ions sy stems and subsystems. 

GUIDANCE AND CONTROL SYSTEM 
ANALYSIS AND SYSTEMS DESIGN 

5- 1 0  yea rs e x p . ,  advanced d e g r e e  des i r 
a b l e .  S u p e rvisory a n d  non-su perviso ry pos i 
t ions. SYSTEMS ANALYSIS ,  Ana lysis, synth e 
s i s  a n d  p r e l i m i n a ry d e s i g n  o f  att i tude c o n 
t r o l  a n d  g u i d a n c e  syst e m s  f o r  a d v a n c e d  
sate l l i tes, s p a c e  v e h i c l es. S Y S T E M S  D E
S I G N :  Design specificat ion,  integ rat ion, e v a l 
uat ion of  a d v a n c e d  g u i d a n c e  and c o n t r o l  
systems.  M E C H A N ICAL D E S I G N ,  R e q u i r e s  
e x t e n s i v e  expo  i n  m e c h a n i c a l  d e s i g n  of  m e c h 
a n isms and devices  fo r s p a c e  app l icat ion.  

RELIABI LITY SUPPORT 
S p e c i a l ists needed at a l l  des ign  l e v e ls;  spe
c i fi c a l ly, se lect ion  a n d  a p p l icat ion of  e lec
t r ica l  a n d  e lectromechanica l  pa rts, r e l i a b i l i ty 
e v a l u a t i o n  of  circuit  and h a rdware des ign;  
systems e n g i n e e rs t o  a l locate r e l i a b i l ity 
requ i reme nts, eva luate  a c h i e v e m e n t  of  g o a ls.  
I n termediate t h r o u g h  senior posit ions.  

Please submit your resume in 
confidence to Mr. George Danyla 

PH I Leal WDL DIVISION 
A S U B S I D IA R Y  O F  
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Sfm£J/(gtor�� 
3825 Fa b i a n  Way, Pa lo  Alto,  Ca l ifo r n i a  

An e q u a l  opportu n i ty  e m p l oyer. 

sions under conditions of uncertainty 
where a failure to examine the assump
tions about the kind of distribution 
proves to be quite as hazardous as bet
ting blindly against a biased coin, 

The combination of theories and facts 
in the social sciences will produce 

useful models of real situations .  If a 
model, in turn, is combined with a set 
of aims, the product that results is a 
policy. It is because of this, I think, 
that large quantitative models of na
tional economic systems, intended for 
practical use, are at present being built 
in many countries. An economy can be 
viewed as a system that transforms in
formation into decisions. Today a quan
titative economic model, if it is made 
detailed enough and reliable enough, 
should be able to provide much useful 
information for decision-makers. 

For the past four years my colleagues 
and I at the University of Cambridge 
have been working on such a device, a 
computable model of the British econ
omy. We now have a working prototype 
which, although still much in need of 
improvement, shows that the task is a 
manageable one. As a first step we con
structed a model for a steady state of 
economic growth starting from a future 
year that for the moment we have arbi
trarily set as 1970 [see illustmtion on 
page 1 69]. This model is based on 
specific assumptions about the British 
standard of living in 1970 and about 
the economy's rate of growth thereafter. 
The economic consequences of these as
sumptions are set out as a series of bal
ances. First are the balances of supply 
and demand for the 31 product groups 
distinguished in our model. Second are 
the balances of revenues and costs in 
the corresponding branches of produc
tion. Three others complete the series : 
the balance of supply and demand for 
labor, the balance of saving and invest
ment and the balance of the external 
account (Britain's foreign trade) . 

The variables in the model are the 
entries in a square matrix consisting of 
253 pairs of rows and columns (each of 
which represents a balancing account, 
showing the incomings and outgoings of 
some branch or sector of the economy), 
and the prices and quantities associated 
with these entries [ see "Input-Output 
Economics," by vVassily W. Leontief; 
SCIENTIFIC AMERICAN, October, 1951] . 
The entire series of entries we call the 
"social-accounting matrix," or SAM; a 
summary presentation of SAM's row
and-column entries appears on the pre
ceding two pages. Working within such 
a framework at least assures us results 

that are consistent in an arithmetic and 
accounting sense. 

Operating the model involves a com
puter run. The input required to obtain 
a set of output balances consists of 
5,000 to 6,000 numerical statements ;  
the run involves about 30 million multi
plications .  The Atlas computer we use 
needs only 22 seconds to do these mul
tiplications. Indeed, only the develop
ment of electronic computers has made 
macromodels of this kind possible. A 
generation ago, when the discipline of 
econometrics was coming into being 
with the help of desk calculators, such 
models would have been unthinkable. 
Twenty-two seconds of work for Atlas 
is the equivalent of 60 man-years with 
a desk calculator. 

Now that SAM is operating, although 
much refinement lies ahead, we have 
begun work on our second task. This 
is : Given the present state of the British 
economy, what are the changes that are 
needed to bring tomorrow's economy, so 
to speak, more in line with our pro
jection for 1970-the day after tomor
row? Eventually we hope to make these 
two parts of the model interact. 

In this connection, one of the main ad-
vantages of economic models is that 

they can be made to work out the im
plications of any assumptions we choose 
to make. We can, for example, establish 
a "closed" system and observe how this 
will develop "naturally" in the future; 
given an initial set of values, the model 
will trace out the future paths of a num
ber of variables. In moving from today's 
facts toward 1970's assumptions, how
ever, our interest frequently centers on 
ways to bring about a state of affairs 
that does not seem to happen naturally. 
There are many such problem sectors : 
how to reduce unemployment, say, or 
how to increase the proportion of col
lege and postcollege graduates in the 
population, or how to avoid recurrent 
balance-of-payment crises. For each of 
these cases we must open our model at 
some point and introduce into it a new 
feature : a precise statement of aims. 
The model will then show how the sys
tem balances out on the assumption that 
these aims are met. Meanwhile, as we 
increase the size of our original model, 
we have to decide whether it is more 
practical just to add categories or to 
set up submodels instead. The sub
model solution seems the most promis
ing. It is possible to imagine a decen
tralized system in which, for instance, 
the submodel for the fuel and power 
industries or for financial activities was 
maintained - and operated by fuel or fi-
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ENGINEERS " SCIENTISTS 

What's new at Pan Am? 

nothing except . . . . 
Range Support 

for lau nches of: 

GEM I N I  

APOLLO 

MOL/G EM I N I  B 
RAN G E R  

OAO 

OGO 

OSO 

PION EER 

SERT 

SU RVEYOR 

SMS 

VOYAG ER 

SAT U R N  1 - B  & V 
TITAN I I I  

ATS 

M I N UTEMAN 

ANNA 

ASSET 

BIOS 

DISCOVERER 

I M P  

MAR I N E R  

Tl ROS 

TRANSIT 

VELA HOTEL 

ETC. 

New I n stru mentation Systems In:  

C O M M U N I CAT I O N S  I n c r e a s e  b a n d w i d t h  a n d / o r  e m p l oy 
compaction techn iques for expanded real-t ime bioastrona utic,  
te lemetry. a n d  color TV data transm ission . • •  wideband data 
l ink using com m u n ication satel l ites. 

CW & PU LSE RADAR I m p rove sens itivity. rel i a b i l ity. a n d  
accu racy o f  G LOTRAC, M I STRAM a nd M I P I R  . • •  add m u lt iple·  
station s l a nt·range m e a s u rement c a p a b i l ity to range s h i ps. 

TELEM ETRY Exte nd frequency coverage at al l  stat ions to 
2300 mc . . .  design a system w h i c h ,  upon com m a n d ,  w i l l  select 
t h e  m ost i m portant data from each stat ion . . .  replace obsolete 
telemetry e q u i pment with m odern receiving and record ing 
stations.  

O PTICS Add new fixed metric a n d  t racki ng m etric systems 
to cover i n c reased l a u nch activity • • •  develop a new f a m i ly of  
sta n d a rd opt i c a l  beacons for i n sta l l ation i n  m i s s i l e s  a n d  space 
vehic les • • •  new a utomatic optical  c a l i b ration system. 

I N FRARED Add new high·  reso lution spectrometers for l a u n ch ' 

a n d  re·entry coverage . . .  new I R  systems to exten d  m id·ra nge 
coverage. 

RA NGE SAFETY Study and develop a reas of explosive h a z a rd 
a ssessment, i n c l u d i ng i n strum entation to cove r chem ical  fuel 
explosions a n d  n u c l e a r  fuel  excursions. 

I N STRU M E NTATION & VEHICLE CONTRO L Add a 64· m a n  
centra l control at the Cape to d i rect operation of t h e  e n t i re 
range . . .  new rea l·t ime d u a l ·system computer faci l ity ( i n c l u d· 
i ng 2 C D C  3600's) for fa i l u re·p roof h igh·speed d ata h a n d l i ng. 

CORRELATI ON Red uce t i m e  correlation u ncertai nty across 
the range to less t h a n  10 m i c roseconds • • •  sta n d a rd ize t h e  
t iming s i g n a l  format on the Eastern Test R a n g e  to be com· 
pat ib le  with oth e r  nat ional  ranges, 

FREQ UENCY CONTROL & ANALYS IS Monitor  a n d  cont rol 
a l l  e l ectromagnetic radiation with in  the m i s s i l e  test area with 
a Spectrum S u rvei l l a nce System • • •  expand a utomatic i nter· 
terence control,  spect rum signature col lection,  a n d  q u a l ity 
a n a lysis. 

M ETEOROLOGY I m p rove c loud height and growth i ndica· 
t ion i n strumentation • • •  d eve lop a system to m e a s u re at mos· 
pheric e lectrica l  potential  a n d  c loud movement. 

S H I P  & AI RCRAFT I N STRU M ENTATION I m p rove the i n st ru. I 
mentation to meet more stringent telemetry, navigation, track· 
ing, com m u n i cations, and data h a n d l i ng req u i rements • • .  
phase into operation new a n d / o r  mod ified tracking s h i p s  a n d  
a i rcraft. 

U N D E RWATER SOUND Refi n e  the tec h n i q u e s  e m ployed to 
est a b l i s h  i m pact l ocation points of nosecones and i n strumen
tation cassets. 

Selective Staff Augmentation In:  

RANGE P LA N N I N G  T a k e  p rojected p ro. 
gram req u i rements for the next five yea rs 
a n d  develop the advanced tracking system 
concepts req u i red, i n c l u d i ng i n strumenta .. 
t ion,  faci l ities, a n d  logistic support. 

SYSTEM S  E N G I N EERING Develop speCi. 
fications for range i n strum entation sys
tems,  eva l u ate bids from i n d u stry, p rovide 
tec h n i c a l  d i rection of development, moni
tor m a n u factu re a n d  i nsta l l at ion,  a n d  
phase syste m s  i nto operat i o n a l  statu s .  

SYSTE MS MANAGEMENT A new staff, 
n ot f u n ctio n a l ,  group respon s i b l e  for guid·  
ing the d eve lopment,  ac q u isit ion,  and 
operat ional  capacity of specif ic  m ajor  in
stru m entation systems. Goal :  to meet per
form a n c e  specifications a n d  sched u l es, 
control costs, and achieve m a x i m u m  data 
ret rieval and h a n d l ing capac ity. 

SCIENTIFIC STAFF A h a n d picked group 
a n a lyz i n g  program i nfo rmation a n d  pre
d icting system c a p a b i l it ies needed to s u p
port p rogra ms,  u s i ng celesti a l  a n d  orbital  
mech a n ics, a stronomy, probabi l ity a n d  
g a m e  th eory. 

RANGE OPERATI ONS P l a n ,  ev a l u ate, a n.d, 
p rovide range su pport for a l l  l a u nches,  co: 
ordinate a l l  range su pport activities, pro
vide data and com m a n d /destruct for range 
safety, a n d  m a n age down·ra nge island and 
ship stations.  

Experience req u i red i n  o n e  o r  more of these 
a reas: Pulse & CW rada r  / telemetry / in·  
fra red / d ata h a n d l i ng / com m u n ications 
/ c l osed circuit  TV / frequency a n a lysis / 
com m a n d  control / underwater sound / 
t i m i ng / s h ipboard i nstrumentation / 
meteorology. 

Write in confidence to Manager, Professional  Em ployment, Dept. 68.1 

G U I D ED M ISS I LES 
-

R A N G E  D IV I S I O N  
P A N  A M E R I C A N  W O R L D  A I R W A Y S ,  I N C . 
P. O. BOX 4465 ,  PAT R I C K  A I R  F O R C E  B A S E ,  F L O R I DA 

AN E Q U A L  O P P O R T U N I T Y E M P L O Y E R  
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New!  Recording pH Meter 

One pH Unit 
on a Full 
IOn Scale 

Check These Versatile Features ! 
• Multi pH Ranges ! Full-scale pH spans of I ,  2, 5, t o  

a n d  1 4 .  A n y  I p H  unit, 2 p H  units (etc.) over entire 
p H  region of interest can be switched for full sca le 
on t o" scale or recorder chart.  

• Multi MV Ranges ! Full-scale millivolt spans of ± 
50. 1 00. 200. 500. 1 000 and 1 400. There a rc 1 4  cali
brated 50 m v  increments of zero suppression that can 
be switched in on a l l  millivolt spans. 

• Direct Read ing ! p H  i s  read directly from a to" 
scale ; expanded ranges are made direct reading b y  
interchangeable scales ( e . g .  6.000·8 .000 pH, etc.) 

• Versatile Recording Speed s !  Chart with to" grid on 
1 20' roll mOves at  selected rates. Standard rate of 
2" /l11in . :  other chart speeds as low a s  l " /hr.  and as 
high as 1 2'/min. are available with interchangeable 
motors. 

• Scale Readability! 0. 1 % of full-scale span (e.g.  
0.00 1 p H  on span of I pH, 0.0 1 p H  on span of 1 0  pH. 
0.05 M V  on span of 50 MV. etc.) 

• Highly Accurate! Better than 0.5  % of any cali
brated full-span. 0.005 p H  on span of I .  

1 8 2  

ANALOG/D I G I TAL 
Computer 

I nterface Systems 

PASTORIZA El ect ro n i c s .  I nc.  b u i l d s  

sta n d a rd com p o n e nt s  a n d  p rovi d e s  

t h e  syst e m  d e s i g n  f o r  com p ut e r  data 

i n p u t  a n d  a n a l o g  to d i gita l ta pe for

m atti n g .  Featu ri n g  si m p l icity with 

f lexi b i l ity a n d  a va r iety of s i z e  a n d  

p e r fo r m a n c e  s p ec i ficatio n s  a t  r e a 

s o n a  b l e  p ri c e s  

• i c 
• STORAG E & D I G I TAL FORMATT I N G  

• A NALOG/D IG I TAL CONVERTER 

PASTORIZA ELECTRONICS,  I NC .  
3 13 5  ELL IOT STR EET, N EWTON UPPER FALLS 

M ASSACHUSETTS 

• Temperature Compensation!  Calibrated 0 to 1 000 C 
manual control. M a y  be a utomatica lly controlled b y  
accessory Thermistor probe. 

• Completely Assembled & Tested ! 

Free Brochure Available ! For complete details, tear 
out coupon & send for your Free brochure now ! 

E U IV-30I, 26 1bs . . . . . . . . . . . . . . . . . . . . . . . . .  $300.00 

�-------------------------, 
HEATH COMPANY, Dept, 36-9- 1 
Benton Harbor, Michigan 49023 

o Send EUW -301 brochure plus Heathkit 

Catalog, 

Name ______ �--���------------
( P lease Pri nt) 

Address ________________________ _ 

City State _____ Z i p  ____ _ 

L _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  ���L� 

AT MACH 2 
H igh-purity oxygen lanced i nto molten iron 

and scrap i s  succee d i n g  the trad i t ional  melt

i n g  methods of the steel i n d u stry. The new 

basic oxygen furnace process has increased 

p rod uct ion rates 400 to 500 per  cent,  and 

new research p ro m i ses st i l l  more s i g n i ficant  

results .  A 24-mi nute sound, color 16 m m  

fi l m  on prod uction and research i n  t h e  BOF 
process i s  a v a i l a b l e  f o r  showi n g  to groups on 

request from J&L, a pioneer i n  t h e  use o f  

Ihe process. Write t o d a y  on your letterhead. 

!I! 
STE E L  

Jones & Laughlin Steel Corporation 
Oepartment  S 

3 Gateway Center ,  P i ttsburgh,  Pa. 1 5230 

nancial specialists who had the nec
essary knowledge at their fingertips. 
Another advantage of the submodel 
method is that situations could be rep
resented that involve changes in the in
dividual branches of production ; the 
fixed input-output relations that are 
built into a single model effectively rule 
out such manipulations. 

Although SAM was confined to the 
economic aspects of British society at 
the start, it has shown an inevitable 
tendency to spread. In assessing the 
parts played by labor, capital and in
vention in producing goods and ser
vices, for example, it was necessary to 
consider not only different skills but 
also social attitudes toward research 
and innovation . The former has led us 
to the study of the education and train
ing systems in which skills are learned, 
whereas the latter has led us into the 
field of social psychology. Before the 
end we may be facing a model of the 
entire British socioeconomic system. 

In the real world such systems may 
not keep on an even course, either be
cause of an inherent tendency to oscil
late or because they have only a limited 
capacity for recovering from the succes
sion of natural shocks to which they are 
inevitably subject. But like their biologi
cal and engineering counterparts, socio
economic systems possess automatic 
control mechanisms (an example of this 
in economics is the price mechanism).  
Often, however, these mechanisms do 
not function very well, partly because 
they are based on limited aims and part
ly because they work with limited in
formation . This is why in every country 
efforts are made, in greater or lesser 
degree, to design devices that will im
prove the control mechanisms. 

I observed above that combining a 
model with a set of aims produces a 
policy. When a policy is combined with 
control systems, the combination gives 
rise to a plan of action. The plan in 
turn combines with events to give all 
of us our experience of socioeconomic 
life. This experience feeds back to 
modify the theories we accept, the facts 
we consider relevant, the aims that ap
peal to us and the controls we regard 
as efficient. By modifying these factors, 
experience serves to modify our models, 
our policies and our plans. And so it 
goes. We can hope that someday, thanks 
to the tools of mathematics, decisions 
may come to rest a little more on knowl
edge and a little less on guesswork and 
that the world in which we live will 
function a little better and be less at the 
mercy of unforeseen events . 
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eclectic . 
The goal of an SOC in terd isciplinary team is to solve a system problem 

too complex for one discipline alone.  Such a "discovery " team often includes a 

mathematician, philosopher, l inguist ,  psychologis t ,  and electronics engineer . 

Each man con tributes his own specialty,  and each man learns from the others. 

In this climate of  mutual in tellectual  stimula tion , where many heads are 

bet ter than one, new knowledge is  discovered . Thus the mathematician at  SOC 

has an opportunity to develop competence in ,  say, system planning, 

semantics,  human behavioral patterns, and electronic display technology. 

o The broad technology of in forma tion-processing systems - which is our basic 

business - is  made up of  such sub- technologies as opera tions research , 

computer t ime-sharing, man-machine in teraction , arti ficial intell igence, 

information storage and retrieva l .  and the human implications of  decision

making. Our current projects are contributing to America ' s  advancement in 

education , medical science, defense, and national economic wel fare. 

o We invite mathematicians who seek to add the new dimension of 

interdisciplinary stimula tion to their careers to write Mr.  A .  C .  Granville, Jr . , 

SOc, 2430 Colorado Avenue, Santa Monica , California . Positions are also open 

for related disciplines . Other SOC facilities are located in Colorado Springs, 

Colo . ;  Dayton, 0. ; Lexington, Mass. ; Omaha , Neb. ; Paramus,  N .  J. and 

Washington , D.  C .  "An equal opportunity employer . ' ·  

System D evelopment C o rporation 
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Engineers & Scientists 

If  you bel ieve 
Xerox office copiers 
are the answer 
to the world-wide 
i nformation explosion,  

1 8 4 
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you're n ot worki ng  
at Xe rox. 
Someti mes it  ta kes a revol ution to stem a n  explos ion.  

Act u a l ly, the i n formation revol ution i s  a l ready u n d e rway. 
At Xerox. 

You m ay never h ave rea l ized it  u nt i l  today, but Xerox i s  deeply 
com m itted to c reating the new tec h n ologi es and tech n i q u es 
cruc i a l l y  n eeded to conta i n  a n d  c h a n n e l  the global  i nforma· 
t ion explos i o n .  In fact, some of the cu rrent work in our f u n d a ·  
m e n t a l  a n d  a ppl ied resea rch la boratories m ight even revo l u ·  
t ion ize the revo lut ion !  

Where do office copiers come i n ?  

N e a r  t h e  begi n n i ng.  

The tec h n ol ogy g rew ra p i d ly as  we develo ped the n ow worl d ·  
fa mous Xerox 9 1 4  Copier - a n o ptica l ,  e lectro n i c ,  e l ectrica l ,  
c h e m i c a l ,  mech a n ica l device o f  s u rpr is ing complex ity, con· 
ceptua l  i ngenu ity a n d  engineering soph i sticatio n .  ( Most u sers 
a re tota l ly u n awa re of t h i s .  They know o n ly that it  works. 
Rel i a bly. That's fine with u s ! )  

S i m i l a r  pr i n c i p l es,  n ew e n g i n eer ing a pproaches, a n d  a fa r· 
sighted ma rket i n g  v iew combi ned to develop the Xerox 813 

Copier, the 1824 Pri nter for u n itized m i c rofi l m  systems,  peri
phera l  gea r for data system s ,  and the recently·u nvei l ed LDX 
(Long Distance Xerography) System .  

Now we're gett i n g  c loser. 

" G ra p h i c  Com m u n i cations" i s  a term you wil l  see and hear  
u s  use i nc reasi ngly i n  the m o nths to come.  Xerox attacks the 
problems of gra p h i c  com m u n ication across a broad front of 
f u n d a mental  a n d  a ppl ied resea rch .  You may hear us d i scuss 
"frost" i m ag i ng, the tra n s po rt p roperties of a l m ost a n y  wide 
band·ga p sem i c o n d u ct ing c rysta l ,  band structu re ca lcu lat ions 
with d igital  com puters, paper tec h n o l ogy, lasers, or  a l m ost 
a n yth i n g  else you m ight i m a g i ne.  

The whole po int  is ,  i f  you a re e m i nently q u a l if ied to contri bute 
to a f ie ld  of t h i s  breadth and magn itude,  and you ' re not work· 
i ng at Xerox, you ought to be. 

C u rrent ope n i ngs call for i ntermed iate a nd sen i o r  level pro· 
fess i o n a l s  with d ivers if ied backgro u n d s  in Physics, M athe· 
m atics,  C h e m i stry, Electr ica l  o r  M ech a n ica l  Engi n eer ing.  Write 
fu l ly in conf idence to: M r. M a u rice Downey, Xerox Corporat ion,  
Dept.  SA-9 , P.O. Box 1 540, Rochester, N ew York 14603. An 
eq ual  o pportu n ity e m ployer. 

XEROX 
X E R O X  8 1 3 ,  II U ,  1 8 24 A N D  L O X  A R E  T R A D E M A R K S  O F  X E R O X  C O R P O R A T I O N  
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CONTROL THEORY 

In technology the most advanced applications of mathelnatics are in 

the design of machines that control thelnselves. The same Inethods are 

relevant to the control mechanisn1s of living organislns and societies 

Control theory, like many other 
broad theories, is more a state of 
mind than any specific amalgam 

of mathematical, scientific or technologi
cal methods. The term can be defined 
to include any rational approach used 
by men to overcome the perversities of 
either their natural or their technologi
cal environment. The broad objective of 
a control theory is to make a system
any kind of system-operate in a more 
desirable way : to make it more reliable, 
more convenient or more economical. 
If the system is a biological one, the goal 
may be to understand how the system 
works and to reduce pain and distress. 

In this article I shall mainly discuss 
control theories that have some explicit 
mathematical content, but it is clear 
that some of the most interesting con
trol problems arise in fields such as 
economics, biology and psychology, 
where understanding is still notably 
limited. To prove that he understands, 
the scientist must be able to predict, 
and to predict he requires quantitative 
measurements. To make predictions that 
are merely qualitative, such as the pre
diction that an earthquake, a hurricane 
or a depression will occur in the near 
future, is not nearly so satisfying as a 
similar prediction associated with a spe
cific time and place. 

The ability to make a quantitative 
prediction is normally a prerequisite 
for the development of a control theory. 
In order to make quantitative predic
tions one must have a mechanism for 
producing numbers, and this requires a 
mathematical model. It might seem that 
the more realistic the mathematical 
model is, the more accurate the predic
tion will be and the more effective the 
control. Unfortunately, diminishing re
turns set in rapidly. The real world is so 
rich in detail that if one attempts to 
make a mathematical model too realis-

186 

by Richard Bellman 

tic, one is soon engulfed by complicated 
equations containing unknown quanti
ties and unknown functions. The deter
mination of these functions leads to even 
more complicated equations with even 
more quantities and functions-a tale 
without end. 

The richness of the problems pre-
sented by modern civilization have 

led to the study of control theory on 
a broad front and to the development 
of a large variety of control systems. 
Although this development began long 
before the invention of electronic com
puters, the explosive growth of control 
theory dates from the appearance of 
these devices soon after World War II.  
For the past 20 years control theory and 
computers have grown side by side in 
an almost symbiotic relation. Without 
the computer most of the advanced con
trol systems used in the military do
main, in space technology and in many 
branches of industry could not have 
been developed, and without the com
puter they certainly could not be effec
tuated. 

In industry, control theory, imple
mented by the computer, is now widely 
used to regulate inventories, to sched
ule production lines and to improve the 
performance of power stations, steel 
mills, oil refineries and chemical plants. 
It is estimated that about 500 computers 
specially designed for process control 
are now installed or on order. Five years 
ago scarcely a dozen such machines 
were in service. 

A majority of process-control comput
ers still operate in "open loop" fashion, 
which means that they monitor the proc
ess variables, analyze them in a search 
for possible improvements and present 
their recommendations to a human 
operator for action. In a growing num
ber of plants, however, the loop has 

been closed. The decisions of the com
puter are directly linked to the proc
ess controls so that adjustments are 
made automatically. 

In Rotherham, England, to select one 
remarkable example, a new steel plant 
built by Tube Investments Ltd. has 
been provided with three large digital 
computers arranged in a chain of com
mand. The computer at the top is "off 
line" and is used for production plan
ning. It receives customers' orders and 
classifies them according to the com
position of the steel and the form of the 
finished product. It then calculates an 
efficient three-week program for the 
steel furnaces and rolling mills and 
keeps track of the program's progress. 
The second computer takes over when a 
billet has been produced by one of the 
furnaces and produces a full set of in
structions for its subsequent treatment. 
This computer is "on line" and actually 
supervises the rolling mill. The third 
computer has the single task of receiv
ing measurements of billet size and 
computing how they should be cut to 
minimize waste. This kind of integrated 
operation from receipt of the customer's 
order to final billing has become the goal 
of many manufacturing firms. 

The industrial, military and space
flight control problems that have been 
presented to mathematicians for solution 
in the past 25 years have brought about 

CLOSED·LOOP CONTROL is implemented 
by a computer (console in foreground in 
photograph on opposite page) in the opera
tion of a 650-million-watt, coal-fired power 
plant at the Paradise Station of the Tennes
see Valley Authority near Drakesboro, Ky_ 
One of the largest power plants in the world, 
the station has two such computer-con
trolled units. In a closed-loop system the com
puter directly adjusts the process variables_ 
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the revitalization of a number of mori
bund mathematical disciplines and have 
led to the creation of new theories 
of considerable intrinsic interest. Since 
control and stability are intimately re
lated, mathematical theories devised in 
the 18th and 19th centuries to study 
such matters as the stability of the solar 
system have been dusted off, refurbished 
and applied to many problems of more 
current interest. These theories have 
included highly abstruse conceptions of 
the great French mathematician Henri 
Poincare and the Russian mathemati
cian A. M. Liapunov, which are now 
routinely employed in control studies. 

The most challenging control prob-
lems encountered in science, tech

nology, economics, medicine and even 
politics can be described as multistage 
decision processes. Traditionally they 
have been treated on the basis of ex
perience, by rule of thumb and by 
prayerful guesses. The basic task is 

to determine feasible and reasonable 
courses of action based on partial un
derstanding and partial information. As 
more information is obtained one can 
expect to do better, but the crux of the 
problem is to do something sensible 
now. 

A familiar problem characterized by 
partial understanding is that of main
taining a healthy national economy-of 
avoiding a depression on the one hand 
and inflation on the other. A variety 
of regulatory devices are available for 
achieving the desired control. One de
vice is to regulate the interest rate on 
loans. If inflationary trends develop, 
the interest rate is raised and money 
gets tighter; if a depression impends, 
interest rates are decreased, the invest
ment rate rises in response and more 
money enters circulation. 

The policy that should be pursued de
pends critically on what is occurring in 
the system at the moment. For one to 
know what is going on requires a feed-

back of information. The concept of 
feedback control is now familiar to al
most everyone. It means an automatic 
regulating linkage between some vari
able and the force producing it. One of 
the earliest applications of feedback con
trol in technology is the governor used 
by James Watt on his steam engine. 
Even earlier Christian Huygens had de
vised what might be called a static 
feedback system to regulate the period 
of a clock pendulum [see top illustra
tion on next page J. 

Usually it is a combination of com
plexity and ignorance (in polite circles 
referred to as "uncertainty") that forces 
one to employ feedback control. If, for 
example, the workings of the economy 
were as fully understood, let us say, 
as the movements of the planets, one 
could predict well in advance the be
havior of producers and consumers; one 
could predict such things as the effects 
of population growth and the conse
quences of introducing new goods and 

CHEMICAL PROCESS CONTROL SYSTEM in which a digital 
computer (foreground) exercises closed.loop control is shown in 
the Bishop, Tex., plant of the Celanese Chemical Company. The 
plant converts petroleum gases to acetic acid, acetaldehyde and 

other chemicals that are used in paints, plastics, fibers, drugs, cos
metics, fuels and lubricants. This computer and those at Paradise 
Station of TVA were built by Bunker-Ramo Corporation. Closed
loop computer systems are also installed in steel-rolling mills. 
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services. On the basis of this knowledge 
one could compute and announce the 
desired interest rate for years ahead. 
It should be observed that one would 
then have to reckon with the conse
quences of publishing the rates in ad
vance, because producers and consum
ers would include the futttre rates in 
their CU1'l'ent economic decisions. 

In actuality one must adopt a wait
and-see policy. One observes the eco
nomic scene for a period of time and 
draws conclusions about current trends. 
On the basis of these conclusions the 
interest rate, or some other control lever, 
is changed. One hopes that the action 
is well timed, or in phase. The matter 
of the timing of external influences is 
of crucial importance in control theory. 
Anyone who has pushed a swing is fa
miliar with the consequences of apply
ing the impulse a fraction of a second 
too soon or too late. 

Since complexity and uncertainty 
abound in modern control problems, the 
use of feedback has become routine. In 
fact, it is sometimes forgotten that con
trol problems are still solved without 
direct, or active, feedback. This is the 
case, for example, when an automatic 
machine tool is set up to turn out a num
ber of identical parts. It is assumed that 
the control problem is completely solved 
in advance. In practice, of course, the 
parts vary slightly and finally exceed the 
prescribed tolerance, whereupon the 
machine is readjusted. This is feedback 
control after the fact. 

In the newest machine tools the di
mensions of the workpiece are monitored 
continuously, and feedback control is 
employed to regulate precisely the 
amount of metal removed. In this way it 
is possible to turn out parts that are as 
nearly identical as one might wish. For 
such jobs digital computers can be used, 
but they are not essential. 

The computer is essential when com
plex decisions must be made at high 
speed, as in the launching of a space 
vehicle. This is a multistage decision 
process whose solution is contingent on 
information acquired and fed back to the 
control system as the process unfolds. A 
computer, either aboard the rocket or 
on the ground, is essential for making 
a succession of decisions as rapidly as 
may be necessary. Such a computer is 
said to be operating in "real" time, be
cause it must keep pace with the prob
lem being solved. 

A process-control computer installed 
in a refinery must also operate in real 
time, but the time available for making 
a decision may be 10 or 100 times 
longer than that available for rocket 
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FEEDBACK CONTROL for a clock pendulum was invented in 1673 by tbe Dutch mathe
matician Christian Huygens. The curved metal strips on each side of the pendulum cords 
(seen in perspective at right and labeled "T" in the side elevation 0/ the clockwork at lelt) 
were designed to make the period of the pendulum constant regardless of the length 
of its arc. The rod S moved with the pendulum, transmitting its motion to the clock. 

FLYBALL GOVERNOR (left), one of the earliest automatic control devices, was invented 
by James Watt to govern the speed of the steam engine. As the engine speeds up, the rod 
(D) on which the balls (E) are mounted spins faster, causing the balls to fly outward. 
This in turn closes the butterfly valve (Z), decreasing the supply of steam to the engine 
(not shown) and slowing it. A fraction of the output of the engine goes into the rotation of 
the flyballs; a fraction of this fraction is fed back to govern the speed of the engine. 
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FOUR CONTROL SYSTEMS show how a measured variable can be brought under increas
ing refinement of controL Diagram a depicts a simple on-off response to a measured value, 
such as turning on the lights in a room when the sun goes behind a cloud. The measured 
value is not regulated and feed hack is not employed. In b, which represents a typical 
home-heating system, on-off response is combined with feedback. When the temperature 
falls helow the desired value, the furnace goes on, but since no cooling system is provided 
the room temperature may climb higher than desired on a sunny afternoon. The system 
in c, which could represent the heating of a chemical reaction vessel, provides both heat
ing and cooling. The response is graduated so that as the control point is approached the 
rate of heating or cooling is reduced. The control problem in d is the same as in c but 
two modifications have been introduced to improve the speed and accuracy of controL 
Heating and cooling are not graduated but operate at a constant high rate when called for. 
This is known as "bang.bang" response. In addition a computer in the control system 
measures the rate of change in the controlled variable, takes account of the time lag in 
the temperature.recording mechanism and shuts off the heating or cooling before the 
control point is reached. Thus oscillation, or "hunting," of the system is damped out quickly. 
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guidance. On the other hand, a process
control computer may have to deal with 
10 or 100 more variables than the rock
et computer. And it may have to review 
a lengthier sequence of logical alterna
tives before making a decision. 

What tools does the mathematician 
have for trying to control a multi

stage decision process? The convention
al approach can be labeled "enumera
tive." Each decision can be regarded as 
a choice among a certain number of 
variables that determine the state of the 
process in the next stage; each sequence 
of choices defines a larger set of vari
ables. By lumping all these choices to
gether the mathematician can "reduce" 
the problem to a Newtonian one of 
detelmining the maximum of a given 
function. 

It would seem simple enough to maxi
mize a reasonably well-behaved func
tion; using the familiar technique of cal
culus, the mathematician takes partial 
derivatives and solves the resulting sys
tem of equations for the maximizing 
point. Unfortunately the effective ana
lytic or numerical solution of many equa
tions, even apparently uncomplicated 
linear ones, is a difficult matter. By itself 
this is nothing more than the "curse of 
dimensionality," with which physicists 
have had to live for many years; signifi
cant results can be obtained in spite of it. 

There are, however, more serious dif
ficulties. In many cases the solution is a 
boundary point of the region of varia
tion. This corresponds to the constraints, 
or restrictions, of real physical and en
gineering systems. When this is so, cal
culus is often inadequate for discover
ing maximum and minimum points and 
must be supplemented by tedious (and 
usually impossible) hunt-and-search 
techniques. Finally there is the frequent 
complexity that the outcome of a de
cision is not explicitly determined but 
is itself a random variable. The process 
is then said to be stochastic. Here to an 
even greater extent any simple enum
erative technique is doomed by the vast 
proliferation of possible outcomes at 
every stage in the process. One cannot 
enumerate "all" possibilities and choose 
the best-not when there are lOGO or 
10100 possibilities. 

Has the mathematician now reached 
the end of his resources? Not if he will 
step back and ask himself if he has un
derstood the nature of the solution he 
is seeking. How, he must ask himself, is 
the form of the solution influenced by 
the physical properties of the system? 
In other words, the mathematician can
not consider his problem solved until 
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Solve for profit. 
(Fischer & Porter can. And does. In processes 
all over the world. Yours too. If you'll ask.) 

Processing is, at best, a matter of 
working with the best approxi
mations you can get. 

To lick process problems, you 
need three things: good instru
mentation; plenty of experience, 
preferably world-wide; and the 
ability to use that instrumenta
tion and experience to build good 
process control systems. 

Take instrumentation, for in
stance, and flowmeters in particu
lar. (If any one process variable 
can be considered as "basic," flow 
is the one.) Fischer & Porter builds 

more flowmeters than anyone else 
in the world. And more kinds of 
flowmeters. And the world's larg
est flowmeters. And the most 
accurate flowmeters. This, obvi
ously, puts us one up on your 
process problems. 

Or consider facilities and ex
perience around the world. F&P 
has plants in nine countries over
seas, engineering offices in 37 
others. And these people have 
obviously been working at their 
trade, since over 25 % of our pro b
lem-solving is done overseas. All 

this experience is automatically 
yours when you call in Fischer 
& Porter. 

And control-systems experi
ence? Just last year, Fischer & 
Porter built the world's largest 
petroleum blending system. And 
the controls for the world's larg
est filtration plant. (And they 
weren't even the biggest orders in 
the shop.) 

Q. E. D. When you need a proc
ess control system, Fischer & 
Porter can help. Call us. 

� FISCHER & PORTER COMPANY 
E A world·wide control instrument company with manufacturing plants in Australia, Canada, 

England, France, West Germany, Italy, Mexico, the Netherlands, Spain and the United States. 

County Line Road . Warminster, Pennsylvania . 215-675-6000 
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he has understood the structure of the 
optimal policy. Let me explain. 

\Ve have seen that in the conven
tional approach the entire multistage 
decision process is regarded as if it were 
a one-stage process. Thus if the proc
ess has N stages and there are M deci
sions to be made at each stage, the con
ventional approach envisages a single
stage process in MN dimensions. What 
one would like is to avoid this multipli
cation of dimensions, which stiRes anal
ysis, fogs the imagination and inevitably 
impedes computation. 

The alternative approach-the policy 
approach-places emphasis on the char
acteristics of the system that determine 
the decision to be made at any stage 
of the process. In other words, instead 
of determining the optimal sequence of 
decisions from some fixed state of the 
system we wish to determine the op
timal decision to be made at any state 
of the system. Only if we know the lat
ter state do we understand the intrinsic 
structure of the solution. 

The mathematical virtue of this ap
proach lies first of all in the fact that it 
reduces the dimension of the problem 
to its proper level, which is the dim en-

D 

o 

D 

sion of the decision that confronts one 
at any given stage. This makes the prob
lem analytically more tractable and 
computationally much simpler. In addi
tion this approach provides a type of 
approximation ("approximation in policy 
space") that has a unique mathematical 
property ("monotocity of convergence"). 
This means that each successive ap
proximation improves performance [see 
illustration on page 194]. 

The name I proposed some years ago 
for this policy approach to multistage 
decision processes is dynamic program
ming. One of its goals is the determina
tion of optimal feedback control. The 
adjective "dynamic" indicates that time 
plays a significant role in the process 
and that the order of operations may be 
crucial. The approach is equally appli
cable, however, to static processes by 
the simple expedient of reinterpreting 
them as dynamic processes in which 
time is artificially introduced. 

Dynamic programming has given 
rise, in turn, to subsidiary and auxiliary 
control theories that go by a variety of 
names : theories of stochastic and adap
tive variational processes, theories of 
Markovian decision processes, theories 

R 

PURSUIT PROBLEM can be solved by adoption of a simple policy that lends itself to 
computer implementation. The problem is to find the path traced by a dog (V) chasing 
a rabbit (R). At the outset (top) the rabbit is 100 feet from 0 and the dog is 50 feet from O. 
The dog runs at 22 feet per second, the rabbit at 11 feet per second. The dog always con
tinues in a particular direction for one second. After the first second the dog has reached 
VI and the rabbit R1 (bottom). To determine the point V 1 a straight line is drawn between 
V and Rand 22 units are measured along it. Similarly, Vo is determined by connecting 
VI and R1, and so on. The resulting path approximates ihe one taken by the dog and 
can be refined by changing the direction of the path at shorter and shorter intervals. 
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of quasi-linearization and invariant em
bedding. They cannot be explained in 
a few words; I mention them merely to 
indicate how control theory has branched 
and developed in recent years. 

�t me now illustrate how the adoption 
of a policy can simplify a problem 

that otherwise would be hard to handle 
on a computer. (Complex versions of 
the problem cannot be handled without 
a computer.) Consider the problem of a 
hotel manager who wants to provide 
chairs for a group of people in a room. 
He has a helper who carries chairs with 
ease but who cannot count. What does 
the manager do? 

He employs the primitive and power
ful concept of equivalence, together 
with feedback control. He tells the 
helper to keep bringing chairs until ev
eryone in the room has a chair. This 
sequential procedure guarantees that 
each person will have a chair, without 
ever determining how many people or 
chairs there are. Furthermore, if some 
chairs are defective, a simple modifica
tion guarantees that everyone will even
tually have a sound chair. 

Consider next the case of an elderly 
woman whose memory is failing. It ir
ritates her to have to hunt through her 
wardrobe for various items of clothing 
when she dresses in the morning. She 
could create a filing system, complete 
with a written index, but this would be 
a lot of trouble. Instead she solves her 
problem by putting a complete outfit in 
every available drawer. 

In both cases the solution is quite 
"simple," but it is not necessarily ob
vious. Both ideas are currently used in 
programming computers to solve com
plex problems. The first is used in cer
tain simulation processes and in Monte 
Carlo calculations. The second is used 
for retrieving key items of information 
from a very large computer memory. 
Since the items are needed frequently 
they are stored in several places, thus 
considerably reducing retrieval time. 

I might add that many mathemati
cians have the nagging suspicion that 
the universe is much simpler than it 
appears in their complex mathematical 
models. It is not easy, however, to cap
ture the fresh view required for the 
simple approach. In the use of comput
ers, changes in viewpoint such as the 
two just mentioned have time and again 
changed an impossible problem into a 
possible one, a merely difficult one into 
a routine exercise. 

The next example is chosen to show 
how the concept of policy can not only 
simplify a multistage decision problem 
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What next for numerical control? 
Word is beginning to leak out of 
Detroit about drastic reductions in the 
time required to bring a new car from 
the design stage to finished metal. At 
the heart of this revolution is numeri
cal control. 
Someday the full story can be told 
about how numerical control is chop
ping lead time; how it is eliminating 
steps between the clay mockups and 
the finished .dies. For the present, suf
fice it to say that where your eyes see 
the smooth contours of a fender, a 
numerical control system for a machine 
tool or a drafting machine sees only a 
network of points to be connected. 
Some N/C contouring systems use 
straight lines to make the connections, 
some use arcs of circles, but CINCINNATI 
Acramatic N/C alone offers the oppor-

• • 
• 

. -
•• • 

eO 

tunity for interpolating the contours 
between points with segments of 
parabolas. 
Why parabolas? Because few automo
bile surfaces are flat, and a network of 
parabolic segments requires the fewest 
number of data points to approximate 
surfaces which cannot be described in 
a simple formula. We call it the "French 
curve touch". It is the only high-order 
system of interpolation we know of 
which has proved its ability to work 
in free space in any combination of 
planes. 
The coming round for diesinking by 
numerically controlled machine tools 
calls for the French curve touch that 
only parabolic interpolation can deliv
er. It calls for Cincinnati experience 
going back many years into the build-

• 

• 

ing of both contouring and positioning 
numerical control systems and the 
machine tools they control. If you have 
metal to cut and lead time to save, 
be sure to investigate the leader in 
N/C diesinking. Write for these cata
logs: Publication M-2395, "Universal 
Numerical Control" (contouring sys
tems); Publication M-2438 "Acramatic 
Hundred Series" (position straight-cut 
N/C systems). 
Cimtrol Division, Dept. A-32 
The Cincinnati Milling Machine Co. 
Cincinnati, Ohio 45209 
Telephone 731-2121 (area code 513) 

CINCINNATI 
The Cincinnati Milling Machine Co. 
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ROUTING PROBLEM is commonly met in control theory and 
was generally difficult to solve before computers and special pro
gramm�ng methods were developed_ The problem shown here is 
to find the path from 1 to N that requires the minimum time_ The 
circles represent towns that are connected by a network of roads 
and the travel time between all pairs of towns is known_ The tra
ditional approach to such a problem was simply to enumerate all 
possibilities_ This quickly leads to a "race against N_" In tbe 
example as drawn, in which N is only 11, the number of different 
routes from 1 to N (;vith no backtracking ) is more than 10,000_1£ N 
were 30, a high-speed computer would need more than 100 hours 
just to enumerate all the possible routes. One way to make such 
problems tractable is to use "dynamic programming," which de
pends on a selection of "policies." The virtue of such policies is that 
they can be applied from any point i in the network and thus satisfy 
the injunction: Do the best you can from where you are. The four 
smaller diagrams show how policies are selected assuming that i is 
point 8. The travel times, in hours, for the various routes from 8 to 
N are shown in b. The initial policy (c) is to go directly from 8 to 
N, which takes 10 hours. The second policy (d) is to make one 
stop, which provides two alternative routes of nine hours each. The 
third policy (e) is to make two stops, which provides the minimum-
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time route. If point 1 were selected as the initial point i, the same 
procedure would be followed, but since this particular network 
does not provide a direct path from 1 to N, the first policy that 
could be examined would be one with the least number of stops, in 
this case three. There are, of course, ways of formulating this policy 
approach in terms of a computer program. The equation for solv
ing the problem is 

Ii = min [tij + Ijl, 
j ,e i 

in which f; is the minimum time from any point i to N; tij is the 
time required to go from i to any other point j, which may be 
N itself, and Ij is the minimum time to go from j to N. This dynamic 
programming equation is solved by successive approximations
"approximations in policy space"-in which each successive ap
proximation improves the result_ The equation can be solved 
numerically for networks of several hundred points by hand in a 
few hours and by electronic computer in a few seconds. The equa
tion determines both the optimal policy ("Where does one go 
next?") and the minimum time. Moreover, the equation embodies 
all the mathematical power of the classical calculus of variations. 
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but also yield numerical answers. To 
follow this example the reader must 
refer to the illustration on page 192, 
which shows the path of a dog chasing 
a rabbit. The dog is initially at D; the 
rabbit is at R and is running to the right 
along the x axis. If the dog always heads 
straight toward the rabbit, what curve 
does the dog follow? 

This is a standard problem in the 
theory of differential equations, but 
the nonmathematical reader would 
hardly be edified if he were given the 
explicit form of the solution. To under
stand it requires a certain amount of 
mathematical training. This is strange 
when one thinks about it; the dog solves 
the problem without hesitation, although 
of course he does not get numerical 
answers. 

It is easy to obtain a good approxi
mation of the shape of the curve in the 
following way. Let us assume that the 
dog can run 15 miles per hour, or 22 
feet per second, and that the rabbit 
can run just half as fast, or 11 feet per 
second. The rabbit is originally 100 
feet from 0 and the dog is 50 feet from 
o at a point perpendicular to the x axis. 
Assume now that the dog continues in 
any particular direction for one second 
at a time. At the end of one second 
the dog has reached Dl and the rabbit 
R1. Another second later the dog has 
reached D2, the rabbit R2 and so on. 

The point Dl is determined by con
necting D and R with a ruler and mea
suring 22 units along it. Similarly, D2 is 
determined by connecting Dl and Rl 
and repeating the same measurement. 
The process is continued until the dis
tance between dog and rabbit is closed. 
(We will ignore the fact that the closing 
stages are made a little messy by this 
method.) The broken-line path is a sim
ple approximation of the actual path 
traversed by the dog. It is evident that 
the approximation can be made as close 
as desired by carrying out the change 
in the dog's direction at shorter and 
shorter time intervals, say every hun
dredth or every millionth of a second. 
By hand computation this would be in
creasingly tedious, but an electronic 
computer can do the job easily in a mat
ter of seconds. 

More sophisticated versions of this 
problem occur in the determination of 
optimal trajectories for space vehicles. 
In some of these cases the "rabbit" is 
imaginary and the problem is to deter
mine where to point to achieve a desired 
course; in other cases the "rabbit" is real 
enough-another craft or a planet, per
haps-and establishing exactly where it 

SUOPE 
OF OPPORTUNITIES :WITH GENERAL ELECTRIC ON THE APOLLO PROGRAM 

Specific openings are now available on the APOLLO Program with 
General Electric. All are high in technical content ... completely con
cerned with systems analysis and creative design of various systems 
for ACCEPTANCE CHECKOUT EQUIPMENT-SPACECRAFT (ACE
S/C). These are senior positions requiring men who are recognized in 
their field. There are some openings for men with lesser amounts of 
experience, but a capability must exist ... as the opportunity does . 
to become an authority within a short period. 
If you are interested in moving into advanced space fields through 
assignment now on APOLLO with General Electric, you are invited to 
inquire about current opportunities: 

DIGITAL APPLICATIONS ENGINEER-Experienced with digital computer utilization for laboratory simulation 
and launch pad preparation of missile systems checkout. Operational and tcsting experience in factory and 
field a very uscful supplement. 
COMPUTER SYSTEMS ENGINEER-Experienced in the design and analysis of computer peripheral equipment 
systems. Must be able to recognize and specify requirements for electrical interface equipment, language, 
and associated problem areas. 
DESIGN ENGINEER-Experienced in onc or more of the following areas: digital systems/data handling, eSE. 
servo-design and pad eJectrical systems. 
lOGIC DESIGN ENGINEER-Experienced in analysis, synthesis and design of digital logic for application to 
computer directed automatic checkout systems. 
RELIABILITY ENGINEER-Reliability experience including failure mode, availability, utilization, and mal
function analysis on airborne telemetry and digital equipment. 
PACKAGING DESIGN ENGINEER-Experienced in packaging electrical/electronic parts, components and suh
systems required by automated checkout systems (ESE) for launch vehicles. 
COMPUTER PROGRAMMER-Experienced (with computer programming in a large digital facility) designing 
computer programs for checkout models and assisting in formulation of analytical models. 
SR. FLIGHT and ORBITAL MECHANICS ENGINEER-Background in definition and evaluation of performance 
parameters relating to spacecraft desi.gn, such as earth and planetary launch/descent, optimum transfer 
orbits, etc., and in analysis of performance profile, computer programs, trajectory spectra, midcourse cor
rections, etc. 
DECOMMUTATION ENGINEER-4 years' experience in analyzing malfunctions occurring during test on telem
etry magnetic recorders, pulse coded decommutator and data distribution systems. Familiarity with solving 
and processing complex and diverse problems through the data reduction cycle with respect to the t;eneraI 
data handling and mathematical techniques employed. 
SR. MECHANICAL ENGINEER (Ordnance and Safety)-10 to 12 years' experience in evaluating mechanical 
ordnance support systems and airframe mechanisms. 
SYSTEMS ANALYSIS ENGINEER-Experienced in the analysis of measurement and telemetry systems, both 
airborne and ground, with particular emphasis on accuracy, validity and techniques for spacecraft sensors 
and transducers. 
TElEMETRY DESIGN ENGINEER-AIRBORNE-Related experience in design of airborne telemetry systems
peM and general airborne system design requi.red. 
CHECKOUT ENGINEER-3 years' experience at launch sites preferably with R&D vehicles, including a famili
arilY with digital systems. Additional experience should be in one or more of the following areas: RF systems, 
switchgear, patching systems design, or ground electric systems. 
SR. PROGRAMMER ANALYST-Experienced in usc of digital computers with information or automatic checkout 
systems. Background in planning, development and implementation of complex programming and real time 
systems for depth analysis, engineering support and translation of requirements to computer-oriented speci
fications. 
ANALOG DISPLAY ENGINEER-Experienced in design and development of specifications for analog and alpha
numeric display equipment. 

DEGREE REQUIRED/ACTIVITIES ARE WIDE RANGING, PROVIDING BROAD INDIVIDUAL OPPORTUNITIES 

Please write in strict confidence, including salary reqUirements, to: Mr. P. W. Christos, 
Apollo Support Dept., Room 1059-1, General Electric Co., P. O. Box 2500, Daytona Beach, Florida. 

APOLLO SUPPORT DEPT. 
A Department of the Command Systems Division 

GENERAL . ELECTRIC 
,. An Equal Opportunity Employer 
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DETONATION 
PHY'SICS 

Honeywell has begun a new program of basic and applied 
research in the physics of explosive phenomena as related 
to munitions, including initiation, detonation, shock 
wave and shape charge phenomena. Work is now under
way at our Military Products Research Laboratory in 
the Twin Cities Area. 

We have openings for experienced PhD's as Principal 
or Senior scientists, as well as junior positions related to 
this research. 

INTERESTED? 
For further details or an interview with O. Hugo Schuck, 
Director of Research for our Military Products Group, 
just call (collect) or write: 

Dr. J. B. Hatcher 
Military Products Research Laboratory 
2345 Walnut Street 
St. Paul, Minn. 55113 
Phone: 612/331-4141-Ext. 5481 

Honey"W"ell 
AN EQUAL OPPORTUNITY EMPLOYER. 

To investigate professional openings in other Honeywell facilities, send your 
resume to F. G. Laing, Honeywell, Minneapolis, Minnesota 55408. 

More than 1,000 Typit symbols 

the perfect, inexpensive way to 

TYPE ANY SYMBOL 
perfectly in 4 seconds 

Send for more information today 

SCIENTIFIC 
AMERICAN 

CUMULATIVE 
INDEX 

1948-1963-
The editors of SCIENTIFIC AMERICAN 

take pleasure in announcing the publica· 

tion of a cumulative Index to all 180 is· 

sues published from May, 1948, through 

April, 1963. The Index covers all the 

issues published under SCIENTIFIC 

AMERICAN's present editorial direction 

and marks the fifteenth anniversary of 

the "new" SCIENTIFIC AMERICAN. 

For librarians, scientists, engineers and 

all who have an active concern in the 

work of science, the Index should prove 

a productive research and reference tool. 

It will multiply many times the value and 

usefulness of the collected issues of this 

magazine. 

tvpit® manufactured by 
'J mechanical enterprises, inc. To secure your copy of the Index send 

your payment of $3 to: 3127 Colvin St., Alexandria, Va., Dept. 8 S 

o Please send free catalog. 

o Give me a demonstration soon 
at no obligation. 

Name Title..e ___ _ 

Company' ____________________ __ 

Address.s __________ --:,-______ _ 

City State' ______ _ 

---------------
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is provides a further significant compli
cation. 

The point I wish to emphasize is that 
one can obtain a solution to the original 
problem by concentrating on the origi
nal process. One merely follows the in
structions for what to do at every point 
in time and space. In mathematical 
terms, one carries out a policy. 

The importance of this from the 
standpoint of control theory is manifold. 
In the first place, it is easy to use com
puters to implement policies. In the sec
ond place, the mathematical level is 
more fundamental, deeper and yet rela
tively uncomplicated by symbol ma
nipulation. Policies are invariably sim
pler than time histories. Much more 
emphasis is now placed on the formula
tion of the problem. The idea is to take 
full advantage of the structure of the 
process in order to describe it in a most 
convenient analytical fashion and in or
der to make clear the structure of the 
optimal policy: One tries to avoid any 
routine description in terms of compli
cated equations that do not easily yield 
to numerical approach. One does not try 
to fit every new type of decision process 
into the rigid mold of 18th-century 
mathematics. This is the policy concept 
behind dynamic programming. 

With this concept, which recognizes 
the resources of the digital computer 
and accepts it as an ally, one can easily 
and quickly obtain the numerical solu
tion of control problems in many differ
ent fields that defied even the most re
sourceful mathematicians 20 years ago. 
The new approach has made it possible 
to solve formidable problems in trajec
tory analysis, process control, equip
ment replacement and inspection pro
cedures, communication theory, the 
allocation of water resources and hydro
electric power, the use of forest resources 
and investment planning-to mention 
only a few important areas. 

Beyond this, the concept of policy 
can readily be applied to study the 

more difficult and realistic classes of 
decision processes involving uncertainty 
and learning. I have already referred to 
the former as stochastic processes; the 
latter are known as adaptive control 
processes. 

The dog-rabbit pursuit process was 
an example of a deterministic process 
in which the basic mechanisms are 
fully understood and it is "merely" a 
matter of devising a suitable procedure 
for solving it. Thus we assumed that 
the positions of both the dog and the 
rabbit can be precisely observed and 
determined at each instant, that the 
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He's not a doctor. He's an essential. 

The Jet Propulsion laboratory has more than its share of 

Ph. D. s. But without the bachelors and masters, the doctors' 

hands would be tied. 

Almost all engineering disciplines are involved in space 

exploration. Systems analysis, communications, gUidance and 

control, propulsion,. space mechanics, basic research • • •  it's 

o long, long list. It has to be. The moon and planets are a 

long, long way away. 

If you're an engineer, if you'd like to work in the wide 

open space, you may have the essential talent J Pl is looking 

for. The way to find out is to write to us about you. Do it 
soon, why don't you? 

Send your complete resume to: 

• !�o! o':��r�������s��n�,��I���RY � Attention: Personnel Dept. 9 

"An equal opportunity employer," Jet Propulsion Laboratory is operated by the California Institute of Technology for the National Aeronautics & Space Administration. 
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Mathematics 
of 

Distribution 

Bri ngs Scores of 
BRAN C H  PLANTS 

t o  Tennessee  
Tennessee's centra l l ocation offers major 
competitive and cost-saving adva ntages to 
f irms which requ i re fast service and low 
transportation cost. I t  is  a natura l d is
tr ibution cente r for 74% of the major U. S. 
markets, with a f ine transportation system 
inc lud ing a i r, ra i l ,  truck and waterways. 

24 Research Centers - 47 
Colleges and Universities 

Also of interest to sc ience-or iented indus
tries are Tennessee's extens ive research 
and educationa l fac i l it ies, whicH provide 
tra ined worke rs and offer exceptional  
opportunit ies for advanced study. 

If your firm is considering new plants 
or  research or  d istribution centers, write 
for an  outl ine  of these and other  industria l  
location factors such as  construction 
costs, water and power, labor supply, 
local f inancing plans, industria l  parks, etc. 

Repl ies held confidentia l .  Please use 
letterhead or fi l l  i n  the coupon be low. 

TEN N ESSEE 
D IVISION FOR INDUSTRIAL DEVELOPMENT 

----- Office of the Governor -----"1 
H-31 0 Cordel l  Hul l  Bldg. Nashvi l le ,  Tenn .  

Please send Tennessee Industrial Data. 
NAME ______________ _ 

FI RM _______________ _ 

ADDRESS ______________ _ 

.. �T:�� ... .:E_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-
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speeds remain constant, that nothing 
distracts the animals and so forth. 

Even this idealized situation leads 
to difficult enough mathematics and a 
plethora of unsolved problems, as the 
study of classical celestial mechanics has 
demonstrated. After centuries of obser
vation and computing, the positions of 
the planets next year or 10 years from 
now cannot be predicted with the 
accuracy desired. There will be a sig
nificant discrepancy between their pre
dicted positions and those actually ob
served. A more upsetting problem for 
long-term planners is that no one knows 
if the solar system is completely stable. 

It is obvious that if the idealized sit
uation of perfect information and pre
diction cannot be found in the plan
etary motions, it can hardly be found 
in problems of trajectory optimization, 
satellite control and space rendezvous, 
much less in chemical process control, 
economic planning and medical diag
nosis. In practice we are constantly using 
fallible devices for sensing and mea
suring, for processing, storing and re
trieving information and for carrying out 
control decisions. Thus at every step we 
introduce error : error in observation, in 
calculation, in decision, in operation and 
even in the evaluation of outcomes. 

The concept of a policy involving 
feedback control is ideally designed to 
handle the certain uncertainties of the 
actual world. By means of dynamic pro
gramming the injunction "Do the best 
you can in terms of where you are" 
(which is eminently sound common 
sense) can be readily translated into al
gorithms, or sets of rules, for the rigor
ous formulation and numerical solution 
of stochastic control problems. 

When we turn to adaptive control 
processes we find a still higher or

der of uncertainty. In the stochastic case 
it is tacitly assumed that we know the 
detailed structure of the system we are 
studying, that we know various causes 
and various effects and, perhaps most 
essential of all, that we know what we 
want to do. In the case of an adaptive 
control process none of these assump
tions may be valid. 

Virtually all the unsolved major 
health problems can be regarded as 
adaptive control problems. Since no one 
knows the causes of cancer, coronary 
disease or mental illness, therapies 
aimed at control are necessarily based 
on a wide variety of hypotheses. This 
explains, of course, why so much cau
tion must be exercised in treating pa
tients. In the study of our national 
economy no one knows exactly what I 

OPPORTUNITIES AT ALL LOCATIONS OF 
SYLVANIA ELECTRONIC SYSTEMS · 

. 

• APPLIED RESEARCH LAB (Suburban Boston) 

Central Research FaC i l ity a t  Waltham, Massach usetts 

Research Assignments in:  
( 1 )  Advanced Commun ications Tech n i q u e s  (2 )  Perception 
& Learn ing Theory (3) Character & Speech Re cogn it ion (4) Advanced Control  The ory Tech n i q u e s  (5) Operation s 
Research (6) Rad i o  & Space Phys ics  (7) Opti m a l  Control 
(8) E l ectro-Optics 

• CENTRAL OPERATION (Suburban Buffa lo) 
Laboratories i n  W i l l iamsv i l l e ,  N .  Y. Prod uction fac i l i t i e s  
i n  Buffa lo ,  N .  Y. 
R&D Assign ments in: 
(9) Strategic  & Tactical Commu n i cat ion  Syste ms & 
Equipment  (1 0) Aerospace Communicat ion Systems ( 1 1 )  
Command & Control Syste ms ( 12)  Countermeasure Sys· 
tems Equipment (1 3) I nstrumentation Systems & Equip.  
ment ( 14) -Systems Synthes iS  & Analys is  (15) Tech n i q u e s  
Deve lopment ( 16)  U H F  & M i crowave C i rcuit  D e s i g n  (1 7) 
Digital Circuit Design 

• EASTERN OPERATION (Suburban Boston) 
Laboratories at Needham & Waltham, Mass.  Production 
fac i l it ies  at Muncy, Pa. and Needham, Mass.  

R&D Assign ments in: 
(1 8) Radar & Sensor Systems & Tech n i q u e s  ( 19)  R F  & 
Digita l  M icroc ircuitry (20) Commun ications Syste m s  
Fabrication (21 )  Advanced I nformat ion Systems D e s i g n  
(22)  Machine Language, Management I nformation Sys· 
terns, Real·Time Systems & Ana lys is  (23) Design I nte· 
gration of Voice Data Convers i o n  & Communicat ion 
Systems (24) D i sp l ay & I nstrumentation System s  (25) 
D igital  Control Systems 

• M I N UTEMAN PROGRAM OFFICE 
(Suburban Boston) 
Prime contractor to the Air Force respon s i b l e  for deSign,  
development,  integrat ion and test p lanning of the ad
vanced ground e l ectron ics system for M i nuteman m is
sile command and launch control functions.  

Senior Level Engineering & 
Management Assignments in:  
(26) Command & Control Systems E n g i n e e r i n g  (27)  Proj· 
ect Engineering Management 

• PRODUCT SU PPORT ORGAN IZATION 
(Suburban Boston) West Roxbury, Massachusetts 

Field Engineering Assignments: 
(28) U.S. Contine ntal (29) Overseas 

• PROGRAM DEVELOPM ENT OFFICE 
(Suburban Boston) 
Defines opportun it ies  and prepares plans for business 
i n  new markets and product  areas. 

Appointments in:  
(30) Communications Switch i n g  (31 )  Commun ications 
Theory (32) Space & I nformation H a nd l i n g  System s  

• WESTERN OPERATION (Suburban S a n  Fra n c i sco) 

Laborator i e s  at Mounta in  View, C a l iforn i a .  Production 
fac i l i t ies  at Santa Cruz, Cal iforn ia 

R&D Assignments in: 
(33) El ectromagnetic Reconnaissance Stud i e s  (34) Signal  
Ana lysis & Processing Stud ies  (35) Advanced Broadband 
& OF Antenna Stud ies  & Design (36) Advanced Sol i d  
State Techniques & Receiver,  Transmitter & Parametric 
Device Design (37) Digital  & Analog S i gnal  Proce ss ing 
Equipment Design (38) I ntruder Warn i n g  Syste m s  Design 
(39) Arms Contro l  & D i sarmament Stud i e s  (40) M i ss i l e  
& Space Veh i c l e  Detection 

- - - - - - - - - - - - - - - - -
M a n ager o f  Professional  Staffing, Dept. 12-J 
Sylva n i a  Electronic  Systems 
Division of Sylva n i a  Electric Produ cts Inc.  
40 Sylvan Road - Wa ltham, M a ssach usetts 02 1 54 

Please send me a copy of Sylva n i a ' s  D igest of 
1 5 5  Opportun ities a n d  information exp l a i n i ng how 
SES aids technological  development and cou nte rs 
the threat of n a rrowing spec i a l izat ion.  

NAM �E _______________ _ 

STREET ___________________________ _ 

CITY _________ STATt:.E _______ COD� 

BS In ______ 19 ___ ; M S  in _____ 19 ___ ; 

PhD in ______ 19 ___ • Geographic Preference: 

Boston-; Buffalo __ ; San Francisco ___ _ 

My specia lty a rea 15' _________ _ 

- - - - - - - - - - - - - - - - -
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SYLVANIA 
iiiI�ll_'� . 

ElectrOnic CountermeaSufu tab 
Wil l iamSVil le, N. y, 

SYLVAl'\1IA iiiluirtU'_.,� @ 

Mlcroeleclf(lnlcs lab 
Waltham, Mass. 

SYLVANIA 
iiiiiliTlU_'II� \IE)  

Programming & Analysis lab 
Needham, Mass. 

SYLVAN IA iiiilllAiml_'/IICT_ 1JEI 

Microwave Communications lab 
Wil l iamsvi l le, N. Y. 

SYLVAN IA 
iiiifui_uUr:T_ � 

Antenna & M,crowave lab 
Wa ltham, Mass. 

SYLVANIA 
iiiiiM�.� . 

D i splay Inslrumen\al ion tao 
Needham, Mass. 

SYLVAN IA 
iiiiiiM1T_u� !iIi 

Instrumenlallon hb 
Wll l lamSVll le. N.  Y 

SYLVANIA 
iiiiMi�.� " 

lIad,o frequency tab 
Wa l tham, Mus . 

SYLVANIA 
iiiiiiMm_. _ _  

tnlo Processmg Systems & Techniques. Needham, Mass. 

SYLVANIA 
iiiifi,i_.� ., 

SYLVAN IA 
iiiiiM_'� " 1 

Sensor Systems & techniques 
lab, Waltham, Mass. 

SYLVAl'\1 IA 
iiiiiM"u_.� . 

hctlcal Systems lab 
Mounti ln Vlew, Cahf. 

Systems P10ltcis lab 
Wil liamSVi l le,  N .  Y. 

SYLVAl'\1 IA 
iiiiiM_.� . 

Oa\iI ConverSion tab 
Waltham, Mass. 

SYLVAl'\1 IA 
iiiiiiIi_Oll� .  

MIsSile & Space lab 
Mountam Vlew, Cahf. 

Systems Engineerina: lab 
Walthilm, Mas$. 

SYLVAN IA iiiiM�'I� " 

Compute/ lab 
Needham, Mass. 

SYLVAN IA 
iiiiiiM_.� . 

£qlllpment Engineering lab 
Mountain VleW, Cahl. 

WHY ARE 19 SYLVANIA LABORATORI ES IMPORTANT 
TO AN ENGIN EER WHO N EEDS ONLY ON E JOB ? 

T hese laboratories are l in ked together, within the integrated, 
nationwide complex of Sylva n ia Electron ic Systems. Their 
activities traverse the entire gamut of advanced electronics. 
As a member of this variegated technological family, the in dio 
vidual engineer finds his advancement avenues and oppor· 
tunities for interdisciplinary exposure have been multiplied, 
virtually by a factor of 19! 
Cross·communications and cross·fertilization are excellent. 
T echn ical achievements, originating in, say, Mountain View, 
California - or in Williamsville, New York - or in Waltham or 
N eedham, Massachusetts - are available to staff members 
across the Division. Examples of recent SES accomplishments 
range from survivable ground command/ control networks for 
unma n n ed Minuteman sites (a Division·wide prime contract) 
• . . to a laser breakthrough (result of a company·sponsored 
program ) .  The laser wide· band modulator device developed 
has a theoretical capacity of handlin g simultaneously on one 
commun ications channel- more than 100,000 telephone cori o 
versatio n s  Of 100 TV broadcasts. 

J ust how extensive SES' wealth of state·of·the·art knowledge 
is may be judged by the following: 

In  1 963, Sylva nia ra nked 1 9th a m o ng 500 DOD contractors 

(from a ll techn ica l fields) in experimental, developmenta l, test 
a n d  research work. 

B E H I N D T H E  SES E N GI N EER ARE T H E  STA B I LI T Y  A N D  
FAC I LITi ES O F  G E N ERAL TELEPH O N E  A N D  E L ECTRO N I CS. 

The SES engin eer has a special relation ship with the paren t  
corporation, General Telephon e  and Electron ics, because SES 
acts in a Systems Management and Systems Program Devel· 
opment capacity for the entire corporation on major govern·  
ment contracts. In  addition to operations which concentrate 
exclusively upon systems work in its most advanced military 
electron ics aspects, SES headquarters houses the Divisio n ' s  
Applied Research Laboratory which originates and advances 
electron ic techn iques required for tomorrow' s  
more sophisticated systems . 

WO U LD YOU WORRY ABOUT "TEC H N O LOG· 
I CAL O BSO LESCENCE" U N DER TH ESE C I R· 
C U MSTANCES? We thi n k  n ot. Certainly not at 
all, if you took advantage of SES' professional 
self·development training programs such as 
in· plant seminars, symposiums and confer· 
ences plus u n iversity post graduate studies 
and profess ional society meetings. 

SYLVANIA 
",,w1TU_UU� . 

Applied Resurch lab 
Waltham, Mass. 

An Eq u a l  Oppo rt u n ity Employer 
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Britannica Schools-1 7 unique, programmed 

home study courses in both modern and 

traditional mathematics-a rewarding adventure 

in enrichment for you, your family. 

7TH G R A D E  M A T H E M A T I C S . W H O LE N U M BERS A N D  N U M E R A LS . BAS I C  M A T H E M A T I C S . 

V E R B A L  P R O B L E M S  I N  A L G E B R A . A L G E B R A  I • P L A N E  G E O M ETRY . A L G E B R A  I I  • T H E  

L A N G U A G E  O F  A L G E B R A . T R I G O N O M ETRY . SOLI D G E O M ETRY . A N A LY T I C  T R I G O N O M 

ETRY • I NTRO D U C T I O N  TO S E T S ,  I N EQ U A L I T I E S  A N D  F U N C T I O N S  • I NTRO D U CTORY 

CALCULUS I & I I . D E S C R I P T I V E  STATIST I C S . M A N AG E M E NT D E C I S I O N  M A K I N G  

... ______ TWO NEW C O URSES -----.... 
• MODERN ALGEBRA • M O D E R N  M A T H E M A T I C S  FOR J R. H I G H  S C H O O L  

T h e  FI RST M u lti-Track Treatment  i n  Prog r a m m e d  Learn i n g  o f  Modern M at h e mati c s  

How many times have you wished that you were more "at home" 
with trigonometry or calculus . . .  or had the chance to "brush up" 
on algebra? Have you ever been pushed to the point of frustration 
because your children are coming home with "modern math?" Do 
you have employees who coul d be more productive if they developed 
stronger math skills? 

Now, Britannica Schools, a division of Encyclopaedia Britannica, 
offers you the opportunity to help yourself, your family,  your 
employees through a unique approach to home study. 

Here are 17 definitive courses in both modern and traditional 
math - each a complete Programmed Learning course developed by 
specialists in home study and the teaching of mathematics. Every 
one of these courses is designed to slice through the mystery and 
confusion often associated with math study ; through the use of the 
newest educational technique . . .  the "teaching machine" method. 

In conj unction with your Programmed Learning home study 
course, you will work with your own instructor who, through 
phased examinations and correspondence, reviews your progress, 
checks your grasp and retention of the course material, and, thus, 
helps insure your mastery of the subj ect. 

Britannica Schools will be pleased to send you full information on 
these courses. Just mail the coupon today. There's no obligation 
these courses are sold only by mail . 

� - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - , 

Britannica 
(i) Schools 

y 

A DiviJ;on of Encyclopaedia Britannica Inc. 
14 East Jackson B o u levard 

Chicago,  Il l i n o i s  60604 
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BRITANNICA SCHOOLS Depl. S A  94 
14 East jackson Boulevard/Chicago, I l l i nois 60604 
Plt�ase send m e  full detai ls o n  the B rita n n i c a  Schools' 
Mathe matics Courses. I u n dersta n d  I a m  i n  n o  way 
o b l i gated. 

Na me 

Address _ _ . ___________ _ 

City _____ State ___ Z i p  Code ___ _ 

Age ___ Occ u pation 

I 
I 
I 

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - � 

will happen if taxes are cut or if mili
tary spending is reduced. Furthermore, 
there is a continuing controversy even 
about what constitutes a desirable eco
nomic condition. 

When faced with an adaptive con
trol problem, one expects to learn more 
about the system as time goes on and 
to modify one's policies accordingly. 
All major decision processes in life are 
adaptive control processes. It should 
not be surprising, therefore, that bio
logical evolution has equipped animals 
to deal more or less successfully with 
adaptive control problems. Determinis
tic and, to a degree, stochastic control 
problems can be handled by animals on 
the basis of instinct. Instinct can be 
described as feedback control of a de
terministic type. The same stimulus pro
duces the same reaction, regardless of 
what else has changed in the environ
ment. 

To handle adaptive control problems 
the higher animals are equipped with 
something we identify as "intelligence. "  
I n  fact, intelligence can b e  defined as 
the capacity to solve, in some degree, 
an adaptive control problem. Intelli
gence manifests itself by adaptation, by 
flexible policies. It is difficult, of course, 
to draw a sharp dividing line between 
instinct and intelligence. It is probably 
better, then, to call every type of feed
back behavior "intelligence" and subse
quently distinguish between levels of 
intelligence. 

Norbert Wiener, the eminent mathe
matician who died last winter, formu
lated the provocative idea that it should 
be possible to develop a unified theory 
of feedback control applicable both to 
living organisms and to machines. To 

express this idea he coined the term 
"cybernetics."  It was his hope, shared 
by others, that techniques used so suc
cessfully in control engineering could 
be applied to biomedical problems (for 
example the design of artificial human 
organs) and also that research into neu
rophysiology might provide valuable 
clues in the design and study of com
munication systems, computers and 
more general control systems of all 
kinds. But as mathematicians, physiolo
gists and engineers explore the subtle 
difficulties of dealing with large-scale 
systems-living and nonliving-of differ
ent degrees of complexity, it seems less 
and less likely that any single "cyber
netic" theory will serve all purposes. 
Nonetheless, for those who want to un
derstand both modern science and mod
ern society, there is- I10-<OOtter--place to 
start than control theory. 
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H O W  R C A  T R A N S I ST O R S  

Will Run Your UElectronic" Car of Tomorrow 
Slide behind the wheel of this dreamboat. Push 
the electronic control button. Then sit  back and 
let transistors take over. 

Automatically, transistors and semiconductor recti-
fiers will help . . .  accelerate . . .  brake . . .  steer . . .  detect 
obstacles . . .  guard against " tailgating" . . .  guide 
you safely along the electronic lanes of super h igh
ways . . .  s ignal on-coming traffic as you approach 

intersections . . .  even tell you when the road is icy. 

As darkness falls, these devices will turn on your 
lights and courtesy headlight beams .  When it rains,  
they will close your windows, start your windshield 
wipers and adjust their speed to conditions. They 

w i l l  even b l o w  y o u r  h o r n  a u t o m a t i c a l l y  when 
necessary ! M i raculous ? Hardly. 

Already, transistors and semiconductor rectifiers 
can open and close your garage door. Transistor 
car radios are commonplace. Alternators, using 
transistors and semiconductor rectifiers are replac
i n g  conven t i o n a l  generators-to keep batteries 
charged, even at idling speeds. Transistor ignition 
systems are helping to i mprove engine performance. 

The impact of transistors and semiconductor recti
fiers i n  automotive technology is another dramatic 
i l lustration of how RCA solid-state advances are 
helping to meet the broad demands of industry, 
business, science, and national defense. 

• RCA ",mON<C COMeoN"" "0 D'V,,,, 

� i.:  T h e  M ost Trusted N a m e  i n  El ectro n ics 
® � • . .  and the world's most broadly based electronics company 

r 

R C A  T r a n s i stors 
a n d  S e m i c o n d uctor  Rectif iers  
These wonder - w o r k i n g  devices, 
shown actual size, a re serving 
electronics everywhere - from 
comp uters to satellites. 
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COMPUTERS 

These machines that do arithmetic at high speed have evolved 

in response to the need to apply mathematics. No\v they also 

promise to play a role in the progress of mathematics itself 

X
though to many people the elec

tronic computer has come to 
- symbolize the importance of 

mathematics in the modern world, few 
professional mathematicians are closely 
acquainted with the machine. Some, in 
fact, seem even to fear that individual 
scientific efforts will be pushed into the 
background or replaced by less imagina
tive, purely mechanical habits of re
search. I believe such fears to be quite 
groundless. It is preferable to regard the 
computer as a handy device for manipu
lating and displaying symbols. Even the 
most abstract thinkers agree that the 
simple act of writing down a few sym
bols on a piece of paper facilitates con
centration. In this respect alone-and 
it is not a trivial one-the new electronic 
machines enlarge our effective memory 
and provide a marvelous extension of 
the means for experimenting with sym
bols in science. In this article I shall try 
to indicate how the computer can be 
useful in mathematical research. 

The idea of using mechanical or semi
automatic means to perform arithmetical 
calculations is very old. The origin of 

COMPUTER CIRCUITS have become al· 

most microscopic. Although each of the 

Westinghouse binary integrated circuits 

(square units) on the opposite page is small· 

er than the head of a pin, it contains six 

transistors, 12 diodes, 11 resistors and two 

capacitors. The tiny units are now employed 

primarily in special computers for military 

and space applications. More than 100 of 

them are made at one time on a thin silicon 

wafer the size of a half·dollar. The four 

patterns that do not match the others are 

used for alignment and testing during fab· 

rication. In commercial computers such 

circuits are expected to provide greater 

speed and reliability at lower cost than 

the larger circuits in common use today. 

by Stanislaw M. Ulam 

the abacus is lost in antiquity, and com
puters of some kind were evidently built 
by the ancient Greeks. Blaise Pascal in 
the 17th century constructed a working 
mechanism to perform arithmetical op
erations. Gottfried Wilhelm von Leibniz, 
one of the creators of mathematical 
logic as well as the coinventor of the 
infinitesimal calcul!1s, outlined a pro
gram for what would now be called 
automatized thinking. The man who 
clearly visualized a general-purpose 
computer, complete with a flexible pro
gramming scheme and memory units, 
was Charles Babbage of England. He 
described a machine he called the ana
lytical engine in 1833 and spent the rest 
of his life and much of his fortune trying 
to build it. 

.N110ng the leading contributors to 
modern computer technology were 

an electrical engineer, J. Presper Eckert, 
Jr. , a physicist, John W. Mauchly, and 
one of the leading mathematicians of 
this century, John von Neumann. In 
1944 Eckert and Mauchly were deep in 
the development of a machine known 
as ENIAC, which stands for Electronic 
Numerical Integrator and Computer. 
Designed to compute artillery firing 
tables for the Army Ordnance Depart
ment, EKIAC was finally completed late 
in 1945. It was wired to perform a spe
cific sequence of calculations; if a dif
ferent sequence was needed, it had to be 
extensively rewired. On hearing of the 
ENIAC project during a visit to the Aber
deen Proving Ground in the summer of 
1944, von Neumann became fascinated 
by the idea and began developing the 
logical design of a computer capable of 
using a flexible stored program: a pro
gram that could be changed at will 
without revising the computer's circuits. 

A major stimulus for von Neumann's 

enthusiasm was the task he faced as con
sultant to the theoretical group at Los 
Alamos, which was charged with solv
ing computational problems connected 
with the atomic-bomb project. After a 
discussion in which we reviewed one of 
these problems von Neumann turned to 
me and said: "Probably in its solution 
we shall have to perform more elemen
tary arithmetical steps than the total in 
all the computations performed by the 
human race heretofore." I reminded him 
that there were millions of schoolchil
dren in the world and that the total 
number of additions, multiplications 
and divisions they were obliged to per
form every day over a period of a few 
years would certainly exceed that need
ed in our problem. Unfortunately we 
could not harness this great reservoir of 
talent for our purposes, nor could we in 
1944 command the services of an elec
tronic computer. The atomic-bomb cal
culations had to be Simplified to the 
point where they could be solved with 
paper and pencil and the help of old
fashioned desk calculators. 

Down the hall from my presen.t office 
at the Los Alamos Scientific Laboratory 
is an electronic computer known as 
MANIAC II (Mathematical Analyzer, Nu
merical Integrator and Computer), an 
advanced version of MANIAC I, which 
von Neumann and his associates com
pleted at the Institute for Advanced 
Study in 1952. MANIAC n, which was 
put in operation in 1957, can add two 
numbers consisting of 13 decimal digits 
(43 binary digits) in about six micro
seconds (six millionths of a second). In 
a separate building nearby is a still new
er computer called STRETCH, built by the 
International Business Machines Corpo
ration, which can manipulate numbers 
containing 48 binary digits with about 
10 times the overall speed of MANIAC II. 
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FIRST MECHANICAL COMPUTER was probably this adding machine, designed in 1642 
by the French philosopher and mathematician Blaise Pascal. The machine adds when the 

wheels are turned with a stylus. Gears inside automatically "carry" numbers from one 

wheel to the next. Similar but somewhat simpler devices, made of plastic, are widely sold. 

"DIFFERENCE ENGINE," often called the first modern mathematical machine, was con· 

ceived in 1820 by the English mathematician Charles Babbage. He built a small version of it 

but the larger engine he envisioned was never completed. Parts of it, such as this unit, are 

now in South Kensington Science Museum. Babbage spent many years trying unsuccessfully 

to create an "analytical engine" that would do almost everything the modern computer does. 
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MANIAC II and STRETCH are examples 
of dozens of custom-designed computers 
built throughout the world in the past 
20 years. The first of the big commer
cially built computers, UNIVAC I, was de
livered to the Bureau of the Census in 
1951; three years later the General Elec
tric Company became the first industrial 
user of a UNIVAC 1. In the 13 years since 
the first UNIVAC more than 16,000 com
puter systems of various makes and sizes 
have been put to work by the u.s. 
Government, industry and universities. 
Of these about 250 are of the largest 
type, with speed and power roughly 
comparable to MANIAC II. 

Together with increases in arith
metical speed have come increases in 
memory capacity and in speed of access 
to stored numbers and instructions. In 
the biggest electronic machines the 
memory capacity is now up to about 
100,000 "words," or several million indi
vidual binary digits. I am referring here 
to the "fast" memory, to which the access 
time can be as short as a microsecond. 
This time is steadily being reduced; a 
hundredfold increase in speed seems 
possible in the near future. A "slow" 
memory, used as an adjunct to the fast 
one, notmally consists of digits stored 
on magnetic tape and can be of almost 
unlimited capacity. The size of mem
ory devices and basic electronic cir
cuits has been steadily reduced, until 
now even the most elaborate comput
ers can fit into a small room. The next 
generation of computers, employing mi
croelectronic circuits, will be smaller by 
a factor of 100 to 1,000. 

It is apparent that many problems 
are so difficult that they would tax the 
capacity of any machine one can imag
ine being built in the next decade. For 
example, the hydrodynamics of com
pressible fluids can be studied reason
ably well on existing machines if the in
vestigation is limited to problems in two 
dimensions, but it cannot be studied 
very satisfactorily in three dimensions. 
In a two-dimensional study one can 
imagine that the fluid is confined in a 
"box" that has been divided into, say, 
10,000 cells; the cells are expressed in 
terms of two coordinates, each of which 
is divided into 100 parts. In each cell 
are stored several values, such as those 
for density and velocity, and a new set 
of values must be computed for each 
successive chosen unit of time. It is 
obvious that if this same problem is 
simply extended to include a third di
mension, storage must be provided for 
a million cells, which exceeds the ca
pacity of present machines. One of the 
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studies that is limited in this way is 
the effort to forecast the weather, for 
which it would be desirable to use a 
many-celled three-dimensional model of 
the atmosphere. 

Sometimes when a problem is too 
complex to be solved in full detail by 
computer, it is possible to obtain a rep
resentative collection of specific solu
tions by the "Monte Carlo" method. 
Many years ago I happened to consider 
ways of calculating what fraction of all 
games of solitaire could be completed 
satisfactorily to the last card. When I 
could not devise a general solution, it 
occurred to me that the problem could 
be examined heuristically, that is, in 
such a way that the examination would 
at least give an idea of the solution. This 
would involve actually playing out a 
number of games, say 100 or 200, and 
simply recording the results. It was an 
ideal task for a computer and was at the 
origin of the Monte Carlo method. 

This method is commonly applied to 

problems of mathematical physics such 
as those presented by the design of 
nuclear reactors. In a reactor neutrons 
are released; they collide, scatter, multi
ply and are absorbed or escape with 
various probabilities, depending on the 
geometry and the composition of the 
fuel elements and other components. 
In a complicated geometry no way is 
known to compute directly the number 
of neutrons in any given range of en
ergy, direction and velocity. Instead one 
resorts to a sampling procedure in which 
the computer traces out a large number 
of possible histories of individual par
ticles. The computer does not consider 
all the possible things that might hap
pen to the particle, which would form a 
very complicated tree of branching even
tualities, but selects at each branching 
point just one of the eventualities with a 
suitable probability (which is known to 
the physicist) and examines a large class 
of such possible chains of events. By 
gathering statistics on many such chains 

one can get an idea of the behavior of 
the system. The class of chains may 
have to be quite large but it is small 
compared with the much larger class of 
all possible branchings. Such sampling 
procedures, which would be impracti
cable without the computer, have been 
applied to many diverse problems. 

The variety of work in mathematical 
physics that has been made possible in 
recent years through the use of com
puters is impressive indeed. Astronomy 
journals, for instance, contain an in
creasing number of computer results 
bearing on such matters as the history 
of stars, the motions of stars in clusters, 
the complex behavior of stellar atmo
spheres and the testing of cosmological 
theories. It has long been recognized 
that it is mathematically difficult to 
obtain particular solutions to problems 
involving the general theory of relativity 
so that the predictions of alternative 
formulations can be tested by observa
tion or experiment. The computer is 

FIRST ELECTRONIC DIGITAL COMPUTER, the Electronic Nu

merical Integrator and Computer (ENIAC), was built at the Univer

sity of Pennsylvania for the Army Ordnance Department. Complet

ed in tbe fall of 1945, it had 19,000 vacuum tubes, 1,500 relays and 

hundreds of thousands of resistors, capacitors and inductors. It 

consumed almost 200 kilowatts of electric power. Power and tube 

failures and other difficulties plagued its first few years of opera· 

tion. To change its program it was necessary to rewire thousands 

of circuits. With constant improvements ENIAC was kept in service 

at the Ballistic Research Center, Aberdeen, Md., until late 1955. 
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now making it possible to obtain such 
predictions in many cases. A similar 
situation exists in nuclear physics with 
regard to alternative field theories. 

I should now like to discuss some par-
ticular examples of how the com

puter can perform work that is both 
interesting and useful to a mathema
tician. The first examples are problems 
in number theory. This subject deals 
with properties of ordinary integers and 
particularly with those properties that 
concern the two most fundamental oper
ations on them: addition and multiplica
tion. 

As in so much of "pure" mathematics 
the objective is to discover and then 
prove a theorem containing some gen-

eral truth about numbers. It is often 
easy to see a relation that holds true 
in special cases; the task is to show 
that it holds true in general. 

Karl Friedrich Gauss, called "the 
prince of mathematicians" by his con
temporaries, greatly favored experiments 
on special cases and diligent work with 
examples to obtain his inspirations for 
finding general truths in number theory. 
Asked how he divined some of the re
markable regularities of numbers, he re
plied, "DuTch planmiissiges tattonieren" 
-through systematic trying. Srinivasa 
Ramanujan, the phenomenal Indian 
number theorist, was equally addicted 
to experimentation with examples. One 
can imagine that in the hands of such 
men the computer would have stimu-

lated many more discoveries in number 
theory. 

A fascinating area of number theory 
is that dealing with primes, the class 
of integers that are divisible only by 
themselves and by one. The Greeks 
proved that the number of primes is 
infinite, but even after centuries of work 
some of the most elementary questions 
about primes remain unanswered. 

For example, can every even number 
be represented as the sum of two 
primes? This is the famous Goldbach 
conjecture. Thus 100 = 93 + 7 and 
200 = 103 + 97. It has been shown that 
all even numbers smaller than 2,000,000 
can be represented as the sum of two 
primes, but there is no proof that this 
holds true for all even integers. 

MANIAC II (Mathematical Analyzer, Numerical Integrator and 

Computer) was built at the Los Alamos Scientific Laboratory in 1957. 
STRETCH, built by the International Business Machines Corporation 

and installed at Los Alamos four years later, is about 10 times 

faster than MANIAC II. Both have been used extensively by the 

author and his colleagues for experimentation in mathematics. 
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It is an interesting fact that there are 
many pairs of primes differing by two, 
for instance 11 and 13, 17 and 19, 
311  and 313. Although it might seem 
simple to show that there are infinitely 
many such pairs of "twin primes," no 
one has been able to do it. These two 
unsolved problems demonstrate that the 
inquiring human mind can almost im
mediately find mathematical statements 
of great simplicity whose truth or false
hood are inordinately difficult to de
cide. Such statements present a con
tinual challenge to mathematicians. 

The existence of a proof does not al-
ways appease the mathematician. 

Although it is easily proved that there 
is an infinite number of primes, one 
would like to have a formula for writing 
down an arbitrarily large prime. No 
such formula has been found. No mathe
matician can now write on demand a 
prime with, say, 10 million digits, al
though one surely exists. 

One of the largest known primes was 
found not long ago with the help of an 
electronic computer in Sweden. It is 
20217 - 1, a number containing 967 
digits. A number of this form, 2n - 1, 
is called a Mersenne number. There may 
be an infinite number of primes of this 
form. No one knows. 

Other special numbers that may or 
may not yield many primes are Fermat 
numbers, which have the form 2�n + 1. 
For n's of 0, 1, 2 and 3 the correspond
ing Fermat numbers are 3, 5, 17 lind 
257. Even for moderate values of n 
Fermat numbers become extremely 
large. It is not known, for instance, if 
the Fermat number with an n of 13 is 
a prime (the number is 22" + 1, or 
2SHl2 + 1). 

It is convenient for computer experi
mentation that both Mersenne and Fer
mat numbers have a particularly simple 
appearance when they are written in 
binary notation [see top illustration on 
next pagel. Fermat numbers start with 
a 1, are followed by O's and end with a 
1. Mersenne numbers in binary notation 
consist exclusively of l's. With com
puters it is an easy matter to study 
empirically the appearance of primes 
written in binary form. 

The following statement is most like
ly true: There exists a number n such 
that an infinite number of primes can be 
written in a binary sequence that con
tains exactly n l's. (The number of O's 
interspersed among the l's, of course, 
would be unlimited.) Although this 
statement cannot be proved with the 
present means of number theory, I sus-

SHRINKAGE OF COMPONENTS has meant greater reliability and speed plus substan· 

tial savings in construction and operation of computer systems. The vacuum·tube assembly 

at top was used in first generation of computers built by International Business Macbines 

Corporation, starting in 1946. First transistorized computers, built in 1955, used circuits 

such as that at lower left. At lower right is a card of six microminiaturized circuits, each 

containing several transistors and diodes, which is going into the newest IBM computers. 

pect that experimental work with a com
puter might provide some insight into 
the behavior of binary sequences con
taining various numbers of l's. The fol
lowing experience may help to explain 
this feeling. 

A few years ago my colleague Mark 
B. Wells and I planned a computer pro
gram to study some combinatorial prop
erties of the distribution of O's and l's 
in prime numbers when expressed in 
binary form. One day Wells remarked: 
"Of course, one cannot expect the 
primes to have, asymptotically, the same 
number of ones and zeros in their de
velopment, since the numbers divisible 
by three have an even number of ones." 
This statement was based on the follow
ing argument: One would expect a priori 
that in a large sample of integers ex
pressed in binary form the number of 
1's and O's ought to be randomly dis
tributed and that this should also be the 
case for a large sample of primes. On 

the other hand, if it were true that all 
numbers divisible by three contain an 
even number of 1's, then the distribu
tion of l's and O's in a large sample of 
primes should not be random. 

Returning to my office, I tried to 
prove Wells's statement about numbers 
divisible by three but was unsuccess
ful. After a while I noticed that the 
statement is not even true. The first 
number to disprove it is 21, which has 
three l's in its binary representation 
[see middle illustration on next pagel. 

Nevertheless, a great majority of the 
integers divisible by three seem to have 
an even number of l's. Beginning with 
this observation, Wells managed to 
prove a general theorem: Among all the 
integers divisible by three from 1 to 
2n, those that have an even number of 
l's always predominate, and the differ
ence between their number and the 
number of those with an odd number of 
l's can be computed exactly: it is 
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MERSENNE NUMBER FERMAT NUMBER 
(2n- 1) (22n + 1) 

n DECIMAL BINAR n DECIMAL BINARY 

1 1 1 ; 0 3 11 

2 3 11  1 5 101 

3 7 111 2 17 10001 

4 15 1111 3 257 100000001 

5 31 11111 4 65,537 I 10000000000000001 

MERSENNE AND FERMAT NUMBERS have a simple appearance when written in bi· 

nary notation. Although many Mersenne numbers are not primes (for example 15) , there 

may be an infinite number of primes of this form. There may also be an infinite number of 

Fermat primes, but even the Fermat number for an n as small as 13 has not yet been tested. 

-�� 

3 11 

6 110 
----� 

9 1001 
---"-�--.•. 

12 1100 

15 1111 

18 10010 

21 

27 11011 

30 11110 
-.-----.. -!--.�-----

33 100001 

36 100100 
-------_.;--•. _----

39 100111 

42 I 101010 

45 101101 

48 110000 

INTEGERS DIVISIBLE BY THREE usually contain an even number of I's when written 

in binary form. This observation led to the proof of a general theorem, described in the text. 

3(n-l)/2. 'VeIls developed correspond
ing proofs for statements on integers 
divisible by five, seven and certain other 
numbers, although he found these the
orems increasingly harder to prove. 

By now quite a few problems in num
ber theory have been studied experi-

1,5 

2,5 

3,5 

mentally on computers. Not all of this 
work is restricted to tables, special ex
amples and sundry curiosities. D, H. 
Lehmer of the University of California 
at Berkeley has made unusually effec
tive use of the computer in number 
theory, With its help he has recently 

3,6 

4,6 

5 ,6 

i 6,7 

obtained several general theorems, Es
sentially what he has done is to reduce 
general statements to the examination 
of a large number of special cases, The 
number of cases was so large that it 
would have been impracticable, if not 
impossible, to go through them by hand 
computation. With the help of the com
puter, however, Lehmer and his as
sociates were able to determine all ex
ceptions explicitly and thereby discover 
the theorem that was valid for all other 
cases, Unfortunately Lehmer's interest
ing work is at a difficult mathematical 
level and to describe it would take us 
far afield. 

It must be emphasized that Lehmer's 
theorems were not proved entirely by 
machine. The machine was instrumental 
in enabling him to obtain the proof. This 
is quite different from having a program 
that can guide a computer to produce a 

complete formal proof of a mathematical 
statement. Such a program, however, is 
not beyond the realm of possibility. The 
computer can operate not only with 
numbers but also with the symbols 
needed to perform logical operations, 
Thus it can execute simple orders cor
responding to the basic "Boolean" opera
tions. These are essentially the Aris� 
totelian expressions of "and," "or" and 
"not," Under a set of instructions the 
computer can follow such orders in a 
prescribed sequence and explore a lab
yrinth of possibilities, choosing among 
the possible alternatives the ones that 
satisfy, at any moment, the result of 
previous computations. 

With such techniques it has been pos
sible to program a computer to find 
proofs of elementary theorems in Eu
clid's geometry, Some of these efforts, 
particularly those pursued at the Inter
national Business Machines Research 
Center, have been quite successful. 
Other programs have enabled the com
puter to find proofs of simple facts of 

STEINER PROBLEM poses this question: Given n objects, can 

they be arranged in a set of triplets so that every pair of objects 

appears once and only once in every triplet? The problem can be 

solved only when n = 6k + 1 or 6k + 3, in which k can be any in· 

teger. One solution for k = 1, in which case n = 7, is shown here. 

The table at left lists all possible pairs of seven objects. The table 

at right shows seven triplets that contain all pairs only once. The 

21 digits in these triplets can be regrouped into other triplets. 
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They're getting more out 

because they're putting Foxboro in 
Foxboro Digital Computer Systems are the choice of 
leading companies for one basic reason: Foxboro has 
developed the first system to combine the speed, flexi
bility and economy required for practical, profitable 
processing. 

AND HERE'S THE ON-LINE PROOF: 
Major eastern steel producer . .. Foxboro Model 97600 
process computer system in continuous operation, con
trolling blast furnace. 

World's largest bakery . . .  Foxboro Model 97600 proc
ess computer system on-line, in control of batching 
processes. 

Major power plant ... Foxboro-built process computer 
system in operation, monitoring plant efficiency and 
controlling turbine start-up of two units. 

Second major power plant . . . Foxboro- built process 
computer system continuously logs plant performance 
and monitors plant safety. 

Third major power plant . • •  Foxboro Model 97600 
computer system will provide on-line data acquisition, 
performance calculations, automatic turbine start-up 
and monitoring of plant start-up and shutdown. 

Another major steel plant . • .  Foxboro Model 97600 
process computer system will calculate performance 
and assist in controlling basic oxygen furnace. 

Major cement plant . . . Foxboro Model 97400 process 
computer system will perform data acquisition and 
analysis functions for raw materials blending. 

Major brass extrusion plant . . .  Foxboro Model 97600 
process computer system for process control, inventory 
control, and production scheduling. 

� Write for technical literature on 
Foxboro digital computing systems. 
Or, contact your Foxboro Sales En
gineer and he will arrange to have 
a digital systems specialist call at 
your convenience. The Foxboro Com
pany, 659 Norfolk Street, Foxboro, 
Massachusetts. 

FOXBORO Specialists in Process and Energy Control 
REGISTERED TRADEMARK 

OFFICES IN PRINCIPAL CITIES. PLANTS IN UNITED STATES. CANADA. UNITED KINGDOM. FRANCE. NETHERLANDS' MEXICO. JAPAN 

209 

© 1964 SCIENTIFIC AMERICAN, INC



GENEALOGICAL "TREES" raise many interesting combinatorial questions. In the simple 

case shown here individuals of three different colors mate in pairs. Strictly, x, y and z 

specify the fraction of each color in each generation, but here they also identify color type. 

Each mating produces a pair of offspring and the color of the offspring is uniquely deter· 

mined by the colors of the parents according to a fixed rule. (For example, 2 y's or 2 z's 

produce 2 x's.) Assuming an initial population containing hundreds of members, one might 

ask such questions as these: Given an individual in the fifth generation, how many 

different ancestors does he have in, say, the first generation? What are the propor· 

tions of x's, y's and z's among the ancestors of a given individual in the nth generation? 

projective geometry. I have no doubt 
that these efforts mark only the begin
nings; the future role of computers in 
dealing with the "effective" parts of 
mathematics will be much larger. 

I shall now turn from the study of 
integers to combinatorial analysis and 

discuss some of the uses of the computer 
in this field. Very briefly, combinatorial 
analysis deals with the properties of ar
rangements and patterns defined by 
means of a finite class of "points." Fa
miliar examples are the problems on 
permutations and combinations studied 
in high school algebra. In a typical case 
one starts with a finite set of 11 points 
and assumes certain given, or pre
scribed, relations between any two of 
them or, more generally, among any k 
of them. One may then wish to enu
merate the number of all possible struc
tures that are related in the prescribed 
way, or one may want to know the num
ber of equivalent structures. In some 
cases one may consider the finite set of 
given objects to be transformations of a 
set on itself. In the broadest sense one 
could say that combinatorial analysis 
deals with relations and patterns, their 
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classification and morphology. In this 
field too electronic computers have 
proved to be extremely useful. Here are 
some examples. 

Consider the well-known problem of 
placing eight queens on a chessboard 
in such a way that no one of them at
tacks another. For an ordinary 8 X 8 
chessboard there are only 12 fundamen
tally different solutions. The mathemati
cian would like to know in how many 
different ways the problem can be 
solved for 11 queens on an 11 X 11 board. 
Such enumeration problems are in gen
eral difficult but computer studies can 
assist in their solution. 

The following problem was first pro
posed in the 19th century by the Swiss 
mathematician Jakob Steiner: Given 11 

objects, can one arrange them in a set 
of triplets in such a way that every pair 
of objects appears once and only once 
in a triplet? If 11 is five, for example, 
there are 10 possible pairs of five ob
jects, but a little experimentation will 
show that there is no way to put them 
all in triplets without repeating some of 
the pairs. The problem can be solved 
only when 11 = 6k + 1 or 6k + 3, in 
which k is any integer. The solution for 

k = 1 (in which case 11 = 7) is shown 
at the bottom of page 208. The number 
of triplets in the solution is seven. In 
how many ways can the problem be 
solved? Again, the computer is very 
useful when k is a large number. 

The shortest-route problem, often 
called the traveling-salesman problem, 
is another familiar one in combinatorics. 
Given are the positions of 11 points, 
either in a plane or in space. The prob
lem is to connect all the points so that 
the total route between them is as short 
as possible. Another version of this 
problem is to find the route through a 
network of points (without necessarily 
touching all the points) that would take 
the minimum time to traverse [see "Con
trol Theory," page 194]. These problems 
differ from the two preceding ones in 
that they necessitate finding a method, 
or recipe, for constructing the minimum 
route. Strictly speaking, therefore, they 
are problems in "meta-combinatorics." 
This term signifies that a precise fornlU
lation of the problem requires a defini
tion of what one means by a recipe 
for construction. Such a definition is 
possible, and precise formulations can 
be made. ';\Then the n points are dis
tributed in a multidimensional space, 
the problem can hardly be tackled with
out a computer. 

A final example of combinatorics can 
be expressed as a problem in gene
alogy. Assume, for the sake of simplic
ity, that a population consists of many 
individuals who combine at random, 
and that each pair produces, after a 

certain time, another pair. Let the proc
ess continue through many generations 
and assume that the production of off
spring takes place at the same time for 
all parents in each generation. Many in
teresting questions of combinatorial 
character arise immediately. 

For instance, given an individual in 
the 15th generation of this process, how 
many different ancestors does he have 
in, say, the ninth generation? Since this 
is six generations back it is obvious that 
the maximum number of different an
cestors is 26, but this assumes no kin
ship between any of the ancestors. As 
in human genealogy there is a certain 
probability that kinship exists and that 
the actual number is smaller than 26. 
What is the probability of finding vari
ous smaller numbers? 

Suppose the original population con
sists of two classes (that is, each indi
vidual has one or the other of two char
acteristics); how are these classes mixed 
in the course of many generations? In 
other words, considering any individual 
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Electronic "blood bank" 
Walk through our RMC ceramic 

capacitor plants and you'll see jars 

like these lined up by the hundreds. 

They hold some 25 million ceramic 

discs, carefully c1assi tied by elec

trical properties, ready to be made 

into capacitors at an instant's notice 

to meet emergency orders. We can 

assemble, test and deliver quantity 

orders in less than 48 hours. 

This swift, sure, abundant supply 

saves manufacturers the high cost 

of keeping their own capacitor 

inventory, saves capital that would 

otherwise be tied up in stock. 

Mallory concentrates on dependable 

delivery, competitive prices and reli

able components to keep your costs 

down and your product performance 

u p. P. R. Mallory & Co. Inc., 

Indianapolis, Indiana 46206. 

'MAiIORY 
electrical and electronic components. battery systems. sequence ti mers • special metals 
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From advanced technology available today! 

Cyclotron computations handled 
30 times faster on Michigan State 
University CONTROL DAT A® 3600 
When Michigan State's 50-million volt Cyclo

tron is completed this year, a CONTROL DATA 

3600 Comp'uter system will analyze all of its 

experiments. Presently the 3600 is analyzing the 

Cyclotron's design and doing it 30 times faster 

than MSU's former computer. Such high speed 

is enabling MSU to meet the increasing de

mand of its departments for computer time. 

Besides wrapping up Cyclotron work, the 3600 

is today assisting researchers in the fields of 

physical and biological sciences as well as in 
psychology, sociology, education, communica

tions, economics and government. 

The "3600" is the fastest, most versatile 

computer now in operation. It provides a man/ 

machine research partnership that can solve 

large scale scientific problems at very high 

speeds. CONTROL DATA serves science and 

research throughout the world - hardware, 

software, supportive aid, all oriented to the 

particular user and his methods. For an explo

ration of specific computer systems, contact 

your nearest CONTROL DATA representative 

or write to our Minneapolis address, Dept. F94. 

CONTROL DATA 
CORPORATION 

8100 34th Ave. S., Mpls .. Minn. 55420 

New MSU 3600 
computer system 
(East Lansing, Mich.) 

• A CONTROL DATA 3600 
computer with 32,000 words 
of core memory 

• A CONTROL DATA 160-A 
computer used as a satellite 
processor for input/output 
work 

• 8 CONTROL DATA 6 0 6  
magnetic tape transports 
(soon to be expanded to 10) 

• A CONTROL D ATA 405 
card reader 

• A CONT ROL DATA 5 01 
high speed line printer cap
able of printing nominally 
1,000 consecutive lines per 
minute and 136 characters 
per column 

• A CONTROL DATA remote 
keyboard to be added in 
the near future 
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in the nth generation, one would like 
to know the proportion of the two char
acteristics among all his ancestors. 

Let us now make a slightly more real
istic assumption. Consider the process 
as before but with the restriction re
moved that all offspring appear at the 
same time from parents of the same age. 
Assume instead that the production of 
the new generation is spread over a 
finite period of time according to a 
specific probability distribution. After 
this process has continued for some time 
the individuals of the most recent gen
eration will be, so to speak, of different 
generations. A process of this kind actu
ally occurs in human populations be
cause mothers tend to be younger, on 
the average, than fathers. Therefore 
going back, say, 10 generations through 
the chain of mothers yields a smaller 
number of total years than going back 
through the chain of 10 fathers. It be
comes a complex combinatorial prob
lem to calculate the average number of 
generations represented in the gene
alogical history of each individual after 
many years have elapsed from time 
zero. This and many similar questions 
are difficult to treat analytically. By im
itating the process on a computer, how
ever, it is easy to obtain data that throw 
some light on the matter. 

The last mathematical area I should 
like to discuss in connection with 

computers is the rather broad but little
explored one of nonlinearity. A linear 
function of one variable has the form 
x' = ax + b, where a and b are con
stants. Functions and transformations 
of this form are the simplest ones math
ematically, and they occur extensively 
in the natural sciences and in technol
ogy. For example, quantum theory 
employs linear mathematics, although 
there are now indications that future 
understanding of nuclear and subnu
clear phenomena will require nonlinear 
theories. In many physical theories, 
such as hydrodynamics, the equations 
are nonlinear from the outset. 

The simplest nonlinear functions are 
quadratic; for one variable such func
tions have the form y = ax2 + bx + c, 

where a, band c are constants. It may 
surprise nonmathematical readers how 
little is known about the properties of 
such nonlinear functions and transfor
mations. Some of the Simplest questions 
concerning their properties remain un
answered. 

As an example, mathematicians would 
like to learn more about the behavior 
of nonlinear functions when subjected 

to the process known as iteration. This 
simply means repeated application of 
the function (or transformation) to some 
starting value. For instance, if the point 
described by a function is the square 
root of x, the iteration would be the 
square root of the square root of x; 
each succeeding iteration would consist 
of again taking the square root. 

A transformation given by two func
tions containing two variables each de-

fines a point on a plane; its iteration 
gives rise to successive points, or "im
ages" [see illustration below]. Finding 
the properties of the sequence of iter
ated images of a single point, when de
scribed by a nonlinear function, is in 
general difficult. Present techniques of 
analysis are inadequate to unravel the 
behavior of these quite simply defined 
transformations. 

Here again empirical work with the 

3/41-------'\<:-------'1------

(f) 
x 1/2 <t 
>-

T3(p) 

T2(p) 

1/4 

0 '--_____ -'-

o 1/4 1/2 3/4 

x AXIS 

x' '= y2 + z2 y' = 2xy + 2xz z = x2 + 2yz 

INITIAL FIRST SECOND THIRD FOURTH 
POINT ITERATION ITERATION ITERATION ITERATION 

P T(p) T2(p) Pip) T4(p) 

x = 1/2 x' = 1/4 x" = 5/16 x'" = 61/256 = .238 x"" = .295 
� .. ---

y = 1/2 y' = 2/4 y" 
= 6/16 y'" 

= 110/256 = .430 y"" = .363 
_.-

z = 0 z' = 1/4 z" = 5/16 z'" = 85/256 = .332 z"" = .342 

SUM 1 1 1 1 = 1.000 1.000 

PROCESS OF ITERATION involves repeated application of a function (or transforma· 

tion) to an initial value or a point. Here three equations containing three variables define 

a point in a plane. Iteration gives rise to snccessive points, or "images." Because the three 

variables always add up to 1, only two variables (say x and y) need be plotted. The first 

iteration, T(p), is obtained by inserting the initial values of x, y and z O�, J�, 0) in the 

three equations. The new values, x', y', z' 04, J�, J4), are then inserted to produce the second 

iteration, T2 (p), and so on. Computers can quickly compute and display thousands of 

iterations of a point so that their behavior can be studied (see examples Oil IIext page). 
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computer can be of great help, particu
larly if the computer is equipped to 
display visually the location of many 
iterated points on the face of an oscillo
scope. MANIAC II at Los Alamos has 
been equipped in this way and enables 
us to see at a glance the results of hun
dreds of iterations. 

In examining such displays the math
ematician is curious to learn whether 
or not the succession of iterated images 
converge to a single location, or "fixed 
point." Frequently the images do not 
converge but jump around in what ap
pears to be a haphazard fashion-when 
they are viewed one by one. But if 
hundreds of images are examined, it 
may be seen that they converge to 

curves that are often most unexpected 
and peculiar, as illustrated in the four 
oscilloscope traces below. Such empiri
cal work has led my associates and me 
to some general conjectures and to the 
finding of some new properties of non
linear transformations. 

What are the obvious desiderata that 
would make the electronic com

puter an even more valuable tool than 
it is today? One important need is the 
ability to handle a broader range of 
logical operations. As I have noted, the 
simplest operations of logic, the Bool
ean operations, have been incorporated 
in electronic computers from the out
set. In order to encompass more of con-

ITERATIONS OF NONLINEAR TRANSFORMATIONS performed by high·speed Los 

Alamos computers are displayed on the face of an oscilloscope. The objective of this study 

by P. R. Stein and the author was to examine the asymptotic properties, or "limit sets," of 

iterates of certain nonlinear transformations of relatively simple form. These iterations are 

for sets of four functions containing four variables and therefore must be plotted in three 

dimensions ; the straight dotted lines indicate the coordinate axes (see two-dimensional 
plotting on preceding page). The figure at top left is a twisted space curve. That at 

top right consists of two plane curves. The two bottom figures are more complicated. 

2 1 4  

temporary mathematics the computer 
needs a "universal quantifier" and an 
"existential quantifier." The universal 
quantifier is required to express the 
statement one sees so frequently in 
mathematical papers: "For all x such 
and such holds." The existential quan
tifier is needed to express another com
mon statement: "Them exists an x so 
that such and such is true." If one could 
add these two quantifiers to the Boolean 
operations, one could formulate for 
computer examination most of tradition
al and much of modern mathematics. 
Unfortunately there is no good com
puter program that will manipulate the 
concepts "for all" and "there exists." 

One can take for granted that there 
will be continued increases in process
ing speed and in memory capacity. 
There will be more fundamental devel
opments too. Present computers operate 
in a linear sequence: they do one thing 
at a time. It is a challenge to design a 
machine more on the model of the ani
mal nervous system, which can carry 
out many operations simultaneously. In
deed, plans exist for machines in which 
arithmetical operations would proceed 
simultaneously in different locations. 

A multitrack machine would be of 
great value in the Monte Carlo method. 
The task of the machine is to compute 
individual histories of fictitious par
ticles, and in many problems the fates 
of the particles are independent of one 
another. This means that they could 
be computed in parallel rather than in 
series. Moreover, it is not necessary that 
the computations be carried out to the 
many decimal places provided by pres
ent high-speed machines; an accuracy 
of four or five digits would often be 
enough. Thus it would be valuable to 
have a machine that could compute 
hundreds of histories simultaneously 
with only moderate accuracy. There are 
many other cases where a machine of 
such design would be efficient. 

Further development is also desir
able in facilitating the ease of transac
tion between the computer and its op
erator. At present it is difficult to change 
the course of a calculation as partial 
results become available. If access to 
the machine were more flexible and if 
the problem could be studied visually 
during the course of its development, 
many mathematicians would find ex
perimentation on the computer more 
congenial than they do today. 

One can imagine new methods of cal
culation specifically adapted to the auto
matic computer. Thanks to the speed of 
the machine one will be able to explore, 
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M AT H E M ATI C S : 

T H E M A N - M A D E  U N IV E R S E  
A n  I ntrod u c t i o n  t o  t h e  S p i r i t  o f  
M athematics 

S h e r m a n  K .  Ste i n ,  University of 
California, Da vis 

1 963, 31 6 pages, $6,50 

"I  h a v e  read w i t h  i n f i n i te p l e a s u r e 
S te i n ' s  Mathema tics, The Man -made Uni
verse. It is the best b o o k  of the s o rt t h a t  
I h ave read s i n ce P o l y a ' s  two - vo l u m e  s e t  
a n d  R a d e m a c h e r  a n d  Toep l i tz 's  b o o k .  Ste i n  
h a s  a s u re t o u c h  w i t h  m a t h e m a t i cs ,  c u tt i n g  
away t h e  tr i te ,  a n d  i l l u m i n a t i n g  t h e  exc i t 
ing  c o r n ers with  d eft s k i l l . "  

I SAAC AS I M OV 

S ET T H E O R Y  A N D LO G I C  

R o b e rt R .  Sto l l .  Oberlin Col/ege 

1 963, 474 pages, $9 , 00 

"Th i s  is a n  exce l l e n t  i n tro d u ct i o n  f o r  
u n d e r g r a d u ates,  w h o  a r e  h e re d i rect ly a n d  
e a s i l y  l e d  from t h e  fo u n d a t i o n s  i n to a n  
i n i t i a t i o n  to a l g e b r a . "  

L. A. LO M BA R D I  

i n  Computing Reviews, M a rc h - A p r i l  1 9 64 

I N T R O D U CTI O N  TO M AT R I C E S  
A N D  LI N EA R  T R A N S F O R M ATI O N S  

D a n i e l  T .  F i n kb e i n e r  I I , Kenyon Col/ege 

1 960, 246 pages,  $6,50 

A l u c i d  and u n i f i e d  i ntrod u ct i o n  to l i n e a r  
a l g e bra  a t  a l ev e l  s u i ta b l e  f o r  u n d er
g r a d u ates .  

" . . .  a very wel l - c h os e n  p a rt of  some 
bea u t i fu l m a t h e m at i c s  . . . .  " 

R O B E RT J .  W I S N E R  

i n  Siam Re view, Septe m b e r  1 9 60 

T H E U S S R  O LY M P I A D  
P R O B L E M  B O O K  
S e l ected P r o b l e m s  a n d  T h e o re m s  of 
E l e m e nt a ry M athematics 

D .  O .  S h kl a rs ky,  N .  N .  C h e ntzov, a n d  
I .  M .  Y a g l o m .  Tra n s l ated b y  J o h n  M ay 
kov i c h ,  rev i s e d  a n d  e d i ted by I rv i n g  
S u s s m a n ,  University o f  Santa Clara 

1 962, 452 pages,  $9,00 

" T h e  book s h o u l d  b e  in  every h i g h  
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r e q u i re d  w o r k  f o r  e v e ry m a t h e m a t i c s  
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E .  P. STA R K E  

i n  t h e  American Mathematical Monthly, 

A u g u s t - S eptember  1 9 6 3  

P R O B L E M S  I N  D I F F E R E N TI A L  
E Q U ATI O N S  

J .  L .  B re n n er,  Stanford Research Institute 
Ada pted from A. F .  F i l i p pov 

1 963, 1 57 pages, paperbo u n d ,  $ 2 , 00 

T h i s  b o o k  c o n ta i n s  m o re t h a n  9 00 p r o b 
l e m s ,  with  a n swers; fu l l  ex p l a n a t i o n s  of 
s u bj ect m a tter;  s h o rt m a t h e m a t i c a l  and n u 
m e r i c a l t a b l es ;  refe rences t o  s o u rce texts: 
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l e m s .  

F O U N DATI O N S  O F  LI N E A R  
A LG E B R A 

A. I .  M a l 'cev,  Moscow University 
Tra n s l ated by T h o m a s  C r a i g  B rown . Ed ited 
by J .  B .  R o b e rts,  Reed Col/ege 

1 963, 304 pag es, $7,50 

. . .  prov i d e s  A m e r i c a n  readers with  a 
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S warthmore Col/ege 
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"An exce l l e n t  book,  of a l eve l  n o t  e a s i l y  
o b ta i n a b l e  i n  E n g l i s h  b o o k s .  I ' m  so rry I 
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W, H .  F R E E M A N  A N D C O M PA N Y  
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I e n c l os e  p a y m e n t  of $ ___ ( C a l i forn i a  
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N A M E ___________ _ 

A D D R E S S  _________ ___ 

o P l e a s e  s e n d  me a c o m p l ete cata l o g u e  of 
Free m a n  B o o ks i n  S c i e n c e .  
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almost palpably, so to say, geometrical 
configurations in spaces of more than 
three dimensions and one will be able 
to obtain, through practice, new intui
tions. These will stimulate the mathe
matician working in topology and in 
the combinatorics of new mathematical 
objects. These objects may be ordinary 
integers, but integers far exceeding in 
size and number any now used for ex
perimentation. One should also be able 
to develop mathematical expressions 
with many more existential quantifiers 

than are now employed in formal math
ematical definitions. New games will be 
played on future machines; new objects 
and their motions will be considered 
in spaces now hard to visualize with 
our present experience, which is essen
tially limited to three dimensions. 

The old philosophical question re

mains: Is mathematics largely a free cre
ation of the human brain, or has the 
choice of definitions, axioms and prob
lems been suggested largely by the ex
ternal physical world? (I would include 

as part of the physical world the anat
omy of the brain itself.) It is likely that 
work with electronic machines, in the 
course of the next decade or so, will 
shed some light on this question. Fur
ther insight may come from the study 
of similarities between the workings of 
the human nervous system and the orga
nization of computers. There will be 
novel applications of mathematics in the 
biological sciences, and new problems in 
mathematics will be suggested by the 
study of living matter. 

SIMULATED WEATHER PATTERN for the entire Northern 

Hemisphere was produced by the STRETCH computer at the General 

Circulation Research Laboratory of the U.S. Weather Bureau. In 

an effort to develop and test new theories of atmospheric behavior, 

investigators program the computer with equations that attempt to 

account for atmospheric phenomena. Data from real observations 

are then fed in, from which the computer produces changing model 

weather patterns for days and weeks. These are compared with ac

tual observations over the period. The shaded "contours" on this 

map show simulated sea-level atmospheric pressure during one of 

these studies. The pattern is built up entirely of densely packed 
numbers and letters printed out directly by the computer itself. 
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_AFRICA NDW!  _ _  EFFECTS OF SCIENCE,_ The New Yorker. "The well-read and well
educated person who wants an introduction 
to human genetics will find i t  i n  this book." 
-Science. $5 .00 THE GEOGRAPHY OF 

MODERN AFRICA 

by William A.  Hance. The most thorough 
economic and geographic assessment of the 
African continent. Professor Hance focuses 
o n  the present state of economic develop
ment and gives thoughtful consideration to 
the potentialities for growth i n  the years 
ahead. "The enormous diversity of the Afri
can continent is well-reflected in this gigan
tic survey of African economic geography 
. ,  . An up-to-date, comprehensive survey; a 
must for libraries." -Publish er's Weekly. 
Over 1 00 maps, 50 tables, h undreds of illus
trations. $ 1 2 .00 

A REVIEW OF 
THE NATURAL RESOURCES 
OF THE AFRICAN CONTINENT 

Critical studies sponsored by UNESCO cov
ering the continent and M adagascar - to
pography, geology, geophysics, hydrology, 
soils, flora, 'fauna. Bibliographies, ffiilPS, lists 
of sources for additional material.  $ 1 5.00 

NATURE NEARBY .. 
THE NATURAL GEOGRAPHY 
OF PLANTS 

by Henry Allan Gleason and Arthur Cron
quist. What causes dramatic differences in 
plant life from town to town, even block to 
block? This handsomely il lustrated book 
describes the factors involved in plant dis
tribution and illustrates the common species 
and plant communities that are found i n  
the United States a n d  Canada. Arranged t o  
make a convenient guide for Sunday after
noons or cross-country travels.  251 photo
graphs. $ 1 0.00 

THE INSECTS 

by Uri N. Lanham. All the fascinating 
"gee-whiz" facts of insect l ife, beautifully 
illustrated, and written i n  non-technical lan
guage . This book covers the origin and evo
lution of insects; flight, sense perception, 
behavior, reproduction, adaptation, mating 
habits, and thousands of other facets of an 
amazing world. $6.95 

�TECHNOLOGYIIIIIIII 
SCIENTISTS AND 
NATIONAL POLICY-MAKING 
Edited by Robert Gilpin and Christopher 
W"ight. Ten scholars present strikingly dif
ferent assessments and interpretations of 
federal support for scientific research and 
the role of scientists in shaping policy. Con
tributors include Don K .  Price, Robert C. 
Wood, Harvey Brooks, Wallace S. Sayre, 
Robert N. Kreidler, Warner R .  Schilling, 
Albert Wohlstetter, Bernard Brodie, Robert 
Gilpin, and Christopher Wright . " . . .  a book 
to be recommended to all thoughtful citi
zens, scientists or non-scientists." - New 
York Times. $7.50 

TECHNOLOGY AND 
SOCIAL CHANGE 
Ellitell by Eli Ginzberg. A series of origi
nal papers exploring the implications of 
technological change and its effect upon 
o u r  s o c i a l  s y s t e m ,  p r e p a r e d  by l e a d i n g  
experts from the fields of business, man
agement, sociology, aerospace, industrial 
research, and economics. $4.50 

LITTLE SCIENCE, BIG SCIENCE 
by Derek J. de Solla Price. " . . .  of particu
lar val ue to readers interested i n  recent 
changes in the magnitude and character of 
science and their effects on individual sci en
tists."-Quarterly R eview of Biology. $4.50 

__ LIFE WITHIN .. _ 
HEREDITY AND HUMAN LIFE 
by Hampton L. Carson. " . . .  a lucid, care
ful popular introduction to the sUbject."-

GENETICS AND THE 
ORIGIN OF SPECIES, 3rd Edition 

by Theodosius Dobzhansky. 'The book . . .  
i s  one of the most important i n  the field of 
organic evolution that has appeared during 
the last two decades. It is  indispensable for 
all who wish to keep up with the rapid ad
vancement of modern genetics."-Christian 
Century. ' Paperback $2.45 

_ NEW CONTRIBUTlONS_ 
• TO BIOLOGICAL RESEARCH 
THE HEMOGLOBINS 
IN GENETICS AND EVOLUTION 

by Vernon M. Ingram. " . . .  this small, very 
readable book illustrates quite convincingly 
the power of the physiological and biochem
ical approaches to the study of evolution." 
-Science. $6 .00 

CONTROL 'tHEORY AND 
BIOLOGICAL SYSTEMS 

by Frell S. Grodins. "A clearly written in
troduction to control system theory . . .  i t  sig
nals an important step in the development 
of regulatory biology."-Science. $8.50 

THE ORIGIN OF ADAPTATIONS ' 

by Verne Grant. "The best and most com
prehensive of a series of books written re
cently on the modern , synthetic approach to 
evolutionary theory . . .  i t  is  so well written 
that a non-biological reader can easily un
derstand it."-Library Journal $ 1 2.50 

COLUMBIA UN IVERSITY PRESS 
2960 Broadway, New York, New York 1 0027 
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For larger amounts of discretely 
chosen information, and the name of 

your nearest representative, call or write: 

[T=!..=nn=TI�I::::= II\I::::.)[,M) 
A subsidiary of Technical Measurement Corp. 

2830 S. Fairview SI. Santa Ana, Calif. (714) 546·4500 
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MATH EMATI CAL GAME S 
Puns, palindromes and other word games 
that partake of the mathematical spirit 

'by Martin Gardner 

Was I clever enough? Was I charming? 
Did I make at least one good pun? 

-JOHN UPDIKE, 
Thoughts while Driving Home 

B
ecause every article in this issue 

is devoted to mathematics, it 
seems only charitable to center 

our attention this month on as un
mathematical a topic as possible, with
out abandoning mathematics altogeth
er. Vlord play-puns, anagrams, palin
dromes and so on-is certainly not dis
cussed in any mathematics book, yet it 
has about it a quasi-mathematical air. 
Letters are symbols that combine ac
cording to rules to form words; words 
are symbols that combine according to 
rules to form sentences. Perhaps this 
combinatorial aspect is the reason so 
many mathematicians are addicted to 
language play. 

The impulse to pun can persist even 
in the face of imminent death. On 
March 22, 1963, a murderer named 
Frederick Charles Wood was executed 
at Sing Sing. According to newspaper 
accounts, just before seating himself in 
the electric chair Wood said to those 
present: "I have a speech to make on 
an educational project. You will see the 
effect of electricity on Wood." 

Less grim was the New York Times 
report a month later (April 28) that a 
gnu in the Chessington Zoo in England 
had bitten a zoo keeper. Odd, said the 
keeper, "most gnus are good gnus." I 
also find in my files an Associated 
Press dispatch from Des Moines, dated 
October 11, 1960, reporting that a per
fume-dispensing machine in the wom
en's lounge of a local hotel had failed 
to work. The management had hung a 
sign on it that read "Out of order." An 
unidentified patron, 

,
��

,
ing 

,
�ipstic�: had 

crossed out the first r of order. 
The last is not strictly speaking a 

pun but rather a crude example of what 
word puzzlists call a deletion: the 

changing of one word into another by 
the removal of a letter. An amusing de
letion story is told about Lord Kelvin, 
the British mathematician and physicist. 
He once put a sign on the door of a lec
ture hall stating that he would be un
able to "meet my classes today." A stu
dent beheaded the word "classes" by 
crossing out the "c." Next day, eager to 
observe the professor's reaction, the stu
dents found that he had one-upped them 
by performing a second beheading. 

The following sentence is unusual: 
"Show this bold Prussian that praises 
slaughter, slaughter brings rout." If each 
word is beheaded, an entirely new 
sentence results. It is startling to learn 
that "startling" can be changed into 
eight other familiar words by succes
sive deletions (from different places) of 
single letters. George Canning, an early-
19th-century British statesman, wrote 
the following verse about a word that 
is subject to "curtailment," that is, a 
word that becomes a different word 
when its last letter is removed. Can you 
identify the word? 

A word there is of plural number, 
Foe to ease and tranquil slumber; 
Any other word you take 
And add an "s" will plural make. 
But if you add an "s" to this, 
So strange the metamorphosis, 
Plural is plural now no more, 
And sweet what bitter was before. 

Both decapitation and curtailment are 
involved in the following old riddle: 

From a number that's odd, 
cut off the head, 

It then will even be; 
Its tail I pray now take away, 
Your mother then you'll see. 

It would be interesting to know how 
many technical books of recent years 
have messages concealed in the text by 
playful authors. One finds out about 
them by accident. Who would have 
guessed, for example, that Transport 
Phenomena, a 780-page textbook by R. 
Byron Bird, Warren E. Stewart and 
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SOMEBODY ELSE BUILT THE VOSTOK 
But TRW Space Technology Laboratories built all the rest. No 
other manufacturer has designed and built so many kinds of 
space vehicles for so many different space missions. 

Today we are busy on many space projects that mean new op
portunities for engineers and scientists. We are prime contractor 
for NASA's Orbiting Geophysical Observatory and Pioneer pro
grams, and for the Air Force-ARPA nuclear detection satellites. 
We are developing the variable-thrust descent engines for Apollo 
and Surveyor lunar landings. And TRW Space Technology Lab
oratories continues Systems Management for the Air Force's 
Titan and Minuteman programs. These and other space and mis
sile activities create opportunities in: Theoretical Physics, Sys
tems Engineering, Radar Systems, Experimental Physics, Applied 
Mathematics, Space Communications, Space Physics, Antennas 
and Microwaves, Inertial Guidance, Analog Computers, Solid 

State Physics, Computer Design, Telecommunications, Digital 
Computers, Guidance and Navigation, Electromechanical De
vices, Engineering Mechanics, Applied Aerodynamics and Pro
pulsion Systems. 

For information about TRW opportunities at Cape Kennedy or 
in Southern Calif., including our new Capistrano Test Site, write 
TRW Professional Placement, One Space Park, Department J-9, 
Redondo Beach, Calif. TRW is an equal opportunity employer. 

Spacecraft above: Pioneer I, lunar probe, launched Oct. 1958; 
Explorer VI, scientific satellite, launched Aug. 1959; Pioneer V, 
interplanetary probe, launched March 1960; TRS, tetrahedral re
search satellite, launched 1962; NDS, nuclear detection satellite, 
launched 1963; Vostok I, manned Russian spacecraft, launched 
April 1961. 

TRW SPACE TECHNOLOGY LABORATORIES 
636 THOMPSON RAMO WOOLORIOGE INC. 
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Airbrasive cuts deburring 
time 80 % for tiny 
missile part ... 
Those stubborn, microscopic burrs tucked 
away in inaccessible places are a snap for 
the Airbrasive. 

Take, for example, the burrs at intersec
tions in a 3/32" hole in a high-performance 
hydraulic filter made by Michigan-Dynam
ics. The filter IS designed to prevent particles 
as small as 10 microns from entering missile 
servos and actuators. A burr migrating from 
the filter could be catastrophic. 

The company tried everything-all kinds of 
slurries and tumbling, scraping, electropol
ishing-still, the best removal time was 20 
minutes per part. 

The Airbrasive's precision jet of abrasive 
blasted the burrs away in five minutes or 
less, with no damage to the part. Less skill 
was required ... Iess operator fatigue. Best of 
all, fewer rejects. 

This unique tool can do hundreds of seem
ingly "impossible" jobs. All kinds of hard, 
brittle materials can be deburred, cut, 
shaped, and cleaned. Cost is low, too. For 
under $1000 you can set up your own 
Airbrasive cutting unit. 

Let us make a free trial for you_ 
Send samples for test or telephone 
collect for a demonstration. 

SEND FOR 
BULLETIN 6407 A 

S. S. WHITE INDUSTRIAL DIVISION 
Dept. SA, 10 East 40th St., New York 16, N. Y. 
Telephone MU 3-3015 collect 
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Edwin N. Lightfoot (published by John 
Wiley & Sons in 1960), had "On Wis
consin" hidden on page 712? (It is 
spelled by the first letters of each para
graph.) Or that the first letters of each 
sentence in the preface spell "This book 
is dedicated to o. A. Hougen"? 

Sometimes word play enters a techni
cal book fortuitously. Recently I had 
occasion to look up something in Rudolf 
Carnap's great work on· semantics, 
Meaning and Necessity. On page 63 I 
came across a stretch of text in which 
the views of Black are sharply con
trasted with those of White. Surely 
these were hypothetical individuals in
troduced to clarify an obscure point. No, 
on closer inspection they turned out to 
be the well-known philosophers Max 
Black and Morton White! 

A classic instance of accidental word 
play is provided by the first (1819) edi
tion of William Whewell's Elementary 
Treatise on Mechanics. On page 44 the 
text can be arranged in the following 
form: 

There is no force, however great, 
Can stretch a cord, however fine, 
Into a horizontal line, 
Which is accurately straight. 

The buried poem was discovered by 

E 

B c D 

4 

Adam Sedgwick, a Cambridge geolo
gist, who recited it in an afterdinner 
speech. Whewell was not amused. He 
removed the poem by altering the lines 
in the book's next printing. Whewell 
actually published two books of serious 
poetry, but this unintended doggerel 
is the only "poem" by him that anyone 
now remembers. 

If you keep your ears tuned, acci
dental meters turn up more often than 
you would expect. Max Beerbohm's eye 

. caught the unintended beat in the fol
lowing lines on the copyright page of 
the first English edition of one of his 
books: 

London: John Lane, The Bodley Head 
New York: Charles Scribner's Sons 

Beerbohm completed the quatrain by 
writing 

This plain announcement, nicely read, 
lambically runs. 

"Quintessential light verse," wrote 
John Updike, commenting recently on 
the above lines, "a twitting of the stark
est prose into perfect form, a marriage 
of earth with light, and quite magical. 
Indeed, were I a high priest of litera
ture, I would have this quatrain made 

E 

51 R S T I u I 
E A 61 1 u 0 

-

0 u El 

1- U 

Eight curious words 
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Mathematics' 
Physics 

Chemistry 
Biological Sciences 

Medical Research 
Engineering 

Space Science 
Psychology 

AcadeIllic Press 
in the fOFefFont of 
scienti:Cic pu.blishing 

Algebra . Differential Geometry . Topology . Numerical Analysis . Differential Equations . Applied Mathematics . Linear Algebra . Probability and Statistics 

PAPERBACKS 
X150 
ELEMENTS OF ABSTRACT 
HARMONIC ANALYSIS 
By George Bachman 

Sept. 1964, about 275 pp., $3.45 

clothbound $6.50 

• includes topological spaces, clas· 
sical Fourier analysis, Banach al
gebra, Haar measure, and locally 
compact Abelian groups 

X1S4 

X500 
NONEUCLIDEAN GEOMETRY 
By Herbert Meschkowski 
Translated by A. Shenitzer 

Sept. 1964, about 125 pp., $2.45 
clothbound $5.50 

The text's short format wi II en
able the student to quickly deal 
with automorphic functions, the 
theory of discontinuous groups, 
and the uniformisation of alge
braic functions. 

X950 

X970 
QUADRATIC FORMS AND 
MATRICES 

. 

An I ntroductory Approach 

By N. V. Yefimov 
Edited and translated by 
A. Shenitzer 

Sept. 1964, about 175 pp., $2.45 
clothbound $5.50 

• focuses principally on problems 
concerning conics, quadrics, and 
geometriC interpretation 

INTRODUCTION TO 
p-ADIC NUMBERS AND 
VALUATION THEORY 
By George Bachman 

FINITE PERMUTATION 
GROUPS 

Sept. 1964, 173 pp., $3.45 
clothbound $6.50 

Basic algebraic notion of valua
tion on a field is joined with the 
number-theoretic concept of the 
p-adic fields. 

SELECTED TITLES K856 TOPOLOGICAL SPACES 
By H. J. Kowalsky IN MATHEMATICS Translated from the German by 
Jay Strum 
1964, 288 pp., $9.75 

A995 DISCRETE AND CONTINUOUS 5618 COMPUTER PROGRAMMING 

BOUNDARY PROBLEMS A Mixed Language Approach 

By F. V. Atkinson By Marvin l. Stein and 

1964 ,570 pp., $16.50 William D. Munro 

8788 TENSORS IN MECHANICS 
1964, 459 pp., $11.50 

AND ELASTICITY 
5756 AN INTRODUCTION TO 

By lIlon Brillouin NUMERICAL MATHEMATICS 

Translated from the French by By E. l. Stiefel 
Robert O. Brennan Translated from the German by 

1964,478 pp., $12.50 Werner C. Rheinboldt 
F652 DIFFERENTIAL FORMS 

1963, 286 pp., $6.75 
With Applications to the S940 INTRODUCTION TO 

Physical Sciences LATTICE THEORY 

By Harley Flanders By Gabor Szasz 

1963, 203 pp., $7.50 1964, 229 pp., $8.50 
H480 DIFFERENTIAL GEOMETRY AND A399 ADVANCES IN COMPUTERS 

SYMMETRIC SPACES Edited by Franz l. Alt and 

By Sigurdur Helgason M. Rubinoff 

1962,486 pp., $12.50 Volume 5, 1964, 397 pp., $14.00 
J390 NONLINEAR WAVE M563 METHODS IN 

PROPAGATION COMPUTATIONAL PHYSICS 

With Applications to Physics Edited by B. Alder, S. Fernbach 

and Magnetohydrodynamics and M. Rotenberg 
Volume 3: Fundamental Methods in 

By A. Jeffrey and T. Taniuti Hydrodynamics 

By Helmut Wielandt 
Sept. 1964, 114 pp., $2.45 

clothbound $5.50 
The author collects in this vol

ume basic theorems on permuta
tion groups, shows their usefulness 
in constructing abstract groups, 
and demonstrates their applica
tions in such contexts as Galois 
and function theory. 

o FREE EXAMINATION 
Please send me the books I have checked below. 
If I return the books within 10 days l owe nothing. 
Orders amounting to $5.00 or less must be accom
panied by check or money order for the cost of the 
books plus 25� for postage and handling. Same re
turn privilege applies. 

Paperbacks 
o X150 o X154 o X500 o X950 o X970 

o Paperback o Clothbound 

o A995 o B788 o F652 o H480 o J390 o K856 

o S618 o S756 o S940 o A399 o M563 

Journals 
o Journal of Algebra 
o Journal of Mathematical Analysis and Applications 
o Information and Control 
o Institutional subscription o Private subscription 
o Sample copy 

o Please bill (plus delivery charges) 
1964, 369 pp., $12.00 September 1964, 386 pp., $13.50 o Payment enclosed (no delivery charges) 

JOURNALS 
JOURNAL OF ALGEBRA 

Edited by Graham Higman 

Volume 1,1964, (Quarterly), $14.00 
Private subscription price: $8.00' 

JOURNAL OF MATHEMATICAL 
ANALYSIS AND APPLICATIONS 

Edited by Richard Bellman 

Volumes 8-9, 1964 (Bimonthly), $18.00 
(per volume) 
Private subscription price: $9.00' 
( er volume 

INFORMATION AND CONTROL 

Edited by Leon Brillouin, Colin Cherry, 
Murray Eden, and Peter Elias 

Volume 7, 1964, (Quarterly), $15.00 
*Private subscription price is valid only on 

orders placed directly with the publishers, 
certifying that the subscription is paid for 
by the subscriber for his personal use. 

First announcement . .. 
JOURNAL OF DIFFERENTIAL 
EQUATIONS 

Edited by Joseph LaSalle 
Volume 1. 7 qfi'i (()/JArfprlv) 

(Journal subscription must be accompanied by payment) 

Put me on your maning list in the following 
category (check one category only): 
o Mathematics OPhysics o Chemistry 
o Biological Sciences 0 Medical Research 
o Engineering 0 Space Science 0 Behavior Science 

o FREE CATALOG 
Name (print) _____________ _ 

Affiliation ______________ _ 

Address _______________ _ 

City State Zip Code· ___ _ 
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'l PROBLEM SOLVERS 
(Not Just Order Takers) 

. thot's the closest description yet of 

COMPUTER 
SALESMEN 

AND 

APPLICATIONS 
PROGRAMMERS 

at General Electric 
The prohlems these 
people are concerned 
with are custoluer 
problems - in areas 

hearing strongly upon profitahility. 

IT'S THE SALESMAN'S responsi
bility to determine-and analyze
all operational areas where G.E. 
computers and peripheral equip
Incnt can slreanlline an individual 
custorner's business, whether he's a 
mallufaclurer, utility, insurance 
company, wholesale/retail distribu
tor, state or local government 
agency, bank, transportation or 
other firm. 

IT'S THE APPLICATIONS PRO
GRAMMER'S responsibility to de
sign the program packages required 
to solve the individual prohlems of 
the customer company. 

The year just past has demonstrated 
notable achievements by G.E. mar
keting tea ms in this area of cus
tomer-problem discovery and solu
tion. The good news is spreading. 
New customers are knocking on our 
doors in swelling numbers. We need 
lo recruit and train new salesmen 
and programrners to serve them. 

HOW ABOUT YOU? DOES THIS IN

TEREST YOU? ARE YOU QUALIFIED? 

Qualifications in general include "j thorough nnderstanding of the capa-
bilities of computer systems, and 

""" 
broad knowledge of the spectrum 

""" of problems of modern-day com
""" mercia I and industrial establish
".... ments. In addition, we expect backI:: grounds of the following caliber: 1) 
!J' for SALESMEN: Minimum of 3 

iJ! ����� s:��u;! s:��e:i1���e, 
i
��l:;;:;� 

if! systems, plus a bachelor's degree in 
Math, Physics, Engineering or Busi

.


""" ness Administration. 2) for APPLJ {,! CATIONS PROGRAMMERS: 3 
years programnling work wiLh in
ternally stored program computers 
utilizing tape/disc readout systems; 
systenls design, assembly programs, 
debugging. Technical or Liberal 
Arts Education. t�j Appointments open at locations 

;:::.: across the country. 

!:t Please write full details, including salary :i:i:: requiremenls and georaphical prefer"",t.: e
p
nce, 10: Mr. K

p t
· L. H, t, A

C
dm<n"

t
tr

E
at

t
or, 

rofessiona t acement, enera ec-HI tric Co., Computer Dept., Room 1059-1, i)i P. O. Box 270, Phoenix, Arizona. 

!lllj' GENERALe ELECTRIC 
�i�� At! equal op/JOrlwlity employer 
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Gimmick for the "Think (/ word" trick 

into an amulet and wear it about my 
neck, for luck." 

The spoonerism, in which parts of 
two words (usually first syllables) are 
switched, continues to flourish as a 
popular form of wit. In 1960 Adlai 
Stevenson was campaigning in St. Paul, 
Minn., when the clergyman Norman 
Vincent Peale made some unfortunate 
political remarks. Stevenson told the 
press that he found St. Paul appealing 
and Peale appalling, surely one of the 
finest of all topical spoonerisms. In 
1962, shortly after Rembrandt's painting 
"Aristotle Contemplating the Bust of 
Homer" had been bought by New 
York's Metropolitan Museum of Art for 
$2,300,000, it seems that Aristotle Onas
sis, the Greek shipping magnate, was 
shown Buster Keaton's house by a real 
estate agent. It was widely reported 
that a photograph in a Los Angeles 
newspaper was captioned "Aristotle 
Contemplating the Home of Buster," al
though I cannot vouch for it. 

Ogden Nash's verse abounds in 
splendid spoonerisms: 

... I am a conscientious man, 
when I throw 

rocks at sea birds 
I leave 110 tern tt11stoned, 

I am a meticulous man 
and when I portray 

baboons I leave 110 stern untoned. 

No discussion of word play should 
fail to mention James Joyce. Finnegans 
Wake has, by a conservative estimate, 
200 verbal plays per page, or more than 
125,000 all together. The mathematical 
section of this book, pages 284 to 308 
of the edition published by the Viking 
Press in 1947, contains hundreds of fa
miliar mathematical terms, scrambled 
with metaphysics and sex. (The geomet
ric diagram on page 293 is discussed 

mainly as a sex symboL) The first foot
note, "Dideney, Dadeney, Dudeney," 
refers to Henry Ernest Dudeney, the 
great English puzzle expert of Joyce's 
day. On page 302 "Smith-Jones-Orbi
son?" alludes to one of Dudeney's most 
popular puzzles, a logic problem involv
ing three men named Smith, Jones and 
Robinson (see this department for Feb
ruary, 1959). Another of Dudeney's 
puzzles turns up in a footnote on page 
299: "Pure chingchong idiotism with 
any way words all in one soluble. Gee 
each owe tea eye smells fish. That's U." 

The puzzle: If you pronounce "gh" as 
in "tough," "0" as in '\vomen" and "ti" 
as in "emotion," how do you pronounce 
"ghoti"? Was Joyce, in this footnote, 
speaking of the book itself and calling 
his reader a poor fish for biting the 
hook? 

There are many references in Fin
negans Wake to Lewis Carroll, who, as 
everyone knows, was a mathematician. 
In the mathematics section we read 
(page 294): "One of the most murmur
able loose carollaries ever Ellis threw 
his cookingclass." (Need I point out 
that the last phrase puns on Alice 
Through the Looking-Glass?) 

The following excerpt is from page 
284: " . . .  palls pell inhis heventh glike 
noughty times 00, find, if you are not 
literally cooefficient, how minney com
binaisies and permutandies can be 
played on the international surd! 
pthwndxrclzp!, hids cubid rute being 
extructed, taking anan ilIitterettes, ififif 
at a tom. Answers, (for teasers only)." 

A partial explication: Pell was a 
mathematician for whom the Pellian 
equation was named, a number theorem 
often mentioned by Dudeney. "Hev
enth" is a compression of "seventh heav
en." "Pthwndxrclzp" is one of the book's 
many thunderclaps. "Taking an an il
litterettes, ififif at a tom" is, I suppose, 
"taking any letters, fifty at a time." "For 
teasers only" is a play on "for teachers 
only." 

The pangram, an ancient form of 
word play, is an attempt to get the 
maximum number of different letters 
into a sentence of minimum length. The 
English mathematician Augustus De 
Morgan tells (in his A Budget of Para
doxes) of unsuccessful labors to write 
an intelligible sentence using every let
ter once and only once. "Pack my box 
with five dozen liquor jugs" gets all 26 
letters into a 32-letter sentence, and 
"Waltz, nymph, for quick jigs vex Bud" 
cuts it to 28. Dmitri Borgmann of Oak 
Park, Ill., the country's leading authority 
on word play, has devised a number of 
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LIMITED RELEASE-U.S. GOVT. SURPLUS 
SNIPERSCOPE 
INFRARED SET (M·3) 
for scientists, gun collectors, naturalists 
Built in 1950 and 1951 by American Optical Co. In 
excellent working condition. Used by our troops for 
observing enemy in total darkness without being 
detected. Suggested uses: medical research, study of 
nocturnal animal life, mineralogy, industrial and med
ical research, crime detection. Rare item for gun col· 
lectors. Telescope is 163/4" long; clear aperture of lens 
is 50.4mm. A 5"-diameter filter is attached. Knob 
adjusts focus electrostatically; second knob adjusts 
reticle intensity. Reticle also has vertical and hori
zontal adjustments. Canvas carrying case and shoulder 
strap included. Complete unit includes 1 1" x 14" x 16" 
chest, telescope with RCA 6032 Image tube, 20,OOOV 
power pack wIth canvas carrYIng case and shoulder 
straps, IR light source, steel carbine bracket, pistol
grip handle with switch control. Formerly highly classi
fied. Limited supply. Orig. Govt. cost, $800. Shipping 
wt., approx. 30 Ibs. Price $249.50 II' · �e���r��a�����o�!!���� -

for sniperscope. Excellent for 

��; lo�t ��: p �� n �p�\i�a
l
t 5 0 ��;. 

$9.95. Two for $18.00 
Prices f.O.B. Pasadena. No C.O.O.'s, please. 

C & H SALES CO. . 
2178 E. Colorado St., Pasadena, Calif. / MUrray 1·4925 

••••••••••••••••••••• 
• • 
• SENIOR • 
• • 

: RESEARCH : • • 

: PHYSICIST : 
: To evaluate applied research results in : • mathematics and physics. No laboratory • 
• work. Requires PhD with several years' • 
• research experience and broad knowl- • 
• edge of various fields of physics and • 
• their application. • 
• • 

: SENIOR : • • 
• SPACE • 
• • 

: PHYSICIST or : 
• • 

: ASTROPHYSICIST : • 
Some background in upper atmosphere 

• 

: geophysics, with PhD or equivalent. No : • 10 bora tory work involved. • 
• • 
• These positions are for mature scientists • 
• interested in a stimulating and challeng- • 
• ing career with the U.S. Government in • 
• the Washington, D.C. area. Salaries • 
• $16,000 to $20,000. U.S. citizenship is • 
• required. • 
• • 
• 

Please write background and 
• 

• 
experience details in complete 

• 
• 

confidence to Dr. Donald T. Munley, 
• 

• 
P.O. Box # 13082, T St. Station, 

• 

: Washington, D.C. 20009. : ••••••••••••••••••••• 

26-letter pangrams, but all require ex
planation. His best is "Cwm, fjord-bank 
glyphs vext quiz." A "cwm" is a circular 
valley, "quiz" is an 18th-century term 
for an eccentric, a "glyph" is a carved 
Rgure. The sentence thus states that 
an eccentric person was annoyed by 
carved Rgures on the bank of a fjord 
in a circular valley. Can any reader 
supply a better 26-letter pangram? 

Another old and challenging word 
curiosity is the palindrome, a sentence 
that is spelled the same backward and 
forward. Borgmann's collection, cover
ing all major languages, runs to several 
thousand. In my opinion the Rnest 
English palindrome continues to be "A 
man, a plan, a canal-Panama!" It has 
recently been attributed to James 
Thurber, but it was composed many 
years ago by Leigh Mercer of London, 
one of the greatest living palindromists. 
An unpublished Mercer palindrome, 
which is also something of a tongue 
twister, is "Top step's pup's pet spot." 

Another Mercer palindrome, remark
able for both its length and naturalness, 
is "Straw? No, too stupid a fad. I put 
soot on warts." J. A. Lindon of Wey
bridge, England, is another master pal
indromist who turns them out by the 
hundreds. Who would suspect a palin
drome if, in a novel, he came on the 
following Lindon sentence: "Norma is 
as selfless as I am, Ron." Lindon has 
also composed a large number of pal
indromes in which words rather than 
letters are the units. For instance: "So 
patient a doctor to try to doctor a 
patient so" and "Amusing is that com
pany of fond people bores people fond 
of company that is amusing." 

Composing anagrams on the names of 
friends or prominent people was once 
a fashionable literary sport. De Morgan 
tells of a friend who composed 800 
anagrams on "Augustus De Morgan" 
(sample: "0 Gus! Tug a mean surd!"). 
Lewis Carroll proudly recorded in his 
diary for November 25, 1868, that he 
had sent to a newspaper an anagram 
"which I thought out lying awake the 
other night: vVilliam Ewart Gladstone: 
Wilt tear down all images? I heard of 
another afterwards, made on the same 
name: 'I, wise Mr. G., want to lead all'
which is well answered by 'Disraeli: I 
lead, Sir!' " When Grover Cleveland was 
president, someone turned his name into 
"Govern, clever lad!" Theodore Roose
velt anagrams to "Hero told to oversee" 
and Dwight D. Eisenhower to "Wow! 
He's right indeed!" During the 1936 
election, Borgmann also informs me, the 
letters of Franklin Delano Roosevelt's 

'Ian "Nostrand 
books 

Calculated to 
tickle your 
gray matter 

1. GEOMETRIC DISSECTIONS 

Harry Lindgren. More than 400 
fascinating mathematical puzzles
with vivid diagrams and solutions
requiring no computations and pre
senting the intriguing relationships 
between lines and figures in dissec
tion. Illus. $4.95 

2. MATHEMATICAL DIVERSIONS 

J. A. H. HUllter and Joseph S. Mad
achy. Nearly 100 lively problems 
involving relationships and patterns 
of numbers and geometrical figures 
test your ability and mental dex
terity. Illus. $4.95 

3. MODERN MATHEMATICS FOR 

THE PRACTICAL MAN 

David B. MacNeil. All the pure 
mathematics you need for solutions 
to current problems in business and 
industry, science and technology
fully explained, fully worked out, 
fully illustrated. $5.75 

4. MATHEMATICAL PUZZLES 

AND PASTIMES 

Aaroll Bakst. Chock full of fun-to
work-out mathematical games and 
puzzles, starting with simple arith
metical and geometric ones and 
going on to electronic computing, 
various systems of numeration, and 
fascinating code and cryptogram 
systems. Illus. $4.00 

5. RIDDLES IN MATHEMATICS 

Eugelle P. Northrop. More than 200 
absorbing paradoxes-drawn from 
arithmetic, algebra, geometry, trigo
nometry and calculus. With fully 
worked out solutions. Illus. $4.50 

6. INTRODUCTION TO LOGIC 

Patrick Suppes. The principles of 
inference, definition and of elemen
tary intuitive set theory, presented 
with a crispness and skill that makes 
this course in modern logic a genu
ine pleasure. $6.75 

r::F to-DAY FREE EXAMINATION �-. 
D. VAN NOSTRAND COMPANY, INC. 
Dept. T-S-91 

120 Alexander Se. Princeton, N. J. 
Please send me the titles circled below: 

2 4 6 
Within 10 days I will remit purchase price, 

plus small delivery cost, or return book(s) 

and owe nothing. 

Name __________________________ _ 

Address _____________ _ 

City _____ State __ Zip Code __ 

SAVE! �:��\�ti�no��f:i1��� ;uea�:rit
e
���very-
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Write or phone Raytheon Company, 
Production Equipment Department, 
Richards Avenue, South Norwalk, 
Connecticut 06856. Area Code 203 
838·6571. 

[RAYTHEON] 
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name were permuted-by a Republican, 
no doubt-to "Vote for Landon ere all 
sink!" It was said during this campaign 
that the Republicans avoided picking 
Styles Bridges, at that time governor 
of New Hampshire, for Landon's run
ning mate for fear the Democrats would 
go about chanting "Landon-Bridges fall
ing down." 

With an election now looming, what 
can readers do with the full names of 
the two candidates Lyndon Baines John
son and Barry Morris Goldwater? I will 
be unable to reply to letters, but the 
best results will be reported in this de
partment in December. 

For less ambitious readers the il
lustration on page 220 presents eight 
remarkable English words, the missing 
letters to be supplied. All letters omitted 
from the Rrst word are consonants. The 
second word contains the Rrst Rve let
ters of the alphabet in order. The third 
word can be typed by using only the 
top row of keys on a standard type
writer. (The letters of this row, left to 
right, are QWERTYUIOP.) The fourth 
and Rfth words contain four letters in 
adjacent alphabetical order. The sixth 
word contains the Rve vowels in reverse 
order, the seventh the Rve vowels plus 
Y in the usual order. In the last word 
consonants and vowels alternate. These 
eight words, and the two that answer 
the two rhymed riddles, will be sup
plied next month. 

I n the illustration for the "Think a 
word" trick described last month the 

four-letter word being spelled is "love" 
and the thought-of card is the jack of 
hearts. To determine the word the 
magician uses a gimmick: a cylinder 
of Rve disks that rotate around a pin 
as shown in the illustration on page 
222. The 26 red cards are in the same 
order around the rim of the Rrst disk as 
they are on the spelling wheel, and the 
26 letters on each of the other disks are 
in the same order as those that surround 
the spelling wheel. 

When the Rrst letter of the word is 
spelled, the magician glances at the 
wheel and notes the letter opposite any 
card whatever, say the ace of hearts. 
As soon as his back is turned he rotates 
the second disk of his gimmick until 
this letter touches the ace of hearts. 
On his second glance at the wheel he 
notes the new letter opposite the ace 
of hearts. When his back is turned 
again, he adjusts the third disk ac
cordingly. Similarly for the remaining 
two letters. In other words, the per
former himself picks a card and uses it 

to spell four letters. He adjusts his dials 
so that his card and these four letters 
are in line. Then he turns the entire 
cylinder until he sees a four-letter word. 
It will be the word the spectator spelled. 
There is, of course, a chance that more 
than one word will turn up, but the 
odds are heavily against it. If it should 
happen, the magician simply makes 
more than one guess. 

The gimmick can be made small 
enough to keep concealed in one hand. 
A similar gimmick can be made by 
mounting four concentric circles of 
graduated size on a square of card
board. This can be kept in the per
former's inside coat pocket, to be pulled 
out and secretly adjusted each time his 
back is turned. By adding more disks to 
the cylinder, or circles to the cardboard, 
one can do the trick with longer words. 
If the word is long, one is often able 
to spot the only possible combination of 
letters before the spelling is completed 
and so guess the word. In such cases a 
Rnal look at the wheel will verify the 
guess, then the performer can proceed 
to name the word without turning his 
back again. 

Some magicians omit the card sym
bols entirely from the gimmick. This 
has no effect on their ability to guess the 
word, and if someone asks them if they 
also know the selected card, they can 
answer, in complete honesty, that they 
haven't the slightest idea what it is! 

Readers may be interested to learn 
that an elliptical pool table is now 

on sale. A full-page advertisement in The 
New Yark Times for July 1 announced 
that the game would be introduced, on 
the following day, by Broadway stars 
Joanne Woodward and Paul Newman 
at Stern's department store. Elliptipool, 
as it is called, sells for $125 and is the 
patented invention of Arthur Frigo of 
Torrington, Conn., a student at Union 
College in Schenectady. Because the 
table's one pocket is exactly at one of 
the two foci of the ellipse, a variety 
of weird cushion shots can be made 
with ease (see this department's discus
sion of elliptical billiards in February, 
1961). Lewis Carroll once had built for 
him a circular billiard table. The 11th 
edition of the Encyclapa3dia Britannica 
in its article on billiards has a footnote 
that reads: "In 1907 an oval table was 
introduced in England by way of a 
change." Neither table had a pocket, 
however. A design patent (198,571) was 
issued in July to Edwin E. Robinson of 
PaciRca, Calif., for a circular pool table 
with four pockets. 
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� MATHEMATICAL 
� PHYSICS 
MATHEMATICS FOR QUANTUM 
MECHANICS lD. Jackson $3.50 
MATHEMATICAL FOUNDATIONS 
OF QUANTUM MECHANICS 
G.W. Mackey $3.95 
PCT, SPIN & STATISTICS, AND All 

THAT 

R.F. Streater & A.S. Wightman $4.95 
MATHEMATICAL METHODS OF 

PHYSICS 

1 Mathews & R.lo Walker $12.50 
INTERMEDIATE QUANTUM 

MECHANICS H.A. Bethe $4.95 
THE COMPLEX J·PlANE 

R.G. Newton $4.95 
QUANTUM STATISTICAL 

MECHANICS loP. Kadanoff & 
G. Baym $4.95 
MANDElSTAM THEORY & REGGE 

POLES R. Omnes & M. Froissart $3.95 
COMPLEX ANGULAR MOMENTA 

& PARTICLE PHYSICS 

EJ. Squires $4.95 
RElATIVISTIC KINEMATICS 

R. Hagedorn $4.95 
REGGE POLES & S-MATRIX 

THEORY S.C. Frautschi $3.95 

HOW TO COPE 
WITH CHEMISTRY 
PROGRAMMED SUPPLEMENTS 

FOR GENERAL CHEMISTRY 

Barrow, Kenney, lassila, Thompson & Litle 

Simple-to-difficult problems in se
quence for home study self-testing 
by the beginning student. Answers 
are provided to encourage a step-by
step review of difficult concepts. 
Vol. I $2.95; Vol. II $2.95 

STOICHIOMETRY AND STRUCTURE 
and EQUILIBRIUM by M. J. Sienko 

A comprehensive two-volume in
troduction to problem solving in
tended for self-study by high school 
and freshman college students. $2.95 
each. 

rnrn�JJ�M[t� 
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MOLECULAR BIOLOGY OF 
THE GENE 

James D. \.Vatson In Press 
This introductory paperback considers one of the 
most rapidly expanding fields in contemporary 
science: the nature of the hereditary basis of life, 
the gene, and its role in the construction of pro
teins. Current concepts of the operation of the 
genetic "code", by means of which the gene 
programs the synthesis' of proteins, are also pre
sented along with recent developments in the 
genetics of viruses. (Color Illustrations, 176 pages) 

MOLECULAR BIOENERGETICS 

AL. Lehninger In Press 
The fascinating chemical and physical problems 
posed by the energy transformations in the living 
cell are described by the author in this stimulat
ing new paperback. Recent studies on the in
formational energy of cell macromolecules are 
an?lyzed and the entropy relationship developed 
at a level students will understand. (Color 
JIIustrations, 176 Pages) 

BIOSYNTHESIS OF 
MACROMOLECULES 

Vernon M. Ingram In Press 
A fresh and penetrating account of the mechan
isms of biosynthesis of the important large mole
cules in fundamental biology-DNA, RNA, pro
teins and polysaccharides. (Paperback, 186 Pages) 

ORGANIC REACTION 
MECHANISMS 

Ronald Breslow In Press 
A comprehensive paperback introduction to the 
mechanisms of organic reactions which covers 
bonding, mechanism and rate, nucleophilic sub
stitution, ionic elimination and addition, aromatic 
substitution, reactions of carbonyl compounds, 
and free radical reactions. (Color I11ustrations) 

ELECTRONS & CHEMICAL 
BONDING 

H�.G� �% 
For the beginning student the theories of chemi
cal bonding are presented in terms of molecular 
orbital theory. The author includes a comparison 
of valence-bond and crystal field theory. (Paper
back, 224 Pages. Color Illustrations) 

BEHAVIOR OF ELECTRONS IN 
ATOMS 

R.M. Hochstrasser $1.95 
An elementary introduction to the theorv of 
electrons in atoms is provided through a non
mathematical description of quantum mechanics 
and experimental spectroscopy. (Paperback, 174 
Pages. Color Illustrations) 

order from your bookstore or from 
W. A. BENJAMIN, INC. 
One Park Avenue, New York 

(Please asJc for a new catalog) 

COORDINATION CHEMISTRY 
F. Basolo & R.C. Johnson $1.95 
UNDERSTANDING PHYSICAL 
CHEMISTRY PROBLEMS I & II 

A.W. Adamson $3.95 per Vol. 

CHEMICAL THERMODYNAMICS 

I.M. Klotz $3.95 
OXIDATION MECHANISMS 
Ross Stewart $7.50 
MODERN SYNTHETIC REACTIONS 

H.O. House In Press 

INORGANIC REACTION· 

MECHANISMS 10. Edwards $6.00 
CHEMICAL THERMODYNAMICS 
B.H. Mahan $1.95 
NUCLEI AND RADIOACTIVITY 

G.R. Choppin $1.95 
STRUCTURE OF MOLECULES 
G.M. Barrow $1.95 
HOW CHEMICAL REACTIONS 
OCCUR H. King $1.95 

FE SOLID �T��� 
CONCEPTS I N  SOLIDS 

R.W. Anderson $4.95 
ElEMENTARY EXCITATIONS IN 

SOLIDS David Pines $6.95 
THEORY OF SUPERCONDUCTIVITY 

lR. Schrieffer $10.00 
SYMMETRY IN THE SOLID STATE 

R.S. Knox & A. Gold $5.95 
PHONONS & PHONON 

INTERACTIONS T.A. Bak (Ed) $9.50 
METALLIC SOLID SOLUTIONS 

1 Friedel (Ed) $19.75 
INTERACTING FERMI SYSTEMS 

P. Nozieres $13.50 

! __ MOLECULAR 
! BIOLOGY 

-�-��-

THE MITOCHONDRION 
A.lo lehninger $9.00 
TETRAPYRROLE BIOSYNTHESIS 
1 lascelles $7.00 
BIOSYNTHESIS OF STEROIDS, 
TERPENES, & ACETOGENINS 
lH. Richards & lB. Hendrickson $18.50 
BIOLOGICAL TRANSPORT 
H.N. Christensen $6.50 
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THE AMATEUR SCIENTIST 

Conducted by C. L. Stong 

F
ew devices in the modern physics 
laboratory present a more decep
tive appearance of simplicity than 

the helium-neon laser, a device with 
many exciting prospects [see "Advances 
in Optical Masers," by Arthur L. Schaw
low; SCIENTIFIC AMERICAN, July, 1963]. 
The apparatus seems to consist merely 
of a gas-discharge tube that looks much 
like the letter ''I'' in a neon sign; at the 
ends of the tube are flat windows that 
face a pair of small mirrors. Yet when 
power is applied, the device emits as 

Br�""ster 

cods 

How a perse()ering amateur can 
build a gas laser in the home 

many as six separate beams of intense 
coherent light. 

What accounts for this remarkable 
performance? You can discover the an
swer by the pleasant if somewhat slow 
method of undertaking to build a laser 
at home, as I did earlier this year. Not 
only will you learn what makes the 
laser tick but also, as a bonus, you may 
encounter some fascinating properties 
of light that you have previously over
looked. If you are as inexperienced as I 
was, however, you may not find the 
project as easy or as inexpensive as some 
that have been discussed in these col
umns. I can promise that it will exercise 
your talents for such diverse arts as 
blowing glass, fabricating small parts, 
maintaining scrupulous cleanliness in 
the workshop and operating a high
vacuum system. The cost will vary in-

versely in proportion to your capacity 
for improvisation, but you can expect 
it to exceed $100. 

The gas laser requires special struc
tures, the need for which arises because 
the device is an extremely poor ampli
fier, at least by electronic standards. In 
the visible region of the spectrum it 
usually has a maximum gain of less than 
10 percent. Much of the input power is 
wasted by excited atoms of ionized gas 
that emit light in random directions. 
Some emission, however, travels along 
the axis of the gas-discharge tube and is 
reflected back and forth between the 
mirrors. During each transit this oscil
lating light stimulates still other excited 
atoms to emit energy that falls into lock
step with the same waves that triggered 
the emission. The stimulated emission 
thus increases the intensity of the light, 

from neon��jgn tran.,former, 
9,000 "o/t;s .. 018 a.m perc 

�===�- � ____ --<9, 

a.cc�ss nole.s 
unde),,5id� 

.,11 tubIng of 
soft gla5s 

A helium.neon laser designed for amateur construction 
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but only by a few percent on each pass. 
During each transit the light must 

make its way through the end windows 
to the mirrors and back again. These 
surfaces are obstacles that can introduce 
major losses both by absorption and by 
reflection, as is evident from what hap
pens with an ordinary glass window. 
When light falls at right angles on such 
a window, about 4 percent of the energy 
is reflected back to the source by each 
of the window's two surfaces. A lesser 
amount is also absorbed, being trans
formed into heat by the glass. In an im
perfectly aligned window of the laser 
these losses combine to reduce the in
tensity of a ray more than 16 percent in 
the course of a single pass, more than 
is gained from the stimulated emission. 
Perfect alignment of a laser window is 
impossible. 

The inventors of the gas laser at the 
Bell Telephone Laboratories found a 
solution for the problem of reflection 
losses in the century-old work of Sir 
David Brewster, the Scottish physicist 
who discovered that light is strongly 
polarized when it falls at a certain crit
ical angle on a sheet of glass or some 
other transparent medium, and that no 
reflection occurs in the case of light 
waves so polarized that they vibrate 
only in the plane of incidence. The ef
fect is observed when the tangent of the 
angle between. the surface of the win
dow and a line drawn perpendicularly 
to the rays equals the refractive index 
of the glass. 

To cope with the second source of 
loss at the laser windows-the conver-

228 

mirror:;, 57.5 em. face to f().ce 
Details of the laser tube assembly 

sion of light into heat-the designers 
simply substituted quartz for glass. At 
a wavelength of 6,328 angstrom units, 
which is the wavelength of the light in 
a helium-neon laser, the heat loss in 
quartz is slight compared with that in 
glass. The refractive index of quartz is 
1.54, equivalent to an angle of 57 de
grees. Quartz plates installed in the laser 
at this angle are called Brewster win
dows. If the Brewster windows at each 
end of the laser envelope are in the 
same plane of polarization, the trans
mission of light through the assembly 
approaches 100 percent. 

The designers found an equally in
genious solution for the problem of 
losses at the mirrors. Freshly silvered 
glass reflects as much as 96 percent of 
the incident light, but as the metal film 
tarnishes in the atmosphere its perform
ance falls sharply. Aluminum, the next 
best metallic coating, reflects at most 
only 92 percent of the incident light. 

To achieve higher performance the 
designers of the laser abandoned con
ventional reflectors in favor of dielectric 
mirrors, which are mirrors coated with 
several nonconducting films. For high 
efficiency such mirrors depend on inter
ference among the light waves reflected 
by the multilayered films, which are 
composed of transparent substances 
such as sulfides and fluorides. The films 
can be designed either to suppress re
flection, as they do in the familiar coat
ing on the lenses of cameras, or to en
hance it. If the refractive index of a 
transparent film a quarter of a light 
wave thick is lower than that of the 

glass on which it is deposited, a wave of 
light reflected by the glass arrives at the 
surface of the film 180 degrees out of 
step with a wave reflected by the film. 
The crest of one wave falls in step with 
the trough of the other and the two 
cancel. If the refractive index of the film 
is higher than that of the glass, the 
crests and troughs of the two combine 
to increase the reflectivity. 

A second film of lower refractive 
index than the glass, when applied over 
the first film, reflects waves of op
posite phase with respect to those re
flected from the glass. The second film 
is located a full half-wavelength away 
from the glass, however, which precise
ly compensates for the difference in 
phase. The waves therefore again inter
fere constructively to increase the re
flectivity. The application of a third 
film reduces the reflectivity somewhat 
but its effect is more than compensated 
by the fourth film, and so on. The di
electric mirrors used in lasers employ 
between 13 and 27 films, and the re
flectivity of such a mirror approaches 
100 percent. Incidentally, the manu
facture of dielectric mirrors requires fa
cilities and techniques that are normally 
beyond the reach of amateurs. These 
components, like the gas mixture for the 
laser, must be bought. A list of suppliers 
appears at the end of this article. 

When the combined losses have been 
minimized by suitable techniques, the 
intensity of the reverberating light in
creases, but not without limit. The grow
ing electromagnetic field between the 
mirrors interferes increasingly with the 
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.i;, ADDISON-WESLEY 
SERVES THE ENTIRE WORLD OF MATHEMATICS 

COLLEGE DIVISION: COLLEGE AND UNIVERSITY TEXTS 

FEFERMAN: The Number Systems: Foundations of Algebra and Analysis 
KAPLAN: Operational Methods for Linear Systems 
KLINE: Mathematics: A Cultural Approach 
LANG: Algebraic Numbers 
MOISE: Elementary Geometry from an Advanced Standpoint 
PROTTER & MORREY: Calculus with Analytic Geometry: A First Course 

Modern Mathematical Analysis 
THOMAS: Calculus and Analytic Geometry 
WARD & HARDGROVE: Modern Elementary Mathematics 

INTERNATIONAL DIVISION: COLLEGE TEXTS AND REFERENCE BOOKS 

CARTAN: Elementary Theory of Analytic Functions of One or Several Complex Variables 
FUCHS & SHABAT: Functions of a Complex Variable and Some of Their Applications 
KURATOWSKI: Introduction to Set Theory and Topology 
NOVIKOV: Elements of Mathematical logic 
PONTRY AGIN: Ordinary Differential Equations 
SMIRNOV: A Course in Higher Mathematics, Five Vols. 
VULlKH: Introduction to Functional Analysis 

TECHNICAL DIVISION: INf>USTRIAL TRAINING AND REFERENCE BOOKS 

flETCHER, MillER, ROSENHEAD AND COMRIE: Index of Mathematical Tables 
GINSBURG: An Introduction to Mathematical Machine Theory 
KARLIN: Mathematical Methods and Theory in Games, Programming, and Economics 
LANG & TATE: Collected Papers of Emil Artin 
MOORE: Sequential Machines: Selected Papers 
RICE: The Approximation of Functions, Volume I: Linear Theory 
VAJDA: Mathematical Programming 

SCHOOL DIVISION: ELEMENTARY AND HIGH SCHOOL TEXTS 

BRUMFIEL, EICHOlZ, SHANKS & O'DAFFER: The Ball State Program-Grades 7 through 12 
DAVIS: The Madison Project Materials 
EICHOlZ, O'DAFFER & MARTIN: Elementary School Mathematics Series 
JOHNSON, lENDSEY & SlESNICK: Modern Algebra, First Course and Second Course 
MOISE & DOWNS: Geometry 
MOSTELLER, ROURKE & THOMAS: Probability, a First Course 
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ASSEMBLE YOUR OWN 
ALL-TRANSISTOR 

ffYe/wki 
ELECTRONIC ORGAN 

3 NEW MODElS 
$m: $550 

This is the all
new, ali-transis
t o r  S c h o b e r  

Recital Model _ _ _  the most versatile electronic 
organ available today. Its 32 voices (plus amaz
ing "Library of Stops"), 6 couplers and 5 pitch 
registers delight professional musicians . • .  make 
learning easy for beginners. Comparable to 
ready-built organs seIling from $5000 to $6000. 
The pride and satisfaction of building one of 
these most pipe-like of electronic organs can 
now be yours ... starting for as low as $550. 
The Schober Spinet, only 39\4 inches wide, fits 
into the smallest living room. The new, all
transistor Schober Consolette II is the aristocrat 
of "home-size" organs ... with two full 61-note 
manuals. 17 pedals, 22 stops and coupler, 3 
pitch registers and authentic theatre voicing. 

AND YOU SAVE 50% OR MORE BECAUSE YOU'RE BUYING 

DIRECTLY FROM THE MANUFACTURER 

AND PAYING ONLY FOR THE PARTS, NOT COSTLY LABOR. 

It's easy to assemble a Schober Organ. No spe
cial skills or experience needed. No technical 
or musical knowledge either. Everything you 
need is furnished. including the know-how. You 
supply only simple hand tools and the time. 

You can buy the organ section by section . . . so 
you needn't spend the whole amount at once. 

You can begin playing in an hour, even if 
you've never played before-with the ingenious 
Pointer System, available from Schober. 

Thousands of men and women - teenagers, too 
- have already assembled Schober Organs. 
We're proud to say that many who could 
afford to buy any organ have chosen Schober 
because they preferred it musically. 

Send for our free Schober Booklet, describing 
in detail the exciting Schober Organs and op
tional accessories; it includes a free 7-inch �'sam
pier" record so you can hear before you buy. 

THE [fclwJei @� CORPORATION 
43 West 61st Street, New York, N.Y. 10023 
Also available in Canada. Australia. Hong Kong. 

Mexico, Puerto Rico, and (he United Kingdom 

r--------------, 
THE SCHOBER ORGAN CORP., DEPT. SA·S 

43 West 61st Street, New York, N.Y. 10023 

o Please send me FREE Schober Booklet 

and free 7-inch "sampler" record. 

o Enclosed find $2.00 for 10·inch quality LP 

record of Schober Organ music. ($2.00 

refunded with purchase of first kit.) 

Name ______________________ __ __ 
Address ______________________ _ 

City _________ .State _____ Zip No. __ 
L ______________ .l 
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number of excited atoms that respond 
to the influence of the field and so are 
stimulated to emit energy. A delicate 
balance is eventually achieved between 
the losses and the gain. At this point 
energy gained by stimulated emission 
preCisely equals the combined losses, in
cluding the portion that escapes from 
the apparatus in the output beams. 

In addition to these losses, a falling 
off in gain can occur inside the tube as
sembly. The assembly consists of a glass 
envelope that supports the windows, a 
pair of electrodes and the plasma tube
a slender tube of small bore in which 
the discharge occurs. Internal losses be
come serious if the helium-neon mixture 
is contaminated by even a trace of for
eign gases such as oxygen, nitrogen and 
carbon dioxide, or if the pressure of the 
gas is not maintained within certain 
limits. The problem of contamination is 

t.hl"�� 
center punch 
marks to receive 
conical screw tips 

met largely by removing from the tube 
all unwanted gases and all substances 
that can release vapors. The inner parts 
of the device must be immaculate. Even 
the faintest smudge from a fingertip 
can release an astonishing amount of 
vapor. The clean tube is partly cleared 
of unwanted gases by the vacuum 
pumps. It is evacuated to a pressure of 
at least 10-0 torr. (A torr is the pressure 
that will support a column of mercury 
one millimeter in height.) The remain
ing contamination is then immobilized 
by firing a "getter," an electrically 
heated crucible inside the tube from 
which vaporized barium condenses on 
the glass walls. The barium unites chem
ically with most elements other than the 
inert gases. 

The optimum pressure at which stim
ulated emission occurs varies inversely 
with the diameter of the gas-discharge 
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208 pages 106 iIIus. AAS 501 cl $5.00 pb $1.95 

THE ANTS 
By Wilhelm Goetsch 

174 pages 85 iIIus. AAS 502 cl $4.50 pb $1.95 

THE BIRDS 
By Oskar and Katharina Heinroth 

182 pages 91 iIIus. AAS 505 cl $5.00 pb $1.95 

THE SENSES 
By Wolfgang von Buddenbrock 

168 pages 55 iIIus. AAS 503 cl $4.00 pb $1.95 

VIRUS 
By Wolfhard Weidel 

160 pages 27 iIIus. AAS 509 cl $4.50 pb $1.95 

THE SUN 
By Karl Kiepenheuer 

160 pages 76 illus. AAS 510 cl $5.00 pb $1.95 

SPACE CHEMISTRY 
By Paul W. Merrill 

168 pages 81 illus. AAS 512 cl $5.00 pb $1.95 

PLANET EARTH 
By Karl Stumpff 

192 pages 57 illus. AAS 508 cl $5.00 pb $1.95 

THE LANGUAGE OF MATHEMATICS 
By M. Evans Munroe 

94 pages 9 figures AAS 513 cl $4.00 pb $1.95 

THE EVOLUTION OF MAN ANIMAL CAMOUFLAGE 
By G. H. R. von Koenigswald By Adolf Portmann 

160 pages 87 illus. AAS 511 cl $5.00 pb $1.95 112 pages 101 iIIus. AAS 507 cl $4.50 pb $1.95 

EBB AND FLOW 
The Tides of Earth, Air, and Water 
By Albert Defant 

LIGHT 
Visible and Invisible 
By Eduard Ruechardt 

124 pages 64 iIIus. AAS 506 cl $4.00 pb $1.95 202 pages 137 illus. AAS 504 cl $4.50 pb $1.95 

III The University of Michigan Press Ann Arbor 
r----------------------------� 

University of Michigan Press Science Department, 615 East University 
SA.9 I 

Ann Arbor, Michigan 48106 I 
Please send me __ set(s) of the 13 titles in clothbound reference editions at $55.00 per set. 
(I save $5.00.) 

Please send me __ set(s) of the 13 titles in quality paperback editions at $23.00 per set. 
(I save $2.35.) 

Please send me at $1.95 each the Ann Arbor Science Paperbacks that I have checked below: 
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The getter-electrode assembly 

tube. The pressure in torrs is equal to 
3.6 divided by the inside diameter of 
the tube in millimeters. The laser will 
continue to operate at diminishing in
tensity up to about twice the optimum 
pressure and down to about half of it. 
Advantage is taken of this fact to ex
tend the service life of laser tubes by 
overfilling them by 50 percent, because 
for reasons not fully understood the gas 
pressure drops slowly as the laser oper
ates. Lasers will operate best on gas 
ratios of seven parts of helium to one of 
neon, but the tubes can be filled with a 
nine-to-one mixture. 

The range of tube diameters that can 
be used in the laser is restricted by the 
nature of ionized gas and by mechani
cal considerations. At pressures much 
lower than .5 torr the electrons acquire 
enough energy to damage the glass 
envelope by impact and to erode the 
electrodes. The metal vaporized in this 
way condenses on the envelope and 
in the process buries gas atoms, lower
ing the pressure still more. Thus a run
away effect develops that causes the 
tube to fail. An enveiope that con
tains a plasma tube six millimeters in 
diameter ought to be filled, according 
to the formula given above, to a pres
sure of 3.6/6, or .6 torr. With a laser 
of the type I built the life of a tube 
filled to this marginal pressure would be 
impractically short. I use a plasma tube 
with a diameter of two millimeters, and 
I overfill it to a pressure of 2.7 torrs. 
Tube diameters of less than about one 
millimeter become awkward to align 
and have other drawbacks. 

In general the output of a laser in
creases in proportion to the product of 

232 

the length times the diameter of the 
plasma tube. This suggests that long 
tubes are more powerful than short 
ones. Again there is a catch. Short tubes 
operate readily at 6,328 angstroms, 
whereas those a meter or more in length 
tend to function in the infrared region 
instead of in the visible part of the 
spectrum. I am told that long tubes can 
be forced to work in the visible range 
by the strategic placement of magnets 
along the tube, but I have not tried the 
experiment. Tubes ranging from 15 to 
40 centimeters in length appear to work 
quite adequately in the visible region. 
Mine measures 34 centimeters. 

The mirror system functions some
what like a resonator. It can consist of 
various combinations of spherical and 
Bat mirrors. A system that is easy to 
adjust and to maintain in adjustment 
employs a pair of facing spherical mir
rors separated by slightly less than one 
radius. My mirrors were figured to a 
radius of 60 centimeters. The spherical 
surfaces have a separation of 57.5 centi
meters. The mirrors are mounted in 
easily adjustable cells supported by fix
tures that can be removed and retumed 
to the base without disturbing the align
ment of the mirrors with respect to the 
axis of the tube. All essential dimen
sions of the laser's hardware, of the light 
projector used for aligning the mirrors 
and of the miter box for sawing the 
envelope at the Brewster angle are spec
ified in the accompanying illustrations. 
Altemate design schemes are possible 
and perhaps desirable. The reader is 
encouraged to improvise. 

Gas lasers can be energized by alter
nating current of either high or low 
frequency and by direct current. The 
direct-current types that employ heated 
electrodes have a long service life. 
Making the heated electrodes, however, 
is an intricate job that I am reluctant 
to undertake now. My laser is equipped 
with cold electrodes made of alumi
num in the form of small cylinders and 
is energized by a conventional neon
sign transformer of the constant-current 
type. The primary voltage is controlled 
by a Variac, a variable-voltage trans
former. When power is applied to the 
primary of the neon-sign transformer, 
the secondary winding maintains 18 
milliamperes through the load at a max
imum potential of 9,000 volts. Experi
ment demonstrated that the laser beam 
reaches maximum intensity when 85 
volts is applied to the primary of the 
neon-sign transformer. 

I began building the laser by making 
the getter-electrode assemblies. The get
ter is a small metallic trough, filled with 
barium, that is connected at the ends 
to a loop of wire. When it is installed 
inside an evacuated glass envelope, the 
loop can be coupled to a high-frequency 
electromagnetic field and heated by in
duced current to vaporize the barium. 
That is the conventional procedure. I 
do not own an induction-heating ap
paratus of this type, so I cut the loops 
of two getters, spliced the pair in series 
by means of a pigtail joint and hooked 
a pair of Dumet leads to the free ends 
as shown in the accompanying illustra
tion [top of this page J. Dumet is a spe-

. upstanding dectrode tube� not �hown 
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Western has been investing in progress since 1888 
Western's current space age capability is the 
result of a policy established over 76 years 
ago - a policy of consistent growth and con
tinual development. This investment of time, 
thought and resources has, over the years, es
tablished Western as a company that's always 
up on the latest technological developments. 

Today, Western's seven divisions are all 
hard at work designing and building equip. 
ment for almost every major industry you can 
name-steel, marine, petroleum, sugar, air-

craft, pulp and paper, and cement. Machinery 
created to push, pull, twist, turn or position
special equipment and standard power trans
mission drives. Units and components to serve 
earth·bound industries as well as those active 
in space and hydrospace. 

To get the full story on Western's know·how 
in your field send today for Corporate Capa· 
bilities Bulletin. Write: P. O. Box 182, Lyn
wood, Calif. Phone: area code 213, NEvada 
6·0911. Or cable: WESTGEAR, Lynwood, Calif. 

Everett, Washington; Belmont, Lynwood, Pasadena, California; Houston, Texas • Offices in principal cities 

"�,:I-1[�ilil 
GEAR CORPORATION 

- -
Systems Management PrC'cision Products 

- -
Electro Products Industrial Products Southwestern 

- -
Graphic Ads He8"Y Machinery 

COPYRIGHT 1964 WESTERN GEAR CORPORATION 
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Sometimes the photographer 
develops right along with the picture. 

Photography, we admit, is the awkward step

child of the visual arts. And understandably so. 

Because photography, if it is an art form, is 

the only one that isn't a continuous creative 

process. Oils, water colors, sculpture - you 

name it-all let you create one step at a time. 

If you make a mistake, you learn from it right 

then. If you're inspired, you can take advan

tage of your inspiration immediately. Your 

technique can improve and your satisfaction 

can increase without interruption. 

But the photographer who must wait to see 

his pictures doesn't have the advantage of 

Fi1'st t1'y, too far away and not ve1'y well composed. 
And so impersonal it could be anybody's family, 

that continuous experience. He's practicing a 

stop-and-go art form. When the average per

son takes a picture he doesn't know how it 

turns out 'til days later. Even if he's interested 

in profiting by his mistakes, it's too late. The 

location and lighting are different. The mood 

is gone. The creative continuity is shattered, 

(Even getting involved in processing your own 

pictures doesn't do much except shorten the 

A minute latm', getting better but still not pe1'fect, 
Now get a little lowe)' and wait f01' the 1'ight moment ... 

waiting period.) Small wonder there aren't 

more "Sunday" photographers. 

The one exception to all this: a Polaroid 

Land camera. We think it's the key to an enor

mously satisfying way to express yourself. 

If you take black and white pictures, you see 

them in 10 seconds. If you prefer color, one 

minute is all it takes. And because you see your 

results so fast, you soon learn the aesthetic 

values of fine photography. Interpretation, 

composition, lighting and total effect are all 

apparent, and changeable, on the spot. The 

challenge and the satisfaction become a little 

sharper with every picture you take. 

Whether you're a camera bug or not, we 

suggest that you borrow a Polaroid Land cam

era and try it out. We can almost guarantee 

that your second picture will be better than 

your first. And that your third will be better 

than your second. 

And that's what Polaroid Land photography 

is all about. 
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INNOVATION! 

A WAY TO SEND DATA TWICE AS FAST 
(It's like a shorthand code that packs the same data into fewer symbols) 

"I need that information fast!" 
Businessmen can now receive com

puter data over telephone and radio 
channels at double the usual rate, using 
Duobinary Coding. Created by the engi
neers of a GT&E subsidiary, this method 
permits the accurate transmission of up 
to 2400 binary code "bits" per second 
-or 3200 words per minute! 

Until now, a message in the binary 
"mark-space" language was restricted 
to two voltage states. Duobinary Coding 

transforms marks and spaces into three 
voltage states. This, plus the assign
ment of meaning to the pattern of trans i
tion among these three states, greatly 
increases speed. 

Another speed help: errors can now 
be detected without introducing redun
dant bits. (And errors are rare-only 
one per million bits, on the average.) 

importantly, this data speedup is ac
complished using ordinary communica
tions channels, ordinary binary equip-

ment. No complex, expensive additions. 
Here, from one member of the GT&E 

family of subsidiaries, is another prod
uct of a broad research program in com
mun ications-as well as electron ics, 
metallurgy, lighting, chemistry and 
atomic energy. Research, nurtured by 
a climate of innovation, is our solid base 
for futu re growth. 

General T elephone & Electronics 
Laboratories, Inc., 730 Third Avenue, 
New York, New York 10017. 

FROM THE LABORATORIES oFG'"E.E 
GENERAL TELEPHONE & ELECTRONICS Gffi' 

GT&£ SUBSIDIARIES: Telephone Operating Cos .. GT&E Laboratories · GT&E International. General Telephone Directory· Automatic Electric· Lenkurt Electric· Sylvania Electric Products 
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cial alloy wire that seals readily to soft 
glass. I fire the getters by hooking the 
Dumet leads to a six-volt transformer 
that is energized through the Variac. 
The assembly becomes red-hot when a 
potential of about two volts is applied 
to the leads and yellow-hot at three 
volts. At that temperature the barium 
vaporizes and condenses in the form of 
a dillie-sized black film on the glass sur
face of the evacuated tube. The pair of 
getters draws seven amperes at three 
volts. I apply the heating current slow
ly, allow about a minute for the tem
perature to rise to yellow heat and then 
switch off the power promptly when the 
film of condensed barium becomes al
most opaque. The units contain enough 
barium for about five such firings. It is 
easy to make the mistake of increasing 
the power too quickly and exploding 
the wire. 

The pigtail splice between the two 
getters serves as the support for the 
cylindrical electrode: a ribbon of clean 
aluminum foil in the form of a single, 
slightly overlapped turn. I make it by 
winding the foil around the end of a 
six-millimeter glass rod. One end of the 
resulting cylinder is then twisted around 
the getter pigtail. Before touching the 
getters and foil thoroughly clean your 
hands, as well as any tools, with carbon 
tetrachloride. Take the foil from the 
inside of a new roll. 

The getter-electrode assemblies are 
installed in two short lengths of glass 
tubing that become side arms of the 
glass envelope. One side arm is equipped 
with a smaller tube for exhausting and 
backfilling the envelope. I then Hare 
the ends of the plasma tube alternately 
by blowing a small bulb on one end, 
exploding the softened bulb and shrink-

ing its circular edge in the fire until, 
by trial and error, the Hared end fits 
the inside of the envelope to within 
a half-millimeter, or closer if possible. 
A dimple is next sucked in the envelope 
as a stop for the plasma tube. The out
side of the plasma tube is cleaned with 
fuming nitric acid, rinsed with distilled 
water, dried in the Hame and slipped 
into the envelope against the dimple 
stop. The second dimple is then made 
in the envelope to secure the tube loose
ly. Next the side arms containing the 
getter-electrode assemblies are joined to 
the envelope. Incidentally, if you have 
the glasswork made commercially, you 
will miss a lot of fun. Working with 
hot glass, particularly in the case of 
simple apparatus such as this, is not 
nearly so difficult as is commonly sup
posed. I discussed glassblowing in this 
department in May. 

The glass construction is completed 
by sawing the ends of the tube at the 
Brewster angle. If you have access to 
a diamond saw equipped with an ac
curate fence, the job will take about 
three minutes. If not, build the miter 
box shown in the bottom illustration on 
page 232. With this device the cuts will 
require about 10 minutes each. Keep 
plenty of abrasive slurry on the copper 
blade, let the weight of the saw do the 
work, use about 60 strokes a minute 
and take it easy as the saw cuts through 
the glass. Before making the cuts, plug 
the ends of the tube with wads of 
clean absorbent cotton and cement the 
glass to the right-angled aluminum 
holder. 

The cut ends must be lapped to make 
a vacuum-tight fit with the Brewster 
windows. Begin the lapping operation 
with approximately 400-mesh grit, either 

"an "Nostrand 
books 

Exceptional ... Essential 
in higher 
nwthematics libraries 

1. THE HAAR INTEGRAL 
Leopoldo Nac

'
hbill. An important ex

tension of the methods of calculus, 
dealing with integration on homogene
ous spaces. $6.50 (T) 

2. LECTURES IN ABSTRACT 
ALGEBRA-VOLUME III: 
Theory of Fields and Galois Theory 

Nathan Jacobson. Covers: finite dimen
sional extension fields, Galois theory 
of equations, Abelian extensions, struc
ture theory of fields, valuation theory, 
the Artin-Schreier theory. $9.75 

3. LINEAR TOPOLOGICAL SPACES 

J. L. Kelley, I. Namioka, et al. A study 
of linear space endowed with a topoi
ogy such that scalar multiplication and 
addition are continuous, and invariants 
are sought relative to the class of all 
topological isomorphisms. $8.00 

4. PRINCIPLES OF RANDOM WALK 

Frank Spitzer. Clearly presents-with 
examples and problems-random walk 
on the integer lattice points of d-dimen
sional Euclidean space. $ I 2.50 

5. THE MA THEMA TICS OF PHYSICS 
AND CHEMISTRY-VOL. II 
Edited by Hellry Margenau and George 
M. Murphy. The newer mathematical 
methods now essential in applications 
to physics, chemistry and engineering. 
Vols. T & II together give complete cov
erage of applied mathematics in these 
fields. Illus. $15.00 

6. MA THEMA TICS DICTIONARY 
SECOND EDITION 
Edited by Glenn James and Robert C. 
James. Tremendous coverage of mathe
matical terms and their uses in science, 
engineering, statistics, and other fields. 
Multilingual indices. $15.00 

7. INTERNATIONAL DICTIONARY 
OF APPLIED MATHEMATICS 
Edited by W F. Freiberger and others. 
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fields of science and engineering. Es
sential indices in Russian, German, 
French, Spanish. 1,215 pp. 
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DEADEYE! 
The cowboy who dropped on Indian on 

the run was good - for his day. But his 

accuracy was primitive - by space navi· 

gation standards. To drop his Indian the 

cowboy only hod to shoot within about 

20 minutes of angle. To navigate a space 

platform at on overage 54,000 mph, to· 

morrow's astronauts who fly·by Mars will 

"shoot" stars ... with accuracy of a small 

fraction of on arc second. 

Electro-optics with that kind of 'precision 

are a challenge that's being met now

and solved - at Perkin·Elmer. And that 

challenge is typical of the many stimulat

ing projects that have attracted a select 

stoff of engineers and research scientists. 

At Perkin-Elmer they find on atmosphere 

where every man's work is important, 

recognized, and reworded. 

If you would like to work on advanced 

projects and sophisticated research in 

electro-optics, detection, measurement, 

resolution and recognition; if you would 

like to work where there is opportunity 

for expression and recognition .. . drop 

us a line briefly outlining your experience 

and interests. We'll be pleased to arrange 

on informal interview at which we can 

discuss a future at Perkin-Elmer. There are 

immediate openings available for quali. 

fied personnel. Write Mr. R. S. Byles, 

Perkin-Elmer, on equal opportunity em· 

ployer, Norwalk, Connecticut. 

PERKIN-ELMER 
238 

Alundum or Carborundum, using a two
inch square of quarter-inch plate glass 
as the tooL When the pits that were 
made in the glass by the saw have al· 
most disappeared, shift to 600-mesh grit 
and continue lapping until pits left by 
the 400-mesh grit have almost disap
peared. Examine the work through a 
magnifying glass. The size and number 
of the remaining pits indicate where the 
glass is being removed and by how 
much, If pits disappear slower at one 
point than at another, exert more grind
ing pressure on the plate glass above 
that region, The idea is to remove glass 
evenly over the entire area of the cut 
end, thus preserving the Brewster angle. 
The job requires about 20 minutes, 
When the lapping is finished, remove 
the tube from the fixture by warming 
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the pitch that serves as cement. Take 
out the cotton wads. Clean the soiled 
inner ends of the envelope with a swab 
of cotton moistened first with acetone 
and then with distilled water. Dry the 
cleaned ends in a gas flame. Remove 
the pitch with turpentine. 

To install the Brewster windows 
clamp the tube in an apparatus stand or 
a comparable fixture, connect the side
arm tubing to the mechanical pump of 
the vacuum system and start the pump. 
Simultaneously place the cleaned Brew
ster windows flat against the cut ends. 
Suction will hold them in place, Using 
a toothpick as a spatula, apply a thin 
layer of Torr Seal epoxy cement to the 
exterior of the joint between the win
dows and the tube ends. (Torr Seal 
is manufactured by Varian Associates, 
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Palo Alto, Calif.) Watch the inner sur
face of the windows carefully for any 
trace of vapor from the cement that may 
be sucked into the tube. If the least 
trace of vapor appears, the lapping job 
is defective and must be corrected. No 
cement should seep through the joint. 
The curing time of the cement can be 
shortened by applying heat to the joints 
by means of a pair of 150-watt incan
descent lamps placed about 15 centi
meters away. Recommended curing 
temperatures are specified on the pack
age by the manufacturer. When the 
joints have cured, apply a coat of Dow 
Corning 806A silicone resin over the 
cement, all glass joints and the Dumet 
seals. 

Next fire up your vacuum system and 
connect the tube. The system should 
be equipped with at least two manom
eters: one a closed-end mercury type 
and the other a conventional manometer 
half-filled with high-grade oil of the 
kind used in a diffusion vacuum pump. 
Scales for the manometers can be made 
of graph paper calibrated in millimeters 
[see illustration on page 237]. The oil 
manometer acts as a vernier gauge, the 
pressure readings in millimeters being 
converted to torrs by dividing the spe
cific gravity of mercury (approximately 
13.5) by the specific gravity of the oil 
and then dividing the difference in the 
height of the oil in the two anns of 
the manometer, in millimeters, by the 
quotient. For example, if the ratio of 
the specific gravity of the mercury to 
that of the oil is 16, a manometer read
ing of 32 millimeters-the difference in 
the height of the oil in the two arms
indicates a pressure of 32/16, or 2 torrs. 
You can find the specific gravity of the 
oil with sufficient accuracy by weighing 
10 milliliters and dividing the weight 
(in grams) by 10. 

Your vacuum system should also con
tain a McLeod gauge, primarily for en
suring that the system pumps to the 
required 10-5 torr. If you do not own 
a vacuum system, you may be interested 
in building the inexpensive one de
scribed in the Scientific American Book 
of Pmjects for the Amateur Scientist 
(published by Simon and Schuster in 
1960). 

My system uses a two-stage mercury
jet pump. For valves the system has 
inexpensive glass stopcocks. I lapped 
them with 600-mesh grit to make a 
vacuum-tight fit and lubricated the 
stoppers with a thin film of high-vacuum 
grease. One stopper was modified to 
function as a leak valve for admitting 
the required minute volume of helium-
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neon gas to the laser tube. Deep 
scratches about six millimeters long that 
tapered upward to the surface were cut 
counterclockwise from each end of the 
hole in the stopper. The tips of the 
scratches conduct gas at a convenient 
rate when they engage the openings of 
the barreL 

You will receive the helium-neon gas 
in an all-glass container. The outlet tube 
contains an easily broken seaL To tap 
the supply clamp the flask temporarily 
to a support, with the tube pointing 
downward. Insert a loosely Rtting glass 
marble or a short length of heavy glass 
rod in the tube, join the leak valve to 
the tube with Apiezon "c" wax and 
connect the valve to the vacuum system 
by 50 centimeters or so of copper capil
lary of the type used in the thermo
stats of gas stoves. Open the leak valve 
fully and exhaust the tube to 10.5 torr, 
or lower if possible. Then close the valve 
and invert the flask quickly so that the 
marble falls and breaks the tip of the 
seaL 

The laser tube is next exhausted, 
cleaned by discharge bombardment, 
Riled to the required pressure and 
sealed off. For support the tube can be 
assembled to the base, in which case the 
laser can be tested before the seal-off. 

Pump the tube down to 10.5 torr or 
lower, then backRll with helium-neon 
to a pressure of approximately 5 torrs. 
Connect and switch on the g,OOO-volt 
transformer. The tube will Rll with col
ored plasma-reds, greens, blues-and 
may get quite hot, on the order of 100 
degrees centigrade or more. After Rve 
minutes switch off the power, repump 
the tube and repeat the cycle. Continue 
the procedure until the reddish color 

and m i r r o r  

im ag� o f  f i l a m e nt 

g l are from wall 
Qf plasma tub(. 

'fu ll moon' 

at final  adju:>tm"mt ""'" 
Images during mirror alignment 

predominates, tinged only slightly by 
blue. This may require four but prob
ably not more than six cycles. Before 
pumping down at the end of the last 
bombardment heat the getters to dull 
red. The tube should be positioned so 
tha t both getter assem blies are sus
pended vertically by their leads, other
wise they may sag enough to touch the 
glass when heat softens the metaL After 
about three minutes advance the Variac 
gradually to Rre the getters. Watch the 
glass wall adjacent to the getter assem
bly as the temperature of the metal ap
proaches yellow heat A sooty Rim will 
appear. As the Rim reaches opaqueness 
switch off the power. Having pumped 
down, reRll the tube to a pressure of 
not more than 2.7 torrs (assuming a 
plasma tube of two-millimeter bore). 
Energize the tube again. The plasma 
should now appear solid reddish-orange. 
When placed between a pair of prop
erly adjusted mirrors, the tube will now 
function. 

To adjust the mirrors, Rrst remove 
either of the cell Rxtures from the base 
and replace it with the light projector. 
Adjust the lens of the projector until the 
image of the RIament is in focus on the 
front surface of the distant mirror. Then, 
using your hand as a screen at the near 
end of the base, locate the beam re
flected by the mirror and adjust the cell 
to center the beam on the distant end 
of the plasma tube. Look through the 
projector's beam splitter (the microscope 
slide) into the bore of the plasma tube; 
in the center of the glare that is re
flected by the inner wall you may ob
serve a minute disk of light that resem
bles the full moon surrounded by a 
thin, dark ring. The "moon" is the re
flection of scattered light from the pro
jector. Adjust the cell in any direction 
that causes the disk to brighten. Ulti
mately it will become dazzling as the 
reflected image of the RIament comes 
into view [see illustration at left 1 .  This 
completes the adjustment of the Rrst 
mirror. Remove the adjusted cell Rxture 
carefully and similarly adjust the sec
ond one. When both adjusted mirrors 
have been assembled to the base, con
nect the neon-sign transformer to the 
tube and switch on the power. Usually 
it is now necessary to "Rddle with the 
screws." Just rock the adjustment screws 
back and forth a degree or so, one after 
the other. Suddenly the beam will ap
pear-you have a laser! Seal off the tube. 

The beam, when it is directed against 
a screen, will doubtless appear in the 
form of a symmetrical pattern of daz
zling red spots-perhaps only a pair, 
maybe a rosette of eight spots or some 
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other geometric design. The pattern can 
be greatly altered and perhaps intensi
fied simply by fiddling with the adjust
ment screws. Each pattern of spots re
sults from a unique set of paths taken 
by rays that oscillate between the mir
rors. The various patterns of vibration 
are known as "modes." Observe too the 
scintillating granularity of the light. Ac
cording to E. 1. Gordon, a physicist at 
the Bell Telephone Laboratories, this 
striking effect actually arises in the eye 
or any other image-forming device, such 
as a camera. Each dazzling speck, he 
explains, marks a point of constructive 
interference between coherent diffrac
tion patterns; the size of the point is 
determined by the diameter of the 
pupil. Phenomena such as the granu
larity suggest many fascinating experi
ments that can be made with laser light. 
Some will be discussed from time to 
time in this department. 

Now, a word of warning: The laser is 
a hazardous apparatus. Never look di
rectly into the beam. Coherent light of 
this intenSity can damage the retina per
manently and may even cause blindness. 
When other people are in the room, 
block off all beams at points close to the 
apparatus: the two beams from the ends 
and the remaining four of lesser inten
sity that come off the Brewster win
dows. The g,OOO-volt output of the 
neon-sign transformer is lethal. Insulate 
the full length of the leads with abut
ting pieces of glass tubing. Never touch 
the terminals of the laser when the 
transformer is plugged into the power 
line even if you are certain that the 
switch is off. 

Parts and materials for constructing 
the laser can be procured from the fol
lowing suppliers: 

Perkin-Elmer Corporation, Electro
Optical Division, Norwalk, Conn. To 
encourage student experimentation in 
optics this firm has developed special 
dielectric mirrors of adequate quality 
for apparatus of the type described in 
this article. 

Edmund Scientific Co., Barrington, 
N.J. This organization stocks lenses and 
related materials. 

Morris and Lee, 1685 Elmwood Ave
nue, Buffalo, N.Y. 14207. Air pumps, 
pressure gauges, valves and accessories 
for vacuum systems are made speCially 
for amateurs by this organization. 

Henry Prescott, Main Street, North
field, Mass. This supplier specializes in 
all materials required for constructing 
and experimenting with the laser, in
cluding dielectric mirrors, vacuum sys
tems, helium-neon gas, glass compo
nents, getters and related essentials. 
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Member's Price $6.95 
MATHEMATICS AND PLAU
S I B L E  R E A S O N I N G ,  by 
George Polya. Two vols. 
Induction and Analogy in 
Mathematics and Patterns 
o f  P l a u s i b l e  Infe r e n ce.  
( Two books count as one 
Selection . ) list Price S9.00 

Member's Price $6.50 

A LONG WAY FROM 
E U C L I  D / G O D E L ' S  
PROOF. A dual selec
tion. Constance Reid's 
b r i l l i a n t  s u rv e y  of 
mathematical history
plus an entirely lucid 
e x p l a n a t i o n  of K u r t  
Codel's revolutionary 
paper on the logical 
foundations of mathe
matics. list Price $6.90 

Member's Price SS.95 
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by James H. Newman 

PSYCHOLOGY IN THE VVRY, edited by 
Robert A. Baker. D. Van Nostrand 
Company, Inc. ( $ 1 . 75 ) .  A STRESS 
ANALYSIS OF A STlIAPLESS EVENING 
GOWN, edited by Robert A. Baker. 
Prentice-Hall, Inc. ($3 .95 ) .  THE SCI
ENTIST SPECULATES, edited by I. J .  
Good. Basic Books, Inc. ,  Publishers 
($6.95 ) .  

Is science humor possible? There is 
no obvious reason why it should be; 
the substance of science, ranging 

from acoustics to zymurgy, is scarcely 
designed to make laughter hold both its 
sides. To this generalization, however, 
there are some footnotes. Stephen Lea
cock was a man who could make any
thing funny by gentle ridicule, and he 
produced delicious pieces about such 
lofty and seemingly invulnerable sub
jects as cosmology. Moreover, it is true 
that science, like any other profession, 
has its share of inside jokes. There are 
such celebrated tales as the one about 
vVolfgang Pauli, who, it was said, was 
so completely the theoretician that if he 
even set foot in a laboratory some ex
pensive piece of apparatus shattered 
spontaneously. 

Finally, of course, there is a body of 
literature that punctures the solemnity, 
the pretentiousness and the phony 
weightiness of many a report in sociol
ogy or psychology or urban planning or 
anthropology. Science making fun of it
self is heartening and healthy. There 
can scarcely be enough of such satire ; 
there is in fact much too little. Although 
the social sciences are both vulnerable 
to it and their language in large part is 
accessible to the average educated man's 
understanding, so that the satirist can 
make fatuities perfectly plain, the for
midable technical language of physics 
or chemistry or mathematics is a shield 
against attack. Anyone can tell when 
the emperor is naked, but if he is en
cased in a grand suit of armor, who 

BOOKS 
Experiments toward 
a humor of science 

can tell if he is a puny shrimp or a 
real man? 

The three books reviewed here may 
be regarded as experiments toward a 
humor of science. Two are meant ex
clusively for laughs; the third, although 
it has another intent, is more genuinely 
humorous.  

Psychology in the Wry is mainly an 
"in" book. It consists of 20 selections by 
psychologists and scholars that satirize 
some of the characteristic idiocies of 
the study of human behavior. Edgar F. 
BOl'gatta considers the traumatic ef
fects of "deumbilification" and the im
portance of "mammary envy." We are 
told that in many societies a cow is 
more valuable than a wife for this very 
reason . All girls can at least hope to 
have a glorious bosom and thus to be
come interchangeable with cows; males 
hope in vain. Norman R.  F. Maier for
mulates a law cognate to Parkinson's: If 
facts do not conform to a theory, they 
must be disposed of. 

A disease known as petty paranoia 
that afRicts clerks and officials is de
scribed by Craig M. Mooney. An As
sociated Press dispatch from Columbus, 
Ohio, reads as follows: 

A Manchester decorator hurled 
a chair through a window of the 
Canadian Government's citizen
ship and immigration offices in 
London Saturday after a ship 
sailed for Canada without him. 

"I did this because it seemed 
the only way I could draw atten
tion to this case," Albert Hartwell, 
41, said in court. 

He said he had applied to em
igrate to Canada, filled in the nec
essary forms, had a medical exam
ination, was accepted, and paid 
$168 for passage on a ship sailing 
Saturday. 

Five days ago he got a letter 
saying his wife had to be medi
cally examined. 

He said this must have been a 
mistake as his wife was not travel
ling with him. He wrote back not
ing the mistake but received a 
telegram telling him to bring his 
wife from Manchester to London. 
On Friday he was told at the im
migration office he could not sail 
because his wife had not been ex
amined. 

The shipping office said he 
would have to apply for later pas
sage. He went back to the immi-

gration office and explained that 
having sold his home and left his 
job he had only enough British 
money to get through Saturday. 

The magistrate said Hartwell 
seemed to have broken the win
dow in a fit of temper. 

He was freed on a charge of 
willful damage but ordered to pay 
two pounds, the cost of replacing 
the window. 

Even more touching is a Reuters dis
patch from London: 

Since eating a gumdrop, 11 year 
old Charlotte Sexton hasn't been 
to ''''esterville Hawthorne School's 
Sixth Grade for four days. It seems 
Charlotte defied a regulation ban
ning eating on buses. Until her 
parents reassure the driver she 
will eat no more, Charlotte is not 
allowed to board the bus. Ray 
Morris, Westerville School Super
intendent, said the regulation has 
been in effect at least 17 years. Its 
purpose is to prevent children from 
throwing orange peels, apple cores 
and candy wrappers at each other 
on the bus, stirring up trouble. 

There is an article on the allal erot
icism of the military and all imaginary 
review of In the Bowels of the SOliZ by 
one Wilhelm Oenkschwein Ritter von 
Kluernk. This book holds that the basic 
human urge is a deep instinct to return 
to the saltwater seas from which our 
ancestors emerged: "Man makes money 
to return to the sea (symbolized by 
Miami Beach) or is overcome by the . . .  
inhibitions of our rotten, mechanistic, 
sanitary society and moves inland in a 
masochistic reaction formation (symbol
ized by Kansas) ." 

Such stuff may be mildly amusing, 
but the reader will obviously be able to 
contain his riSibility. Baker's other col
lection earns about the same grade. Its 
title essay-"A Stress Analysis of a 
Strapless Evening Gown," by Charles E .  
Siem-comes close to  being very funny, 
with deadpan engineering chatter about 
tangential forces, coefficients of friction, 
safety factors, bending moments, vectors 
and the other matters that have to be 
considered. Also entertaining is a sys
tems-analysis approach to the working 
of swivel postboxes. F. E. Warburton 
offers a brief natural history of the tern. 
Terns, we are told, "don't stick around 
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Important 

VIKING 
science books 

THE ENJOYMENT 
OF CHEMISTRY 

hy Louis Vaczek 
"Will make it possible for all intelligent per
sons to share in the intellectual enjoyment of 
those who probe into the structure of matter 
and the machinery of life." 

-From foreword by DR. RENE J. DUBOS 

"A popular treatment of rare clarity and 
authority. A fine achievement." -Choice 

"A well-written introduction .. . .  His range 
of topics includes atomic theory, the periodic 
table, chemical bonding, acids and bases, so
lutions, electrochemistry, colloids, chemical 
notations and so forth." 
-Library Journal J/lustrated $6.00 

• 

A STAR 
CALLED THE SUN 

hy George GanlOW 
"An excellent short illustrated introduction 
to what is known about the sun .. . .  Dr. 
Gamow ... takes the time to explain princi
ples and discoveries, and presents a marvel
ous integration of data from other sciences to 
show how such information as we now have 
about the sun became known. He explains 
how hot, how far away, how big the sun is; 
what elements it is made of; what life stages 
a star such as the sun goes through .... Dr. 
Gamow's book appears appropriately enough 
during the International Year of the Quiet 
Sun." -HILLEL A. SCHILLER 

Illustrated with 2 color plates; photographs, 
and the author's own inimitable drawings. $5.75 
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in the winter. Arctic terns, for example, 
spend the summer at the North Pole. 
When it begins to get cold, they Hy 
south to spend the winter at the South 
Pole, where it is summer. Having spent 
the winter at the South Pole, they Hy 
north to avoid the winter, arriving at 
the North Pole in the summer while it 
is winter where they wintered . . . .  Terns 
are found in pairs, if they are good, be
cause one good tern deserves another." 

Among other inviting targets of es
says in the book are the lore of the 
Abominable Snowman, U.S .  missile pro
grams, research administration, com
puter literature, anthropological studies 
of remote tribes, cybernetics, the history 
of science, the applications of mathe
matics to almost anything. I was taken 
by Joel Cohen's "The Pejorative Calcu
lus," in which one can prove that all 
horses are the same color, every horse 
has an infinite number of legs, Alex
ander the Great did not exist and he too 
had an infinite number of limbs. 

The Scientist Speculates has largely 
to do with partly baked ideas. We all 
evolve P .B .I . 's while awake. (Dreams 
are fully baked: they are what they 
are, untrammeled by space, time and 
causality, not susceptible of improve
ment or validation. ) It has been sug
gested that most scientists carry on an 
almost endless "internal monologue. " 
Usually it consists of questions. The 
biggest question is what question to 
ask. Man has long comforted himself 
with the thought that if the question 
could be asked, it could be answered. 
Some of the best ideas are nothing but 
questions .  The kind of science one gets 
-like the kind of ethics or politics-de
pends on the kind of questions one asks. 
It is easy to imagine a different physics 
or biology or even a different mathe
matics if the questions had been dif
ferent. 

Good's collection is full of questions .  
The entries take many forms, from little 
jokes and paradoxes to elaborate specu
lations and theories. One of the merits 
of the anthology is that it draws no 
clear line between the scientist Hipping 
around irresponsibly like a dolphin in 
the sun and the scientist soberly ven
turing hypotheses yet to be tested. Al
most all the partly baked ideas are 
presented seriously and almost all have 
their innocent, funny side. The con
tributors were invited to play and many 
caught the spirit. J. D. Bernal said 
that he had been producing crazy ideas 
for so long he couldn't really do much 
damage to his reputation by going on; 
he recollected his son's reply a couple 
of years ago "when I suggested he 

might add his name to a paper of mine 
in which he had helped considerably. 
He said : 'It is all right for you but I 
have my reputation to consider. '  " 

Among the many diversions in the 
book is R. H. Thouless' examination of 
non communicating discourse, a common 
feature of the use of language. There 
are, for example, the vacuous affltma
tions: "Ladies and Gentlemen. We have 
gathered together in this great hall. We 
have come from far and near. A year 
has passed since our last coming to
gether, a year of hopes and disappoint
ments, of joys and sorrows . . .  . "  These 
communicate nothing because they state 
nothing that could conceivably be un
known to those on whose ears they fall . 
Thouless offers illustrations from stan
dard writings in psychology : "The young 
child learns to use the word 'Mama' to 
refer to his mother"; "The student 
whose mind is wholly engrossed in a 
mathematical problem is not aware of 
what is happening around him"; "Men 
act upon the world, and change it, and 
are changed in turn by the consequenc
es of their action . . . .  " He envisions a 
moderate program for the suppression 
of N.C.D.  "I hope," he concludes, "that 
a sufficient number of people would 
agree with me that a world in which a 
speaker sat down when he found he 
had nothing more to say would be a 
better world than one in which he went 
on talking." 

Another selection is a technical glos
sary that incorporates material from two 
other articles. Thus : 

"It has been long 
known that . . . " 

"While it has not 
been possible to 
provide definite 
answers to these 
questions .. . " 

" .. . accidentally 
strained during 
mounting." 

" . .. handled with 
extreme care 
throughout the 
experiments ."  

"It  is clear that 
much additional 
work will be 
required before 
a complete 
understanding . .  . "  

I haven't bothered 
to look up the 
original reference. 

The experiments 
didn't work out, 
but I figured I 
could at least get 
publication out 
of it. 

= .. .  dropped on the 
Hoor. 

... not dropped 
on the Hoor. 

I don't 
understand it. 
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This [!ill Science Library book makes everything from Euclid to Einstein so fascinating you'll exclaim 

"If only Mathematics had been made this exciting 
when we were in school!" 

Now you can enjoy, and give your children, 
the advantage you never had-of experienc
ing Mathematics as a series of great adven
tures, from the Cuneiform calculations of 
the Babylonians to the "new mathematics" 
taught in many schools today. 

More and more parents are finding themselves 
baffled by the strange "new mathematics" 
homework their children bring home. Even 
first graders are solving equations! 

Today's school children are simply helping 
to write a new chapter in a history which be
gan some 10,000 years ago-when the Stone 
Age hunters turned to farming and were faced 
with keeping track of days and seasons and 
dividing up land. 

Ever since, mathematics has shaped our 
civilization with ever-increasing force, cul
minating in the mathematics revolution which 
exploded over Hiroshima and is now reach· 
ing for the moon. 

Today we balance our checkbooks and 
measure time with the arithmetic invented by 
the ancient Mesopotamians. The laws of prob
ability determine our insurance rates. The 
Theory of Games helps the businessman-and 
may even prevent World War III. 

All the wonders of mathematics, both an
cient and modern, are pictured and explained 
-with LIFE's unique combination of author
ity, clarity, and visual drama-in this dazzling 
new volume on MATHEMATICS. Because 
mathematics is the language of science, this 
volume will serve as an especially appropriate 
introduction to an important new series of 

Some of 
the other 
volumes 

in the new 

mn 
SCIENCE 
LIBRARY 

books-the LIFE Science Library-designed 
to simplify, unify, organize, and dramatize 
the whole fascinating world of science. 

EVEN IF YOU NO LONGER REMEMBER 
7th GRADE ARITHMETIC, you can read this 
book with understanding and enjoyment. You 
will not learn how to solve problems in Cal
culus, Analytic Geometry, Symbolic Logic, 
but will begin to understand the arresting, 
important ideas they encompass. 

You will meet lucid Greeks who conquered 
space with compass and straight edge ... ital
ians who dueled with equations ... modern 
American mathematicians. 

YOU WILL SEE in glowing full-color paint
ings, rare prints, and photographs, the un
canny geometry in Nature ... the bridges of 
Konigsberg that inspired the "Network The
ory" ... a strip of paper with only one side. 

You will end by exclaiming, "Why couldn't 
they have made math this exciting when I was 
in school!" And you will rejoice for your chil
dren. (A special section explains the "new 
mathematics" many of them are learning.) 

EXAMINE IT FREE. See for yourself. Bor
row a copy from us for 10 days. Then return 
it if you wish. Or keep it for much less than 
such an expensively prepared book would or
dinarily cost. Thanks to LIFE's vast facilities 
and large print orders, you pay only $3.95 
(plus shipping and handling). Then you will 
be entitled to examine another volume free 
every two months. But you make no commit
ments, promise to buy nothing. For free ex
amination simply mail the coupon. 

• Actual size 8lhxl1 inches 

• 200 pages, 72 in full color 

• In 35,000 words of nar
rative text by David Ber
gamini you lea r n  the 
great ideas behind Arith
metic, Algebra, Pla ne 
Geometry. Analytic Ge
ometry. Calculus, and 
eve n s uch a dvanced 
thinking as the 'Iheory of 
Games and Topology. 

• Consulting Editors: 
Rene Dubos, C. P. Snow, 
Henry Margenau 

r------------------------_ 

TO: TIME-LIFE BOOKS, DEPT. 4326 
TIME & LIFE BUILDING 
CHICAGO, ILLINOIS 611611 

VI 

Please enroll me as a subscriber to the LIFE SCIENCE 
LIBRARY and send me Volume I (MATHEMATICS) for a lO-day 
Trial Examination. If, at the end of that time, 1 decide not to 
continue the series, I will return the book., cancelling my sub
scription. If I keep the book, ] will pay $3.95 (plus shipping 
and handling). 1 understand that future volumes will be issued 
on approval at two-month intervals, at the same price of $3.95. 
The IO·day Free Examination privilege applies to all volumes 
in the LI SRAR Y, and I may cancel my subscription at any time. 

Name __________________________________ __ 

Address _________________________________ _ 

City 
(Please include Zone or Zip Code number �a�� I 

Schools and Libraries: I 
Address orders to Silver Burdett Co., Morristown, New Jersey I 

------------------------� 
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Mathematics in 
Western Culture 
By MORRIS KLINE. Now available in pa
per - the famous book that presents an 
account of the influences mathematics 
has exerted on philosophy, the physical 
sciences, religion and the arts, from 
Ancient Greece to modern times. "It is 
recommended ... to those teachers, the 
majority, who are using textbooks half 
a century or more out of date." 
- Saturday Review GB 128 $2.25 

What is Mathematics? 
By RICHARD COURANT and HERBERT E. 
ROBBINS. "Succeeds brilliantly in con
veying the intellectual excitement of 
mathematical inquiry." - Journal of 
Philosophy $9.00 

Mathematical Models 
By MARTYN CUNBY and A. P. ROLLETT. 
Detailed instructions for making a wide 
variety of models illustrating elementary 
mathematics. "All the rules are here in 
a book by two modern masters."- Los 
Angeles Times $6.50 

Figurets 
More Fun with Figures 

By J. A. H. HUNTER. 150 fascinating 
mathematical puzzles which prove that 
figures can be fun. "Could well be used 
by mathematics clubs or for outside 
reading in high-school mathematics 
courses."-C. STANLEY OGlLVY, Science 

The Mainstream 
of Mathematics 

$3.50 

By EDNA ERNESTINE KRAMER. "Not the 
usual arid treatment of mathematical 
history but rather a fascinating story of 
the development of mathematics from 
the earliest beginnings to the sophisti
cated concepts of present-day mathema
ticians."-KARL WILLENBROCK, Christian 
Science Monitor $7.75 

Through the Mathescope 
By c. STANLEY OOILVY. "Should prove 
a pleasant surprise to laymen who have 
been frightened by formal and color
less presentations in classrooms." 
- SEYMOUR KORMAN, Chicago Sunday 
Tribune $5.00 

Tomorrow's Math 
Unsolved Problems for the Amateur 

By C. STANLEY OOILVY. An expert math
ematician presents 150 unsolved prob
lems concerning games, geometrical, 
arithmetical, topological, probability and 
combinatorial problems, problems of in
finite sets, variational problems and 
problems of analysis. $5.00 

Mathematical Snapshots 
By H. STEINHAUS. A book that makes 
mathema t ical p henomena vi s u a l ,  
through photographs and diagrams. 
"One of the most interesting and most 
rewarding works of its kind."-Library 
Journal $7.50 

Oxford University Press I New York 
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"Three of the 
samples were 
chosen for 
detailed study." 

"Typical results 
are shown." 

"It  is generally 
believed that . , ," 

The results of the 
others didn't make 
sense and were 
ignored. 

The best results 
are shown. 

A couple of other 
guys think so too. 

Christopher S .  O'D. Scott inspects the 
question of whether or not anomalies 
are normal. Most of us realize that im
possible things are constantly happen
ing. Take the wayward antics of every
day objects. I put my glasses on the 
desk and two minutes later they are not 
there. No matter how hard I search I 
can't find them. They turn up the next 
day on the mantelpiece. I know I never 
went near the mantelpiece, but what 
can I say? Similar mysteries occur in the 
laboratory. Experiments go wrong, and 
when they do, "we say the materials 
were impure, or make some equally ad 
hoc excuse. We then repeat the experi
ment until it goes right; we certainly 
don't take the anomalous result seriously 
as a new natural phenomenon." Perhaps 
we should; perhaps we are obliged to 
consider whether J. B .  Rhine's results 
are normal anomalies to be explained 
as the disappearing glasses might have 
been explained. Also in the field of ex
trasensory perception, division of pre
cognition, is the suggestion by the late 
J. H. C. Whitehead that we may each 
have a guardian angel out in space, to 
whom we send out thought waves faster 
than light and who then reflects them 
back. According to the special theory 
of relativity the signal would return 
before it was sent, which might explain 
precognition. 

Does large-scale public wishing af
fect the weather? William E. Cox says 
that we might obtain evidence on the 
question by examining weather records 
and determining, for example, whether 
there is more sunshine or less rainfall 
on days when fine weather is particular
ly deSired, such as on Sundays, than on 
other days. According to newspaper 
records there were 2 1 1  days when the 
sun did not appear by afternoon press 
time in St. Petersburg, Fla. ,  from 1910 
through 1957. Only 11  of  those days 
were Sundays. In the absence of para
psychological forces the odds of there 
being that few cloudy Sundays are 
20,000 to one. 

Good himself puts forward a theory 
that has the unusual feature of being 
unbelievable if it is true. The theory is 
that we are on earth as a punishment for 

crimes committed in heaven; we have to 
serve our term according to the magni
tude of our heavenly offense. "Even if 
we are happy here, it is a poor sort of 
happiness in comparison to what we 
shall have when we return . But part of 
the punishment is that we cannot be
lieve the theory. For if we did, the 
punishment would not be effective." 

In the field of sociology Colin Cherry 
frames a commendable hypothesis con
cerning highway accidents. It has to do 
with the fact that the driver of an auto
mobile is held incommunicado by the 
very nature of driving. This is an al
most intolerable constraint, particularly 
when the constraints of various codes 
and regulations are added to it. You are 
driving along when you notice in your 
rearview mirror "another car closing up 
behind you, jockeying for position and 
settling down two feet behind your rear
lights . It takes every ounce of self-con
trol to accept this situation, and to feel 
well-disposed, as you sense on your neck 
the hot breath of this monstrous hate
object."  With the situation reversed, the 
same sense of irritation and frustration 
arises as you try to pass some middle
of-the-road hog. Now, says Cherry, 
think of how these hatreds could be 
dispelled by a few courteous words . 
(Well, anyway, a few words.) Without 
such communication all you can do is 
honk or try to get out and hit the other 
driver; you can express none of the finer 
shades of emotion . Cherry's recommen
dation is that cars should be fitted with 
miniature transmitter-receivers with a 
range of about 100 yards. He is con
vinced this would virtually eliminate 
collisions .  

"Discovery," Albert Szent-Gyorgyi 
once remarked, "consists of seeing what 
everybody has seen and thinking what 
nobody has thought." Any number of 
speculations in this anthology fall un
der this epigram, even if they are only 
partly baked and may never enjoy, let 
alone survive, the full test of the oven. 
A nice example is Bernal's proposal for 
meeting the universal need for water. 

There are many ways of getting fresh 
water for crops, drinking or other 
purposes, from the most primitive ar
rangements to atomic-energy desalting 
schemes. Bernal's plan, which he has 
been thinking about on and off for some 
30 years, is "extremely simple and al
most automatic." It is based on the ob
vious fact that water vapor is just half as 
heavy as ordinary air and therefore 
will rise of itself. The common impres
sion that water vapor goes up from the 
sea because it is heated is wrong; it 
goes up because it is light. The object 
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the man who thoroughly understands computers. 

Enroll as a Charter Member of The Library of 

Computer and Information Sciences. 

Who manages the computer? He's the man who 

knows how and when to profitably use simu

lation, data communications, multi-process

ing, problem-oriented languages - ideas that were 

unknown or simply curiosities just a few years ago. 

Unique New Program: Now, a new program offers 

you a simple and economical way to keep up-to-date 

with these new ideas: The Library of Computer and 

Information Sciences. Each month a panel of dis

tinguished experts reviews and analyzes the new 

books in the field of computers and the information 
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key books that illuminate new ideas and principles 

for the technical or non-technical reader. 

The Books You Need - At Savings Up To 40%: By 

enrolling as a Charter Member in The Library of 

Computer and Information Sciences, you can obtain 
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Price $8.50. Memb81"S P1·ice. $5.95. 

r-----------------------------------------------� 

Please enroll me as a Cha1·ter Member and send the FREE 

Enrollment Gift indicated - plus my first Selection at the 

reduced Member's Price. Also send me the FREE Cha1'te1' 

Membership Gift of The Computer & Inf01'mation Sci

ences Reference Diary. I agree to ptt1'chase 3 additional 

Selections during the next 12 months, and I will receive a 

Free Bonus Book of my choice after every 4th Selection. 

Em'ollment Gift-_____________ _ 

First Selection _______________ _ 

Name' ___________________ _ 

Add1·ess' __________________ _ 

City _________ -.uState ____ Code __ _ 

Library of COMPUTER & INFORMATION SCIENCES m 
815 Washington Street/Newtonville, Mass. 02160 I!I 

l ________________________________________________ _ 
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Theories of Nuclear 

Fission 
By LAWRENCE WILETS. Bringing into focus 
the foundations, assumptions, weaknesses, 
and failures of the current models of the fis
sion "process, this book covers the classic 
drop, adiabatic, non-adiabatic, and statistical 
models. The authors discuss and interpret 
reaction widths and outline future avenues of 
research. Oxford LibrG1'Y of the Physical 
Sciellces. 43 text jigll,'es. $2.90 

Atmospheric Radiation 
Volume I: Theoretical Basis 
BII RrCHARD GOODY. Solar electromagnetic 
el�ergy, its interaction with a planetary at
mosphere, its subsequent redistribution, and 
its ultimate return to space in the form of 
low-temperature radiation is described by 
the director of Harvard's Blue Hill Observa
tory. Deductive in his treatment, the author 
relates conclusions to fundamental laws of 
physics. He covers theories of radiative 
transfer, gaseous absorption, scattering by 
molecules and droplets, radiative equilib
rium, and interaction between fluid motions 
and a radiation field. Extensive appendices. 
Oxford MOllographs on Meteorology. 

125 text jigllres. $12.00 

Dese rt Animals 
Physiological Problems of 
Heat and Water 
B1' KNUT SCHMIDT-NIELSEN. An intensive 
st�dy of desert mammals, birds, and reptiles 
which thrive in spite of excessive heat and 
lack of water. Professor Schmidt-Nielsen 
explains the life and habits of desert animals, 
the difficulties they face in their hostile en
vironment and their peculiar solutions to the 
physiological problems of water and heat. 
Convenient summaries are provided at the 
end of each chapter. 8 plates. 51 jigll,·es. $7.20 

The Friction and 

Lubrication of Solids 
Part II 
Bv F. P. BOWEN and D. TABOR. Detailing 
th

-
e adhesion mechanism of friction for met

als, the authors show how far these concepts 
may be applied to the frictional behavior of 
non-metals. The authors discuss recent ex
perimental studies of smooth surface and 
topography; adhesion of molecularly smooth 
surfaces; friction and adhesion in high vac
uum; effect of surface imperfections on bulk 
strength structure; orientation and lubri
cating properties of surface films; behavior 
of lamellar solids, and friction at great 
speeds. I"tenlGtiollal Series of M ollog.-aphs 
on Physics. 40 half-tones, $13.45 

Oxford University Press . New York 
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is to catch water vapor, which is salt
free, as it rises from the sea, conduct 
it to some place where cooler air will 
condense it and then run off the prod
uct to where it is needed. The key ap
paratus is a chimney, which is to be 
filled with steam. Bernal asks us to 
imagine a desert coastline with a cliff or 
bluff rising to a hill plateau perhaps 
3,000 feet high. Such configurations 
are found on many desert coasts of the 
world: in Arabia, North Africa and 
Australia. In front lies .a beach or 
marshy coastal plain and behind there 
is a desert. "All that is needed he;'e 
is to build an arched tunnel for the 
steam all the way up the side of the 
hill. Water from the sea, superheated 
by the sun, is allowed to flow into pits 
where it meets a stream of preheated 
dry air and 'evaporates, leaving the salt 
behind and turning into vapour which 
can be further heated by the sun. The 
mere existence of the chimney will en
sure that a steady stream of water va
pour will flow right up to the top . There, 
all that is necessary is to reverse the 
process and condense the vapour to 
water again ." The sequence of events is 
not unlike the evaporation of water from 
the sea and its cOT\densation as rain on 
high coastal mountains. Here one di
rects the water vapor and does not just 
let it go loose. "The whole process 
would be completely automatic, would 
require no power and no attention. The 
sea-water would just run in at the bot
tom and the fresh water would run out 
at the top." 

Obviously' such a scheme presents a 
large number of difficulties, some pure
ly technical, some economic. Bernal be
lieves they can be overcome. For in
stance, the channels for the vapor have 
to be very big and might be enormously 
expensive. Perhaps thin plastic sheet
ing could be used to cover a light frame
work, providing a series of channels 
dozens of yards across .  No doubt this 
would be an expensive means of getting 
water compared with nature's way of 
picking up the vapor and dropping it 
somewhere else as rain; but if nature 
were so obliging everywhere, there 
would be no shortage of water. At any 
rate, an enterprise such as this would 
be suitable where it paid most to get 
water, that is, in desert regions near the 
sea. In such regions, Bernal points out, 
there is not so much need for subsist
ence agriculture as there is for vege
tables and other cash crops. 

Wordsworth described a philosopher 
-by which he meant a natural philoso
pher, not a metaphysician-as "one that 
would peep and botanize upon his moth-

er's grave." Scientists will dare almost 
anything to find out. That is how we 
come to such ingenious concepts as the 
cobalt bomb. There are other dangers . 
For instance, if you seriously entertain 
the notion of making people immortal, 
you threaten to make the entire globe 
as c

'
rowded as Coney Island and ·life 

itself such a bore that man will yearn 
for the happy days when it was merely 
nasty, brutish and short . James S .  
Hayes's scheme for immortality avoids 
certain of the obvious disadvantages. It 
depends to some. extent on the large
scale use of telepathy.and the design of 
a high-capacity channel for the trans
mission of information from one brain 
to another. 

Consider the following situation. 
"Your body, by now perhaps 130 years 
old, and consisting for the most part of 
prosthetic devices, . is lying partly in a 
hospital bed and partly on the surround
ing shelves and tables. It  will soon be
come impracticable to maintain the nec
essary oxidative reactions in your brain. 
Someone younger is wheeled in, his own 
mental activities are temporarily sus
pended and the process of transferring 
to his brain the whole of the informa
tion content of your own begins .  As.it 
nears completion, you begin to be aware 
of sensations deriving from his extero
ceptors and proprioceptors as well as 
your own. You see with his eyes, hear 
with his ears. A sympathetic technician 
asks what was formerly the other fel
low's body how you are feeling, and on 
receiving a satisfactory reply turns off 
what was, a few minutes ago, your 
heart. After a short rest period, the tem
porary block on access to the experi
ences acquired by your new body on its 
own account is removed, and you begin 
to remember having been him as well as 
yourself. But this in no way diminishes 
you, nor decreases your certain knowl
edge of your own existence. The process 
must clearly be symmetrical : to your 
host he is still himself with an extra 
lifetime of experience to draw upon." 

One can think of personal identity as 
consisting of an ordered store of infor
mation. If this information can be trans
ferred in toto to some other chap, the 
donor can be said to have been pre
served even though his chassis is  aban
doned and "dies ." Of course, one does 
not have to transfer everything; in fact, 
this would be difficult. Moreover, one 
can imagine transferring the same parts 
to many people, so that one personal 
identity could simultaneously be made 
available to several brains and simul
taneously inhabit many bodies .  "A time 
may come when almost every person 
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If she can speak fluent Chinese, why can't you? 
She learned it at her mother's knee. 
Began in the usual way with Yl!i � 
(Mama,ofcourse)andnowatfour, 
she chatters like a bird, while 
Chinese is still Greek to you. 
Until you go to Berlitz. 

I n a matter of months you can 
out-converse this little girl. Tell 
her mother a few things, too. 
That quickly. 
How? Well first, Berlitz lessons are 

generally private. You get more 
concentrated tcaching time than 
even a mother could spare. Second, 
you're an adult now. You 
understand language and learning 
concepts and you have a wide 
vocabulary in your native tongue. 

The Berlitz method makes 
use of your adult abilities to 
teach you to speak 
a new language. The way you 
learned English as a child. Without 
verb drills, translations or 

academic atmosphere. Just lots 
and lots of conversation. 

You may want to do business in 
Hong Kong-or read 1'L 'k :r in 
the original. Or be fascinating 
in French or spout Zen in Zulu. 
Berlitz will teach you to speak any 
language in the world. Now. 
Just look us up in your local 
directory. It's enrollment week. 

Baltimore, Beverly Hills, Boston, 
Chicago, Cincinnati, Cleve/and, 
Dallas, Denver, Detroit, East Orange, 
Houston, Los Angeles, Manhasset, 
Mexico City, Miami, Minneapolis, 
Milwaukee, Montreal, New York 
(Rockefeller Center; Wall St. area), 
Ottawa, Pasadena, Philadelphia, 
Pittsburgh, QUlibec, St. Louis, 
San Diego, San Francisco, San Juan, 
Seattle, Stamford, Toronto, 
Washington D.C., White Plains. 

Berlitz 
FOR LANGUAGES 
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• Arranged for easy reference 
• C o m p l e te l y  c r o s s 

indexed for speed and convenience 
• Nearly 500' mathemati

cal diagrams 

Never before have you had 
a reference book l ike this 

T H E  U N I V E R S A L  
E NCYCLOPEDIA 

OF MATHEMATICS 
With Foreword b y  J a m es R. Newm a n ,  

Editor o f  The W o r l d  o f  Mathematics 

HERE is t h e  f i r s t  c o m p l e t e ,  i n stant
reference mathematics book of its  kind 

-arranged in alphabetical order of subjects, 
and compiled for the student, scientist, engi
neer, accountant, everyone for whom mathe
matics has retained its fascination. 

This clearly written, easy to understand 
lexicon of mathematics explains design and 
operation of calculating machines, conic sec
tions, fractions, mathematical induction, 
polygons, number systems, logarithms, lin
ear transformations, equations, binomial dis
tribution, Archimedes' spiral, computation 
of interest, the indefinite integral, Pascal's 
triangle, rigid motions, Platonic solids, use 
of determinants, nature of vectors, trigono
metric relations, and many more concepts, 
methods, and applications of mathematics. 

At only $8.95, this superb new book is 
comparable to text or reference volumes 
that sell for $25.00 and more. James R. 
Newman says in his foreword "It is a prize 
I wish I had when I was a student, and even 
now I look forward to having it on my 
shelf." 

S E N D  NO MO N EY 

- Examine at Home for 1 0  Days 
Every page is crammed with vital facts, 

figures, formulae, functions. Space can't be
gin to describe the wealth of valuable infor
mation you get in this unique guide. Judge 
it for yourself, at home, for ten days without 
cost. At all bookstores, or mail the coupon 
today - without money - to : SIMON AND 
SCHUSTER, Inc., Publishers, Dept. 90, 630 
Fifth Avenue, New York, N. Y. 10020. 
- l O-DAY EXAM I NATION PRIVILEG E .., 

I SIMON A N D  SCH USTER, I nc., Dept. 90 I I 630 F ifth Avenue, New York, N. Y. 1 0020 I I t��t��s�i ��C�bL�p�mA E6���a4��M��� I I ���s %\�h��nf� :�it!g� :�� ��t�dfin�)m�� t��� I I ment in full, or return book and owe nothing. I I Name . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . .  I 
I (please print) I I Address . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  I I City . . . . . . . . . . . . . . . . . .  Zone . . . . .  state . .  . . .  I 
I D g�y�C

e�t �;��ll
A!Ph:n

A��: :R�O:il �l3�i�; I I ���!:d�' Same return privilege with refund guar- I L.. _ _ _ _ _ _ _ _ _ _ _ _ _ _  � 
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one meets will have at least some part 
of his identity in common with oneself. 
Under these conditions the death of a 
body would not be a reason for grief, as 
now death is a reason for grief." 

The preservation of personal identity 
is circumscribed by certain theoreti
cal considerations .  Quantum-mechanical 
principles set an upper boundary to the 
information-storage capacity of the hu
man brain; hence there is "an im
passable limit to the number of 'life
experience units' which could be made 
available in their entirety to any single 
human body." There is at least one safe
guard against the absolute tedium of 
immortality. We cannot store up in one 
little head all the ramifications of the 
tensor calculus and how Aunt Gussie 
felt about the stays in her corset evelY 
time she sat down. Another possibility
the perpetuation of life experience in 
the memory banks of giant computers
will not suffice to preserve every sigh; at 
some point "even a solid sphere of or
ganized matter expanding at the veloc
ity of light will be inadequate to contain 
us all ." The properties of the universe 
will therefore reinstate an equivalent of 
death . We will be forced to toss out of 
the great attic of memory some of the 
toys we judge to be no longer useful . 
Death will not lose out entirely; al
though it will "have lost its personal 
sting." 

Three other selections deserve men
tion ; indeed, they are entitled to a thor
ough discussion, but I can mention them 
only in passing. Harlow Shapley con
jectures about Lilliputian stars that may 
bear life . Eugene P.  Wigner links the 
mind-body question to quantum me
chanics and argues for the effect of con
sciousness, in a non-ESP sense, on phy
sical phenomena. David Bohm proposes 
a topological formulation of the quan
tum theory. 

There is one final point in favor of 
Good's collection. Not a single essay in 
it relates to astronautics. Perhaps this 
is an indication that the frontiers of the 
imagination will someday not be con
fused with those of space. 

Short Reviews 

T
HE ROOTS OF EVIL : A SOCIAL HIS-
TORY OF CRIME AND PUNISHMENT, 

by Christopher Hibbert. Little, Brown 
and Company ($6.95 ) .  Can a gregarious, 
aggressive species such as man develop 
a civilization? Yes, if the advantage is 
great enough and the intellectual pre
requisites are available. Man comes to 
love his in group and that piece of altru
ism in him forms a base for an evolving 

civilization. But man also tends to fear 
and thus to hate the strange, the out
group-not only his certain enemies but 
also all those who thwart him : the crimi
nals, the heretics and the insane. Nor 
does he readily extend his altruism to 
cover barbarians and remote peoples. 
This well-documented, fact-packed book 
traces for 1 ,000 years the history of 
man's response to those who offend his 
will and who today, when civil progress 
has at last arrived, break his laws. The 
volume tells the history of man's heart
less cruelty to this outgroup against 
which his hatred is so readily evinced 
and which, only slowly and with diffi
culty and not yet completely, he brings 
within the scope of his understand
ing and compassion. "Reform," as the 
spread of this understanding of the 
offending minority is called, is hardly 
more than a matter of the past two cen
turies within the millennium under con
sideration, and the shift of punishment 
away from cruelty and mayhem, of jus
tice away from venality and of the law 
away from retribution that does not de
ter has been slow. It has today at its 
best scarcely more than reached the 
point at which society forgets about the 
criminal, putting him away in a crowded 
crime school where he learns to hate the 
social system and where the young in 
misdeed are taught by habituated male
factors the ways by which to succeed at 
the expense of the enemy, society. 

Hibbert writes well, and half as many 
facts in his hands would be convincing. 
In England up until the 15th century 
one was fined for aggression-l 00 shil
lings for a murder, 50 shillings for an 
eye gouged out but only sixpence for the 
removal of a toenail . Thereafter punish
ment became more severe . With heresy 
added to treason as a crime, torture be
came a preliminary to hanging, drawing 
and quartering, with the head, pre
served by parboiling, stuck on a spike on 
London Bridge. People in the pillory, 
with feet not quite on the ground, were 
degraded by having offal thrown at 
them and were occasionally killed by 
stoning. After a hanging the crowd 
sometimes fought for the body of the 
deceased. The finger bone of a murderer 
in one's purse was supposed to keep it 
from ever being empty, and it could 
not be empty with such a precious relic 
always unspent. Reform, as it inched its 
way in, concerned the law, the police 
and the prisons. When the court pro
nounced a man innocent, he still had to 
pay the jailer for his keep before he 
could be let out. Maybe he had spent 
weeks chained spread-eagled to the 
damp, rat-infested floor, with heavy iron 
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@ Special Report: 
How U. S.  Steel put 
3 lbs. of steel 
into a I-lb. package 

Long ago it was discovered that the strength 
of steel could be tripled by adding alloys and 
heat treating. But not until recently have heat

treated alloy steel structural shapes been 
available. The light, non-symmetrical shapes 
warped easily from the quenching and usually 

wound up looking more like spaghetti than steel . 
Now U. S. Steel has solved the problem. The 
result is a new engineering material, available 

only from USS, that puts 2 to 3 times more 
strength to work but doesn't weigh an ounce more. 

Look at these "old" and 
"new" sections, for example, 
used in subway car under
frames. The old section 
(left) was built up from 
rolled channels and press
formed plate steel, welded 
together. The new sec

tion (right) is a heat
treated alloy steel 

shape only about half as heavy, and 

just as strong. 

In a television broadcasting tower 
use of heat-treated alloy steel 
shapes cut steel weight 50 % in the 

@ T h I S m ." k l e I l S YOU ll P'Oduct , s m a d e Of mOde r n o depcnd3 b l e Steet  

l ower 187 feet.  Used just for end posts in a fleet 
of railroad commuter cars, they trimmed 360 lbs . 

off each car. A crane boom manufacturer used 
heat-treated alloy shapes to cut his welding 

cost 50 % .  A heavy - du ty truck builder 
used them to solve a 

severe impact problem, 

and eliminated a 
brake-forming 

operation in the 

bargain. 

Savings as high as 30 % aren't unusual 
when heat-treated alloy steel shapes 
replace sections that previously had to 

be fabricated by cutting and welding 
alloy steel plates. Many small rolled 
shapes can now be obtained for sections 

that were impractical to fabricate 
in the past. 

Heat-treated alloy steel shapes 
culminate a U. S. Steel development 
program that began a decade ago with the 
introduction of USS "T- 1 "  Steel, 3 times 
stronger than carbon steel and possessing 
remarkable toughness. "T- 1 "  steel as 

well as other alloy steels that 
develop mechanical properties 
through heat treatment are 
now available from U. S. Steel 
as rolled shapes. Another USS 

innovation has led to the first 
quenched and tempered alloy 
steel bar flats. In their most 

unusual use so far, the thinner, 
stronger sections permit extra visibility 

through the bars of a gorilla cage. 

United States Steel has been 
o introducing an average of two new or 

improved products each month, and we 
suggest innovations in the use of all steel 

products. If you suspect you could benefit 
by this type of thinking, do business 
with U.S. Steel . . .  where the big idea is 

innovation . United States Steel , 525 

William Penn Place , Pittsburgh, 
Pennsylvania 15230. USS and 
" T- l "  are registered trademarks. @ United States Steel 
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bars across his thighs, unless he could 
pay for easement, and the owner of the 
prison had bought it from the govern
ment because it was so profitable. 

Hibbert is a bit grudging about ad
mitting modern progress, although the 
contrasts in his descriptions show cruelty 
eventually greatly diminished. The need 
now as then is for understanding. Tout 
comprendre, c'est tout pal·donner. Pa
role is the modern means for reducing 
the recurrence of crime, but there is 
seldom enough money to make it work 
well. Behind parole there needs to be 
understanding of the criminal mind. 
Hibbert is clear about the cult of crimi
nality, and how the public has for cen
turies added to the vanity of wrong
doers, how a youth maims and injures, 
not for goods or money but for glory 
in the eyes of his gang. But Hibbert 
does not concentrate on the principal 
item in the criminal's psychology: his 
lack of social conscience, his egoistic 
disregard of the feelings of those who 
constitute his outgroup. Psychologists 
know a good deal now about how con
sciences are formed, but of course this 
knowledge alone is not enough to solve 
the problem. No punishment will pro
vide a man with a new set of parents 
and a changed childhood. Nevertheless, 
something can be done by devising a 
belated substitution for a deleterious 
past, but that unfortunately requires a 
larger investment than society is yet 
willing to make. 

T
HE YEAR OF THE GORILLA, by George 
B. Schaller. The University of Chi

cago Press ($5 .95) .  Last year Schaller 
published The Mountain Gorilla, a field 
report of his observations during two 
years of an expedition in East and Cen
tral Africa. Although primarily a techni
cal study of the behavior and ecology 
of the gorilla, it is a rewarding book 
for any reader curious about natural 
history. The present volume attends to 
the more personal side of Schaller's ad
venture-how he and his wife lived, his 
encounters with the native peoples, his 
moods and thoughts as he came to know 
the incredibly varied, teeming plant and 
animal life of Africa. Much of the ma
terial consists of descriptions, which, al
though skillfully handled, are often long
winded, and the aperture to the man 
himself is constricted. One of the reveal
ing things about his personality is that 
he manages to say almost nothing about 
his wife, who spent the greater pad of 
two years in a wretched hut in damp 
African hills (like Mrs. Tarzan) cooking, 
mending,; patching, fighting rain, heat, 
insects and other hardships mostly wait-

NEW REfERENCE WORKS fOR MA THEMA TlCIANS 
From the International Series 01 Monographs on Pure and Applied Mathematics: 
Volume 4 
INTEGRAL EQUATIONS A N D  THE IR  A PPLICATIONS TO CERTA I N  PROBLEMS I N  
MECHANICS, MA THEMA TICAL PHYSICS A N D  TECHNOLOGY, Secon d Revised Edition 

By S .  C. Mikhli n ,  Leningrad. Translated by A.  H.  Armstrong 
The major part of this book is devoted to practical applications of integral equations, concentrating mainly on problems 
in the theory of elasticity and hydrodynamics, the fields in which such applications are particularly numerous. It 
furnishes all the fundamental faCls of the theory of integral equations, and also methods for their approximate solution. 
A Pergamon Press Book. 341 pages, $12.50 

V olume 46 
FU NCTIONAL ANALYSIS IN NORMED SPACES 

By L. V. Kan torovich and G .  P. A k hilov, Moscow 
' Primarily devoted to the theory of normed spaces, this book covers the main facts of the theory as originally developed 

by Reiz and Banach. It  also takes into account the recent work on the subject dealing with the theory of operations 
and with the theory of functional equations. A Pergamon Press Book. 465 pages, $20.00 

Volume 53 
MATHEMATICAL FOUNDATIONS OF THERMODYNAMICS 

By R .  Giles, University of Glasgow 
In a wholly new approach to the subject, this treatment combines a rigorous mathematical structure with a set of 
"rules of interpretation" which explain how the mathematical concepts are related to experience. The first section 
examines the ideal form for a physical theory and establishes certain rules which should be satisfied by such a theory. 
In the second part, the existence of an entropy function, components of content, and components of potential is 
established. A Pergamon Press Bool,. 248 pages, $10.00 

L INEAR REPRESENTATIONS OF THE LORENTZ GROUP 
By M .  A .  Nai mark, Moscow. Translation edited by H.  K .  Farah at 
This book is a self-contained exposition of recent work by the author and others on the representation theory of the 
Lorentz groups. Most of this work has hitherto been available only in widely scattered j ournal articles. CONTENTS : 
The Three·Dimensional Rotation Group and the Lorentz Groups ; The Representations of the Three-Dimensional Ro
tation Group ; Irreducible Linear Representations of the Proper and Full Lorentz Groups ; Invariant Equations. A 
Pergamon Press Book. Forthcoming, probably $14 .50 

Other Titles of Special Interest: 
REPR ESENTATIONS OF THE ROTATION A N D  LORENTZ GROUPS A N D  THEIR  
APPLICA T IONS 

By I .  M .  Gel'fa n d ,  R .  A .  Min los, and Z. V a .  S hapiro, Moscow 
Embracing general invariant equations as well as quantum mechanical theory, t h is distinguished book provided a 
coherent introduction to the general theory of representations of the Lie Group. In its analysis of the linear representa. 
tions of the three-dimensional Rotation and Lorentz groups, the book develops mathematical proofs in step-by-step 
detail and elaborates the relationships with other areas of theoretical mathematics. A PergamoTt Press Book. 366 pages, 
$10.00 

PRINCIPLES OF DYNAMICS 
By R odney l-liJI, University of Cambridge 
In this book, the author presents dynamics as a classic model of the scientific theory. Emphasis is placed on the funda
mentals and logical structure of the subject. Topics in the gravitational theory of planetary systems, and in dynamics 
of mass-point and rigid bodies, are used to illustrate basic principles and act as pointers to present-day research.  A 
Pergamon Press Book. 200 pages, $6.00 

THE MA THEMA TICAL WORKS OF J.  H. C. WHITEHEAD 
In  fou r  volumes, with a Mathematica l Appreciation by J o h n  W .  Milnor, Princeton University 
Edited by I .  1\1 .  James, The Mathematical Institute, Oxford 
These volumes are believed to contain all the published mathematical work of J . H. C .  Whitehead, excluding re
views and lecture notes. No corrections or other alterations have been made except thosc which were, in some 
sense, authorizeo. The introductory section contains a list of Whitehead's works, in chronological order of writing, 
and that order has been followed in the arrangement of the papers except where it seemed desirable to bring re-
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a��r::diC'.a?��::ie+:;�o����me 
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ume: 612.50; The set: $45.00 

TOPICS IN H IGHER A N A LYSIS 
By Harold K .  Crowder a n d  S .  W. MeCuskey, Case Institute of Technology 
This book covers standard topics in analysis for students of science and engineering. Complex numbers and the as
sociated calculus, as well as vectors and the associated calculus, are introd uced early and used wherever essential. 
It  includes a substantial treatment of infinite series and improper integrals. AllendoerJer Advanced Series. 561 pages, 
$10.00 

A BSTRACT A LGEBRA 
By 'V. E. Deskin s ,  Michigan State University 
The author makes deep·lying concepts and results of modern (and classical) algebra available to those whosf' education 
may not have proceeded beyond college algebra. He stresses the central theme of factorization, utilizes a number
theoretic viewpoint, proceeds from the familiar to the abstract, shows the importance of analogy in the development of 
mathematics, and includes n umerous examples and heuristic discussions. AllendoerJer Advanced Series. 624 pages, 69.95 

REGULAR POLYTOP ES, Second Ed ition 

By H .  S .  M .  Co:xeter, Professor of Mathematics, University of Toronto 
Here is a new edition of a beautiful work in the field of geometry by one of the world's major geometers. It  provides 
an introduction to the theory of groups, and most of the chapters end with historical summaries, showing which I)arts 
of the subject are already known. The Second_.Edition contains eight plates and n umerous diagrams. Macmillan Mathe
matics Paperbacks. 343 pages, $4.50 

THE THEORY OF RINGS 
By Neal H .  McCoy , Gates Professor of Mathematics, Smith College 
The material presented here is a supplement to that portion of ring theory which is introduced in the usual course in 
abstract algebra. Except for parts of the first three chapters, there is little overlapping either in content or in approach 
with the material of the author's Caws Monograph, Rings and Ideals. Macmillan Mathematics Paperbacks. 1 73 pages, 
$3.50 
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Of cou rse you know someth ing 
about atoms hypnotherapy 

physica l theory imperia l  Ch ina 
menta l  i l l ness existentia l ism 

city l ife fami ly  dynam ics h istory 
of science unsolved mathematica l 

prob lems. Get to know more. 
Start here. 

SCI ENCE EDITI��NS 
Latest volumes in the outstanding ser ies of qual  ity paperbacks. 
ATOMS, RADIATION AN D N UCLEI . T. H .  Osgood, A. E. R u a rk, and E .  H utchisson. 
Based o n  Bla ckwood ' s  An Outl i n e  of Ato m i c  Physics,  this book ra nges across the 
ato m i c  nature of m atter, t h e  Boh r model of t h e  ato m ,  x·rays, waves, the periodic 
system, a p p l ications of n u clear physics, and much else.  $2.25 

HYPNOTH E RAPY: A Survey of the Literature.  M a rga ret Brenman a n d  Merton 
M. G i l l .  "Th i s  i s  the a n swer to the oft-heard i n q u i ry ,  'Where can I read someth i n g  
scie ntific a bout hypnosis?'  "-Cl i n ical  Medic ine.  " . . .  a sol i d  fou n dation from w h i c h  
t o  view the l e s s  orga n ized a n d  m o r e  specta c u l a r  state ments now b e i n g  p resented ." 
-Psychoana lytic Revi ew, $ 1 .65 

T H E  NAT U R E  O F  PHYSICAL TH EORY. Percy W. Bridgm a n .  A non-tec h n ical study 
correlat ing rea l ity with theory propoun ded d u r i n g  t h e  last 50 years. It poi nts up the 
a bs u rdities of science, a n a lyzi n g  the i n a b i l ity of th eory to a n swer al l  q u estions - yet it 
credits th ese th eories with rendering rea l service i nside a l i m ited frame of reference. 
$ 1 .45 

SOCIAL CLASS A N D  M ENTAL I LLNESS. August B .  Hol l i ngshead and Fredrick C. 
Red l i c h .  S h ows h ow m e ntal i l l n ess is related to soc i a l  c lass a n d  h ow the patient's posi
tion in the status system affects h ow he is  treated, h ow he res ponds,  and h ow social  
class affects both thera p i st a n d  patient. ( Fi rst part of a 2·vo l u m e  work.  Pa rt 2, Fa m i ly 
a n d  Class Dyn a m ics i n  M enta l I I l n es�, a lso a p pears i n  a Science Edit ion.)  $ 1 .95 

EXISTENTIALISM A N D  EDUCATION . George F. K n e l l er. The fi rst fu l l -sca l e  i ntro
duction a n d  expla nation of h ow education i s  affected by the existentia l ist point of 
view. As a SU bstitute for methods of grou p'oriented educati o n ,  the author p rescri bes a 
concentration on the i n div idual  as a u n iq u e  personal ity. $ 1 .45 

G ROWI NG UP I N  T H E  CITY. Joh n Ba rron Mays. A study of del i n q u en cy in the 
city, the book shows h ow juve n i l es l ive and spend l e i s u re t i m e  - then assesses what 
pa rt d e l i n q u e nt behavior p l ays i n  sati sfyi n g  their  n eeds. A poss i b l e  m ethod i s  outl i n ed 
for tackl i ng the u rgent problem of persistent juve n i l e  m i s beh avior. $ 1 .65 

FAM I LY A N D  CLASS DYNAMICS IN M ENTAL ILLN ESS . Jerome K.  Myers a n d  
Bertra m H .  Roberts. A sea rc h i ng l o o k  at the relationsh i ps betwee n socia l  psychodyna m i c  
forces a n d  psyc h i atric i l l n ess i n  the l ower m i d d l e  a n d  lower classes. Major factors 
exa m i ned:  the patient's position and h i s  mobi l ity in the class structure. $ 1 .95 

THE LAD D E R  OF SUCCESS IN I M P E R IAL C H I NA: Aspects of Social Mobil ity 
1368· 1 9 1 1 .  Pi ng-ti Ho. Bea ring stro ng pol it ical  overtones for today, the book covers 
the natu re a nd extent of socia l  mobi l ity th rough 500 years of C h i nese h i story. It  i s  t h e  
most com p rehensive to date, as it explores systematica l ly a fa r w i d e r  r a n g e  of C h i nese 
sources th a n  has been u sed by other  scholars.  $ 1 .95 

A H I STORY OF SCI ENCE. George Sa rto n .  In effect a h istory of cu lture fro m the 
scientific point of view, th is  book ra nges from p re h i sto ric t i m es th rough t h e  Golden 
Age of G reece. I t  i s  a fascinat ing na rrative of man's cu riosity at work.  $2.65 

PROBLEMS IN MODERN MAT H EMATICS. s. M .  U l a m .  Revised a n d  re·edited 
by the d i sti ngu i s h ed mathematicia n-author,  this edition conta i n s  m a ny problems n ot 
fou nd in the origi n a l ,  h a rd bound book. It s h ows that u n solved problems a re the l ife 
of mathematics; they crysta l l ize a n d  s u m m a rize the d ifficu lties i n h erent in various 
fields. $ 1 .45 

For fu l l  i n formation o n  a l l  73 Science Edit ions,  write to R .  Werner at this address: 

JOHN WILEY & SONS,  INC • •  605 TH IRD AVENUE . N EW YORK, N.  Y. 10016 
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ing for Schaller to come home. A woman 
who can do that is more amazing than 
any creature Schaller found on his ex
pedition. 

T
HE AMERICAN LANGUAGE, abridged 
by Raven 1. McDavid, Jr. Alfred A. 

Knopf ($12.95 ). A revised and short
ened version of this work, the fourth 
edition of which came out in 1936, fol
lowed by two supplements in 1945 and 
1948. The American Language, as the 
editor says, is uniquely H. L. Mencken's 
and at the same time a work of serious 
scholarship "that underwent progressive 
modifications in successive versions." 
Even in the past 15 years, however, dur
ing which nothing was added to it 
(Mencken had his first paralytic stroke 
and never wrote again after the appear
ance of the second supplement), our lan
guage has changed, the great diction
aries such as the Oxford and 'Webster's 
have either been revised or are in the 
process of revision, new scholarly lexi
cons (for example The Dictionary of 
Americanisms) have been published and 
entirely new approaches have been de
veloped in linguistics . These circum
stances set many obstacles in the path 
of the editor. He was not content simply 
to abridge Mencken's text; on the other 
hand, he was not prepared fully to in
corporate the linguistic advances and 
language changes of the past 15 years, 
since this would have required drastic 
alterations .  He has compromised by con
densing the three original volumes, 
"with updating where necessary and 
editorial commentary at critical points." 
Thus we have a generous measure of 
the old dish and a fresh seasoning of 
recent scholarship. 

B
IOASTRONAUTICS, edited by Karl E. 

Schaefer. The Macmillan Company 
( $ 1 6 ). Arthur C. Clarke once suggested 
the image of the gravitational pit from 
which the man-carrying vehicle must be 
Hung in order to attain the surface of 
an indefinite, extending smooth Hat 
plane. It is hard enough to get out of 
the pit, but the astronaut's troubles 
really only begin when he glides around 
the Elysian fields. He is, after all, an 
organism designed for the solid earth 
and the ocean of air, and the physiologi
cal and psychological effects of moving 
about weightlessly in empty space are 
inordinately complex and largely unfore
seeable. This book discusses some of the 
most important aspects of the biology 
of Right, including acceleration stresses, 
vibration and noise, heat tolerance and 
heat protection, radiation exposure, the 
biological effects of magnetic fields and 

© 1964 SCIENTIFIC AMERICAN, INC



Norbert Wiener 

died this Spring. 

One of the world's 

ranking mathematicians,  

Norbert Wiener was 

also a l i nguist,  a 

philosopher, a l i terary 

schol ar,  a scientist  with 

a consc ience,  a genial 

and witty man, 

a grandfather.  

Norbert Wiener died �. . \\ 
. .. 1 1  _ ���-fS#, \ i..�_ � 

this  Spring. 
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( DOt 'er ) : C Y B E R N E T I C S  ( Th e  :: . ,: . " f;�  
M . I . T. Press ) ;  E X T R A P O L A T I O N ,  ,I � ,.  
I N T E R P O L A T I O N ,  A N D  S M OOTH-

ING O F  S T A T I O N A R Y  T I M E  

S E R I E S  W I T H  E N G I N E E R I N G  

A P P L I C A T I O N S  ( Th e  M . i . T. Press; 

ava i lab le  in M I T  paperbound 
under the  t i t le T I M E  S E R I E S ) ; 

T H E  H U M A N  U S E  OF H U M A N  

B E I N G S  ( H ollghton Mi!JIin; 

second revised ed i t ion,  
paperbound,  DOllhleday ) ;  

E X - P R O D I G Y  ( Th e  M . I .  T .  Press ) ; 

I AM A M A T H E M A T I C I A N  

( Dollbleday; M I T  paperbound,  
The M.I .T.  Pren' ) ; 

NON L I N E A R  P R O B L E M S  I N  

r���S:f�0i��f�t" I I I I I I I ( Th e  M.i . T. Press ) . 
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I l �- I( ! mode.ls for large and complex systems and  operat ions. for 
exa mple ,  t he taboratory is-using' such'techniques to eva l uate - x  

j penetration of-enemy defenses by air vehic les i n  a l i m ited- --
war Jnvi�orimtentt . 

--.� 
I . �deJjng tecbniques a lso are be ing appl ied to exa m ine 

th, e[ept§ ,o,f ,nat�r� 1 environments on system operat ions,  to 
deter� iln,t} £�eJDjJa ll m u n it ions req u i rements, and to eva l uate ASW, operations 

Mathe4 icall models us ing extensive digital  comput ing 
fac i l i� le� jwor� 'a lpngside wind tunne ls ,  experi mental  radars,  
radar cros�-sect ion ra nges, lasers, and experi mental a i r-[- pJaJJ!:�:r lhese too ls  of t h9 trade are sk i l l fu l l y  used by some 

, 1 ,490 1 � b,Qrat,()ry !"n17i ne"rs and scient ists engaged in  e lectron-l - v '·- � i ' M 2 · rt 3 , h-tpq'; 5 , k H I " ics,-tl ight researchr-Iow-speed aerodynam ics,  hyperson ics ,  
�' com puter-!c i e n ce s ,  a p p l i e d  phys ics ,  operat i o n s  resea rc h ,  

appl ied-meth1Hlits,  t ra nsportat ion and system research .  I d :: t .6 . I . . . 
If you-ar�"skl lied m developmg and usmg t h e  too l s  of ap-

p l ied reseal-ch,.we i nvite you to mai l  the  coupon below. It wi l l  
br irig y b u  krti�terelt i n g  briefi ng on th i s  u n ique  research tea m .  

L!s'" j +0 S k . .J 
'1 bl '- -W' - h' .... . "r--r-�-ome' Posl. hons a re ova l a e at, our as ' "9ton 

.... ____ ....... P!ojects Office as wel l  as ; i n  Buffa lo .  
• 

I s  O< x < W + ! " 1 J1&.., [ve t: i p ;) 
-.CORNELLAERONAUTICAL- . ABORj ATORY,�INC.-

J FS  t I I SW - ! ? • ", I I t ATf'q -C 
: ___ ....... ' y "  r L S - of Cornell University- ! 

! 1 ,.  f' / II <' I ... ! "1 1 f�O j ---' .. " 
r - - - - - - - - � �- - - - - - - - - - - - - - - - - - - - - - - - - - -

• ! -� I 
... . s. Rentschlei', y " ". MM I 
C O RN ELL AERO NAUTICAL LABORATORY, I N C ,  I 
B u ffa l o ,  N ew ,Y o r k  1 4221 � �  -. ! (I 

V - --'- -- "  I I • __ I o Please
'
send me a copy of your fact u a l ,  i l l u strated prospectus,  ',-A Com - I 

m u n ity of Science," a n d  an appl ication b lank.  r . . I 
- 0 - r. . i + A _ , ?  I I o I ' m  not i nterested i n' i nvestigating job opportun ities n<?w, _but ) would I 

"' l i ke to see your latest "Report on Resea rch at CAL." 11 I 
! I 

N a m e  . . .  r I s Jk�1 , :?.J�, I 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  , . . . . . . . . . . .  ' . . . . . . . . . . . . . . . . . . . . . . . .  " . . . . . .  " . . . .  ' . . . . . . . . . .  ' ' '  . .  ' . �. . . . . . . . . . .  I 

Street. .  

· · " " " · " · " " " '  
. .  " " " "  . . ' . . . . " '  . . " ' · l " j � )· · " :=b l 

C ity , . . . ,  • . • • •  , ' ' ' ' ' ' ' ' ""'  . . "" , , . " . " . State . . . , . , , , , , , , , . , , ' :  . . . . . . . , .. .  Zip.£gj!,e 
An Equ a L Opportu nity E m ployer I 

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _  -.!::;.�= � 2- _ _  .=:::--=- -""=---�==-�::=. 

256 

t l:i'\ I 
I 

. 1  
I 
I 

_ _  J 

the disturbance of normal physiological 
rhythms .  Two noteworthy articles are 
one on biological computers (W. Ross 
Ashby and Heinz von Foerster ) ,  a dis
cussion of the computation principles of 
living organisms and their possible em
bodiment in electronic devices, and one 
on the experience of time dilation (Her
mann von Schelling ) ,  which once more 
stirs up the twin paradox and argues 
that, however time may be affected by 
motion in the realm of physics, Ein
stein's Eigenzeit is "without a genuine 
meaning in physjology," and that the 
twins, when reunited, will be the 'same 
age. 

CHAUNCEY \VRIGHT AND THE FOUNDA-
TIONS OF PRAGMATISM, by Edward 

H, Madden. University of \Vashington 
Press ($5 ) ,  A biographical sketch and 
an examination of the philosophy of 
a 19th-century American who, by his 
writings and personal acquaintance, 
stimulated and markedly influenced a 
wide circle of thinkers, among them 
Charles Sanders Peirce, William James 
and Oliver Wendell Holmes, Jr. Wright 
was the "Socratic center" of this circle 
and is remembered alike for his keen
ness of mind, his honesty of inquiry and 
his independence. 

NOBLE-GAS COMPOUNDS, edited by 
Herbert H. Hyman. The University 

of Chicago Press ($ 12.50 ) .  Beginning 
with the discovery in 1894 and 1895 by 
Lord Rayleigh and William Ramsay of 
the Rrst of the so-called inert gases, 
argon, it was an accepted theory for 
nearly 70 years that none of these indo
lent substances would deign to fOlm 
stable chemical compounds. In June, 
1962, however, the theory was mur
dered by facts :  the Rrst true compound 
of the "inert" gas xenon was produced 
at the University of British Columbia 
by Neil Bartlett and N. K. Jha. Today, 
some two years later, it is known not 
only that xenon has a chemistry but 
also that the noble gases have a much 
richer and more complicated chemistry 
than was ever dreamed of. This volume 
consists of papers presented at a con
ference held at the Argonne National 
Laboratory in September, 1962, and 
touches on many different aspects of 
this exciting and promising new Reid. 

PUTZGER : HISTORISCHER WELTATLAS, • 

by F. W. Putzger. Velhagen & 
Klasing ($4 ) .  THE PENGUIN ATLAS OF 
MEDIEVAL HISTORY, by Colin McEvedy. 
Penguin Books, Inc. ($2 .45 ) .  Putzger's is 
the 84th edition (the Rrst was published 
in 1877 ) of this grandfather of all mod-
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Preface C h apter I. A genera l  v iew of math e m atics 1 .  T h e  characte r i s t i c  featu res  of mathemat i cs  2. A r i t h m e t i c  
3. Geometry 4.  A r i t h m e t i c  a n d  geometry  5 .  T h e  age of e l e m e ntary  m a t h e m a t i c s  6 .  M a t h e m a t i c s  o f  v a r i a b l e  
m a g n i t u d e s  7 .  Contempo r a ry mathemat ics  C h a p t e r  I I .  A n a lys is  1 .  I n t roduct ion  2 .  F u n c t i o n  3 .  L i m i ts 4 .  C o n t i n u o u s  
f u n c t i o n s  5 .  D e r i v a t i v e  6.  R u l e s  for  d i ffe r e n t i a t i o n  7 .  M a x i m u m  a n d  m i n i m u m .  I nvest igat ion  of t h e  g r a p h s  of  
funct ions  8 .  I nc r e m e n t  a n d  d i ff e ren t i a l  o f  a f u n c t i o n  9 .  Tay lo r ' s  f o r m u l a  1 0 . I n tegra l  1 1 .  I nd e f i n i t e  i n tegra l s .  
T h e  tech n i q u e  o f  i ntegra t i o n  1 2 .  Funct ions  of severa l  va r i ab les  1 3 .  G e n e ra l i za t i ons  of t he  concept  of i n tegra l  
14 .  S e r i e s  C h apter I I I .  Analyt ic  geometry 1 .  I n t roduct ion  2 .  Descar tes '  two fundamenta l  concepts  1 E l e m e ntary 
prob lems 4.  D i scuss ion  of curves  represented by 1 st a n d  2 n d  d egree  equat ions  5 .  Descartes '  method of so lv ing 3rd 

T H E  M IT PRE� I I I I I I 1 
and  4th  degree  a l ge b r a i c  equa t i ons  6.  N ewto n ' s  g e n e r a l  theory  of d i a mete rs  7. E l l i pse ,  hyperbo la  a n d  pa rabo la  8. T h e  
r e d u c t i o n  o f  t h e  g e n e r a l  2nd  degree e q u a t i o n  to c a n o n i c a l  fo rm 9 .  The  rep resenta t i on  of forces ,  v e l o c i t i e s  a n d  
a c c e l e r a t i o n s  by t r i p l es o f  n u m bers .  T h e o r y  o f  vectors 1 0 . A n a l y t i c  g e o m e t r y  i n  s p a c e .  E q u a t i o n s  o f  a s u r f a c e  i n  
a n d  e q u a t i o n s  o f  a curve  1 1 .  Affi n e  a n d  orthogo n a l  t ransfo r m a t i o n s  1 2 .  T h e o r y  of i n v a r i a n t s  1 1  
14 .  L o r e n t z  t rans fo rmat ions  C o n c l u s i o n  C h a p t e r  IV .  A l g e b r a  (Th e o ry of  a lgebra ic  equat ions )  1 .  I n l rl1rlll c t i rln  
so l u t i on  o f  a n  equat i on  1 T h e  f u n d a m e n t a l  theorem of a lgeb ra  4 .  I nves t iga t i on  o f  t he  d i st r i b u t i o n  
po lynom i a l  o n  the  comp lex  p l a n e  5 .  Approx i m a t e  c a l c u l a t i o n  of r o o t s  Chapter  V. Ord inary d i ffe rent ia l  
1 .  I nt roduct ion  2 .  L inear  d i ff e r e n t i a l  equa t i ons w i t h  constant  c oe ff i c i ents  3 .  Some gene ra l  r e m a r ks 
a n d  s o l u t i o n  of d i ff e r e n t i a l  equat i ons  4. G e o m e t r i c  i n te rp re ta t i on  of t he  p r o b l e m  01 i n tegra t i n g  d i  
Genera l i za t ion  of t h e  p r o b l e m  5.  E x i s t e n c e  a n d  u n i q u e n e s s  o f  t h e  s o l u t i o n  of a d i ff e r e n t i a l  equat i  
s o l u t i o n  of equat ions  6 .  S i n g u l a r  p o i n t s  7 .  Qua l i ta t i v e  theory  of o r d i n a r y  d i ff e r e n t i a l  equat ions  
d i fferent ia l  e q u at ions  1 .  I n t roduct ion  2 .  The  s i m p les t  equat i o n s  o f  mathemat i ca l  phys ics  3 .  I n i  
boundary  v a l u e  p rob l ems .  U n i qu e n ess of  a s o l u t i o n  4 .  T h e  propagat i o n  o f  waves 5 .  Methods  o f  
6 .  Genera l i zed so l u t i o n s  Chapter  V I I .  Curves  a n d  surfaces 1 .  T o p i c s  a n d  methods  i n  t h e  theory  0 
2. T h e  theory  of c u rves  1 B a s i c  concepts in t he  theory  of sur faces  4. I n t r i n s i c  geometry  and  
5 .  New deve lopments  i n  t he  theory  of curves  and  su r faces  C h apter V I I I .  T h e  ca lcu l us  of var iat ions 
2 .  The  d i ffe re n t i a l  equat ions o f  the  c a l c u l u s  of  v a r i a t i o n s  3 .  Methods of app rox imate  so lut ion  of pro  
c a l c u l u s  o f  v a r i a t i o n s  Chapter  IX.  Funct ions of a complex  var iab l  e 1 .  Complex  n u mbers  a n d  f u n c t i o n s  
v a r i a b l e  2 .  The  c o n n e c t i o n  b e t w e e n  f u n c t i o n s  ot  a com p l e x  v a r i a b l e  and  the  prob l e m s  of m a t h e m a t i  
c o n n e c t i o n  of f u n c t i o n s  of a c o m p l e x  v a r i a b l e  w i th  g e o m e t r y  4. The l i n e  i n tegra l .  C a u c h y ' s  f o r m u l a  
5 .  U n i q u e n es s  p ropert i e s  a n d  a n a l y t i c  c o n t i n u a t i o n  6 .  C o n c l u s i o n  Chapter  X. Pr ime  n u mbers  1 .  
of  numbers  2 .  T h e  i nves t iga t i on  of p r o b l e m s  conce r n i n g  p r i m e  n u m b e r s  3 .  Cebysev 's  method  4.  i 
5. Decompo s i t i o n  of i n tegers  i n to the  s u m  of two square s .  C o m p l ex I n tegers  C h apter  X I .  T h e  theory of  
l aws of  probab i l i ty 2. T h e  ax ioms and  b a s i c  formu las  of t h e  e le  menta ry  theory  o f  probab i l i ty  1 T h e  I 

' n u m b e r s  a n d  l i m i t  theorems  4. F u r t h e r  rema r ks on the  b a s i c  concepts  of t he  theory  of proba b i l i ty 5 .  
and  r a n d o m  p r o c e s s e s  6 .  Random p r o c e s s e s  of Ma rkov type Chapter  X I I .  Approx imat ions  of funct ions  
2 .  I n terpo l a t i o n  po l yno m i a l s  3 .  Approx i ma t i o n  of defi n i t e  i n tegra l s  4 .  The Cebysev concept  o f  best  un i  
approx i m a t i o n  5 .  The  Cebysev po l yno m i a l s  dev iat ing  l east  f rom zero 6 .  The  theorem of W e i e rst rass .  
appro x i m a t i o n  to a f unc t i on  as  re l a ted  to i t s  propert i e s  o f d i ff e r en t i a b i l i t y  7 .  Four ie r  ser ies  8 . 
sense  of the  mean  square  C h apter  X I I I .  Approx imat ion  methods  a n d  comput ing  tech n i q u e s  1 .  App 
n u m e r i c a l  m ethods 2 .  The  s i m p les t  aux i l i a r y  means  of  c o m puta t i on  Chapter  XIV.  E l ectron ic  comput ing  
1 .  Pu rposes and  b a s i c  p r i n c i p l e s  of t h e  o p e r a t i o n  of e l ectro n i c  compute rs  2 .  Progra m m i n g  a n d  cod ing  
e l ect ro n i c  mach ines  3 .  Techn ica l  p r i n c i p l e s  of the  va r ious  u n i t s  of a h i gh·speed comput i ng  m a c h i n e  
t h e  d e v e l o p m e n t  a n d  use  of e l ect ro n i c  comput i n g  mach i n e s  C h a p t e r  X V .  T h e o r y  of funct ions  of a r e a l  
1 .  I nt roduc t i o n  2. Sets  1 R e a l  numbers  4 .  P o i n t  s e t s  5 .  Measure  of s e t s  6 .  The  L e b e s g u e  i 
L inear  a lgebra 1 .  The  scope of l i n e a r  a l gebra  a n d  i t s  appa ra tus  2. L i n ea r  spaces 3. Systems of I i  
4 .  L i n e a r  t ransfo rmat ions  5 .  Quadrat i c  f o r m s  6 .  F u n c t i o n s  of m a t r i ces a n d  s o m e  of t h e i r  a p p l i ca t i o n s  
Non·Eu c l i d e a n  Geom etry 1 .  H i story  of Euc l i d ' s  post u l at e  2 .  T h e  s o l u t i o n  of Lobacevsk i i 1 Lobacevsk i  
4 .  T h e  r e a l  m e a n i n g  of Lobacevs k i i  geometry  5 .  T h e  a x i o ms o f  geometry .  the i r  v e r i f i c a t i o n  i n  t he  
t i o n  of i ndependent  geomet r i c  t h e o r i e s  f rom e u c l i dean  geometry  7 .  M any·d , m e n s , o n a l  spaces 8. 
scope of geometry  9. R i em a n n i a n  geometry  1 0. Abstract  geometry  and  the  r e a l  space C h apter  XV I I I .  
object  o f  topo l ogy 2 .  Sur faces  3 .  M a n i f o l d s  4 .  T h e  c o m b i n a t or i a l  method 5 .  Vector  f i e l d s  6 .  T h e  
of topo logy  7 .  M e t r i c  and  topo log i ca l  spaces C h apter  X I X. Funct iona l  ana lys is  1 .  n · D i m e n s i o n a l  
s p a c e  ( i n fi n i te ·d i m e n s i o n a l  space)  1 Ex p a n s i o n  by or thogo n a l  s y s t e m s  of  f u n c t i o n s  4. I n tegra l  
operators  and  fur ther  deve lopments  of f u n c t i o n a l  ana lys i s  C h apter  XX. Groups  a n d  other  a lgebra ic  
1 .  I n t roduct ion  2 .  Symmetry  and  t rans format i o n s  1 Groups  of t ransform a t i o n s  4. Fedorov groups  
groups)  5 .  Ga lo is  groups 6.  Fundamenta l  concepts  o f  t h e  gene ra l  theory  of groups 7 . C o n t i n u o u s  
m e n t a l  g roups  9 .  R e p r e s e n t a t i o n s  and  c h a r a c t e r s  of g roups  1 0 . The  g e n e r a l  t h e o r y  of  g r o u p s  1 1 .  Hype  
numbers  1 2 . Asso c i a t i v e  a l gebras  1 3 .  L i e  a lgebras  1 4. R i ngs  15 .  Lat t i ces  1 6 .  O t h e r  a l geb ra i c  sys t e m s  

MATHEMATICS : ITS CONTENT, METHODS, AND MEANING 
Published in cooperat ion with the American Mathemat ical Society 
S P E C I A L  P R E - P U B L I C A T I O N O F F E R 

Eighteen outst a n d i n g  Soviet  m a t h e m a t i c i a n s  cover twenty  pr ime subject  
areas - from ar i thmet i c  to  topology . from Bernou l l i  to  Lefschetz -

in w h a t  is certain to become a sta n d a rd reference work .  

"A survey of  the  var ious branches of m a t h e m a t i cs for  t h e  reader  who de
sires to k n ow the  r ich and  var iegated fru i t s  of c e n t u r ies of  mathemat i ca l  
act i v i t y .  T h i s  u n i q ue work  prese n t s  the  a m a z i n g  panorama of m a t hemat ics  
proper. I t  i s  t h e  bes t  a n swer i n  p r i n t  to what  m a t hemat ics  con t a i n s  both on 
the  e lementary and the  adva nced level s . "  - P rofessor Morris K l i ne .  

M A T H E M AT I C S :  I T S  C O N T E N T. M E T H O D S ,  A N D  M E A N I N G  ed i ted by A.  D. 
Aleksandrov, A .  N .  K o l m ogorov, and  M .  A .  Lavrent 'ev ;  t rans la ted by  
S.  H .  Gould ,  K .  A .  H i rsch ,  a n d  T .  Bart h a ;  t rans la t ion  ed i ted by S .  H. 
G ou l d ;  1 1 5 2  pages i n  3 vol umes.  c lothbound and  handsomely  boxed . P re
p u b l i c a t i o n  pr ice u n t i l  October 3 I ,  1 964 : $ 2 4 . 9 5  the set ;  thereafter .  $ 3 0.00 

THE M . I . T. P R E S S ,  C A M B R I D G E ,  M A S S A C H U S E T T S  0 2 1 4 2 

M a i t  to your bookse l l e r  or to 
T H E  M . I . T .  PRESS .  CA M B RIDGE.  M ASSACH U S ETTS 

Payment is enclose d .  
P lease s e n d  the 3 - v o l u m e  set 

M AT H E M ATICS.  ITS CON TENT,  
M ETHODS.  AND M E A N I N G .  

T h i s  order post marked October 3 t or  ear l ier  
o enclosed $24 .95  

Th is  order  post marked November I or tater 
o enc losed $ 3 0.00 

N A M E  _______________ __ 

ADDRESS ______________ __ 

ClTy __________ STATE ___ _ 

A 
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G R EAT M O M E NTS AT C H I CA G O  

2 5 8  

TH E PROFESSOR 
"WASH E D  

AND I R ON E D "  . . .  

In 1909 a young professor at the University of Chicago worked late, missing a 
dinner party. One of the guests was baffled to hear the explanation : "he had 
washed and ironed for an hour and a half and had to finish the job." 

Robert A. Millikan was indeed hard at work, watching an ion - an ionized 
droplet of oil suspended in air between the opposing forces of gravity. When 
the "job" was finally finished - hundreds of hours of patient observation later 
- the young professor had demonstrated for the first time the unitary nature 
of electricity, a discovery which later brought him the Nobel Prize. * The Uni
versity of Chicago provides a highly charged atmosphere for scientific research. 
And the University of Chicago Press is ever watchful for scientific develop
ments around the world. The result is books like these : 

GRAVITATIDNAL CDLLAPSE 
Edited by IVOR ROBINSON, ALFRED SCHILD, and E.  L. 
SCHUCKING. The major addresses of the 1963 conference 
on one of the most amazing discoveries of our times : 
quasi-stellar radio sources. Details to be announced. 

A MDDERN ALGEBRA FDR BIDLDGISTS 
By HOWARD M. NAHIKIAN. An advanced text, starting 
with the elements of set theory and applications of sets 
to biological models. 248 pp. $10.00 

THE YEAR D F  THE BDRILLA 
By GEORGE B. SCHALLER. "A superb book that surpasses 
any animal book I have read for a long time . . .  extraor
dinary photographs." - New Y O1'k Times. 

Illus. 270 pp. $5.95 

·MiUikan himBelf describes his many researches 
in the classic work THE ELECTRON. first pub
li4hed b1l .. the University of Chicago PreS8 in 
.1911. Reprint editiort. 1963, with an introduc
tion by Jesse W. M. DuMond. $6.00 cloth, $2.45 
paper 

SIGNS AND WDNDERS UPDN PHARAD H 
By JOHN A. WILSON. A history of American Egyptology. 

Illus. 272 pp. $5.95 

tPREHISTDRIC MAN I N  THE NEW WDRLD 
By JESSE D. JENNINGS and EDWARD NORBECK. The princi" 
pal findings, past and current, about man's life in prehis
toric America and the Arctics. 643 pp. $10.00 

MENTAL RETARDATIDN 
Edited by HARVEY A. STEVENS and RICK HEBER. With the 
precise cause of only 1 / 5  of all retardation cases known, 
this comprehensive research review points to avenues of 
future investigation. 5 54 pp. $12.50 

U N IVERSITY 
OF ...... ·-'� 

C H I CAGO ��_� 
PRESS �---
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Other important scientific titles : 
Biology and Medicine 
THE BIOLOGY OF MIND 

Walter Rudolf Hess. 192 pp. $5.50 

TRANSMETHYLATION AND METHIONINE 

BIOSYNTHESIS 

Stanley K. Shapiro and Fritz Schlenk, eds. 
. Details to be announced. 

THE MANAGEMENT OF WILD ANI MALS 

IN CAPTIVITY 

Lee S. C randall. IIIus. 776 pp.  $13 .50 

SOCIAL BEHAVIOR AND ORGANIZATION 

AMONG VERTEBRATES 

William Etkin, ed. IIIus. 319 pp. $7.50 

MAN MUST EAT 

Sir William Slater. 123 pp. $3.75 

THE FOSSIL EVI DENCE FOR HUMAN 

EVOLUTI ON 

Revised E dition. An Introduction to the 
Study of Paleoanthropology. W .  E .  LeGros 
Clark. 256 pp. $6.00 

GENETICS AND THE SOCIAL BEHAVIOR 

OF THE DOG 

John Paul Scott and John L. Fuller. 
IIIus. 448 pp. $12.50 

tBEHAVI ORISM AND PHENOMENOLOGY 

Con trasting B ases for Modern Psychology 
T.  W .  Wan n ,  ed. 201 pp. $5.00 

A nthropology 
RELIGIOUS OBSERVANCES I N  TIBET 

Patterns and l" unction 
Robert B .  E kval\. 368 pp. $8.95 

SACRIFICE 

Its Nature and Function 
Henry Hubert and Marcel Mauss. 

174 pp. $3.25 

THE PEOPLES OF SIBERIA 

M. G. Levin and L. P. Potapov, eds. 
956 pp. $20.00 

ANCIENT MESOPOTAMIA 

Portrait of a Dead Civilization 
A. Leo Oppenheim. IIIus. 464 pp. $8.50 

GREECE I N  THE BRONZE AGE 

Emily Vermeule. 
IIIus. 400 pp. $10.00 

THE ETRUSCANS 

Their Art and Civilization 
E meline H ill Richardson. 

IIIus.  3 02 pp. $7.95 

Physics & Mathematics 
fTHE NATURAL RADIATION ENVIRONMENT 

John A. S .  Adams and W ayne M .  Lowder, 
eds. 1 083 pp. $ 1 5 .00 

STATI STI CAL THEORY OF LIQUIDS 

1. Z. Fisher. 408 pp. $13.50 

THE THEORY OF SHEAVES 

Lecture Notes from a Course Given at 
Oxford University 
Richard G. Swan. 160 pp. $2.00 

CONTI NUED FRACTI ONS 

A. Ya. Khinchi n .  111 pp. $5.00,  paper $ 1 .95 

tRice University Semicentennial Series 
D E S C RIPTIVE CATALO GS and lists are 
available o n  request. 

U N IVERSITV O F  
C H I CAGO PRESS 

5 750 Ellis Avenue Chicago, Illinois 60697 

ern historical atlases, including our own 
excellent Shepherd. This "jubilee" edi
tion, celebrating the 125th year of the 
founding of the publisher, has been en
tirely revised with the help of more than 
100 specialists. About half of the maps 
are devoted to the period around 1500, 
and the other half reach back to pre
historic times. The book is a little trea
sure. The Penguin Atlas is a guide to 
the unfolding of medieval history in 
Europe and the Near East as a continu
ous story. The maps themselves are rela
tively bare of geographic detail, the 
main purpose of the book being to ex- t: 
�::l�S 

b�o::.��� ��:�::Si::d 
e�;���es

t�! ·.:I.: .•. I.! .. ! 
:." 

CO M PUTERS
a l uc id ,  

non -tec h n ica l  
i ntrod uction : 

evolution of different states. .. • How they work 

SNOW CRYSTALS, by W. A. Bentley 
and W. J. Humphreys . Dover Publi

cations, Inc. ($3 ) .  An unaltered and un
abridged republication of this collection 
of some 2,000 snow-crystal photographs 
made by Bentley in Vermont over a 
period of more than half a century. 
Humphreys, a meteorologist, explains 
how the pictures were made and- the 
method of classification according to 
crystallographic peculiarities. A remark
able volume. 

FROM LOW-SPEED AERODYNAMICS TO 
ASTRONAUTICS, by Theodore von 

Karman. Pergamon Press ($3 .75 ) .  The 
late Theodore von Karman gave these 
lectures at the University of Maryland 
in April, 1961,  just before his 80th birth
day. They constitute a brief, elegant 
history of the development of aerody
namics from the 19th century to con
temporary advances in magnetofluid 
dynamics . Von Karman maintained that 
he was addressing himself to the non
specialist as well as to the specialist, 
but for all the clarity and originality of 
his presentation this is very much a 
book for those who know their stuff. 
Illustrations. 

SYMBOL, STATUS, AND PERSONALITY, by 
S .  1. Hayakawa. Harcourt, Brace & 

World, Inc. ($4.50 ) .  A group of urbane 
essays on different aspects of the use 
and misuse of language. Hayakawa is a 
thoughtful student of semantics with a 
sober sense of social responsibility; even 
though this is merely a collection of 
magazine pieces and no attempt has 
been made to give the book structure, 
one can profit from its trenchant and 
often witty observations .  

E VIDENCE FOR GRAVITATIONAL THEO
RIES, directed by C. M¢ller. Aca

demic Press ( $ 10 ) .  This book, one of the 

'.::: 

• What they do 
• How they are changing 

our l ives 

THE ANALYTICAL 
ENGINE 

By JEREMY BERNSTEIN 
;:::: (the f i rst physicist on the staff of The :.::: New Yorker, where the contents of 
.; :: th i s  book, in s l ightly d ifferentA'

. ..�:.�'.:.: form, or ig inal ly appeared) • •  � 
..... $2.95,  now at your bookstore 

L:::::::::;: :;: :;: ::::::::I� HOUSE 

THE STORY OF 
IIIIHIII IIIE 
IIIIL 
by John M. Carroll 
Managing Editor/ ELECTRONICS 
Still  in i ts infancy, the 
laser is one of the most im
portant scientific break
throughs of modem times. 
Here, in non-technical lan
guage, the Managing Edi
tor of Electronics magazine 
tells the whole fascinating 
story - its discovery, how 
the laser works, its impact 
on national defense, indus
try and medicine,  the 
laser's  potentialities and 
stumbling blocks - even 
how to build one. Photo
g r a p h s  a n d  d i a g r a m s .  
$3.95 a t  your bookstore, 
or from 
E. P. DUTTON & CO., INC. r!II1. . . .

.
. . .. .  201 Park Ave., South _ New York 3, New York 

I 
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McGraw-Hi l i  
Paperbacks 
Use the coupon below as a conve n i e n t  
o rd e r  fo r m .  

Mathematics and 
Applied Mathematics 

Ph i l i p  L. A l g e r  
1 .  Mathematics f o r  Science a n d  

Engineeri n g ·  $2.95 
Procedu res for tec h n i c a l  p ro b l e m  s o l v i n g ,  
with  p r o b l e m s  and answers. 

Edw i n  F.  Beckenbach, editor  
2. Modern Mathematics for 

the Engineer $3.45 
The fo rmulat ion  of physical  problems and 
methods for t h e i r  so lut ion.  

Gerald Goertzel and N u n z i o  Tra l l i  
3. Some Mathematical Methods 

of Physics· $2.45 
Tec h n i ques useful i n  q u a n t u m  m e c h a n i c s ,  
a c o u s t i c s ,  e l ectro m a g n e t i c  t h e o r y ,  reactor 
physics, and rel ated f ie lds .  

Harr iet  G r iff in 
4. Elementary Theory of Numbers· $2.45 
A treatment  i ntended to sti m u l ate both in
s i g h t  and the power of analysis .  

D .  C. I psen 
5. U n its, D i mensions, and 

Dimensionless N umbers· $2.65 
A c o m p rehens ive text e m p h a s i z i n g  theory 
as the basis  for fru i tfu l  development a n d  
u s e  of tech n i q u es i n  d i m e n s i o n a l  analysis .  

Peter  H .  S e l by 
6. Logarithms Self-Taught· $2.45 
7. Trigonometry Self-Taught· $2.45 
S i m p l i f i e d ,  prog rammed cou rses prov i d i ng 
i nstruct ion in p r i n c i p l es and tech n i q ues.  

M o rt i m e r  Taube 
8. Computers and Common Sense $1 .65 
A clear ,  sc ient i f ic  ana lys is  of  "th i n k i ng ma
c h i nes" by a controvers ia l  cr i t ic .  

J .  V. Uspensky 
9. An I ntroduction to M athematical 
Probabi l ity· $2.95 
A clear p resentation of one of the most 
i m p o rtant bases of modern science.  

J .  V. Uspensky 
10.  Theory of Equations· $2.95 
Derivation and use of v a l u a b l e  theorems,  
with  many pract ical  problems.  

Theodore von Karman 
11.  Aerodynamics $2.45 
A h i story and study of the science of f l i g h t  
f r o m  the fi rst a i rp l a n e  to the j et .  

Science 
James J .  B r o p h y  ( P h y s i c s  Ser i es) 
12. Semiconductor Devices· $2.95 
Non-mathematical  descr ipt ion o f  the op
eration of semi-conductor devices i n  terms 
of the propert ies of the m ater ia ls  from 
which they are fab r icated. 

Bruno Rossi (Physics Seri es) 
13. Cosmic Rays· $2.95 
A no n-tec h n i cal  review of these fasc i n at
i n g  p h e n o m e n a  b ri l l iant ly  written for the 
layman.  

Hugh D.  Young (Physics Seri es) 
14. Statistical Treatment of 

Experimental Data· 
A l u c i d  i n t ro d u c t i o n  r e q u i r i n g  
l i m ited m athematical  backg rou n d .  

260 

$2.95 
o n l y  a 

H. V. Anderson 
15 .  Chemical Calculations· $2.75 
C o m m o n -sense chem i ca l  math for beg in
ning a n d  advanced c h e m i sts. 

Farr ington D a n i e l s  
16. M athematical Preparation 

for Physical Chem istry $2.50 
For the student f i rst approac h i n g  the sub
j ect, a n d  the practi c i n g  e n g i neer.  

Louis  N .  Ridenour,  editor 
17.  Modern Physics for EngIneers· $3.95 
Phys i c i sts review contemporary deve l o p
ments of concern to e n g i neers.  

J .  C. S l ater 
18 .  I ntroduction to 

Chemical Physics· $3.95 
A d i scussion of chem i cal  physics w h i c h  
m a k e s  i t  i n t e l l i g i b l e  t o  t h e  r e a d e r  u n 
fam i l i a r  with  the m o re d i f f i c u l t  b ranches o f  
mathematical  physics.  

Special 
First Paperback Edition Gunnar Myrdal 
19 .  AN A M E R I CAN D I L E M M A  

2 volumes, boxed s e t  $6.90 
R e v i s e d  Twentieth A n n iversary E d i t i o n ,  
complete and unabridged, w i t h  a n e w  pref
ace by the author and a review of recent 
events by Arnold Rose. "A book which no· 
body who tries to face the Negro problem 
can afford to miss." N .  Y. Times 

R i c h ard M .  Pearl  
20. How to Know the M i nerals 

and Rocks· $1 .95 
A f i e l d  g u i d e  with keys to recog n i t ion and 
color  photographs.  

E.  B.  Wi lson,  J r. 
21 .  An I ntroduction to ScientifiC 

Research · $2.95 
P r i n c i p l es ,  tec h n i q u e s ,  and proced u res fo r 
f r u i tf u l  research programs.  

Dean Woo l d r i d g e  
22. T h e  Mach inery of t h e  B r a i n ·  $2.95 
H o w  d o e s  t h e  b r a i n  f u n c t i o n ?  W h a t  i s  
m e m o r y ?  H e re for the l ayman are the most 
u p-to-date sc ient i f ic  answers. 

• • • • • • • • • • • • • • • • • • • • • •  
1 0 - D AY F R E E  EXA M I N AT I O N  
M c G RAW-H I LL BOOK CO. 
Paperback Dept. : SA64 
327 West 4 1 s t  Slreet, New York, N. Y. 1 0036 

Pl ease send m e  the books whose code numbers 
I have c i rc l e d .  I may return the books w i t h i n  
ten d a y s  a n d  owe noth i n g .  Otherw i s e  I w i l l  re
mit the cost of the books plus 25¢ for  postage 

and hand l i n g .  ( O rders a m o u n t i n g  to $5.00 or 
l e s s  must  be accompanied by check o r  money 
order for the cost  o f  the books plus 25¢ for 
postage and hand l i n g .  Same return pr iv i lege 
a p p l i e s . )  

1 ,  2, 3, 4,  5, 6, 7, e, 9,  
1 0, 1 1 ,  1 2 ,  1 3, 1 4 ,  1 5, 1 6, 17 ,  1 8, 
1 9, 20, 2 1 ,  22. 

Name __________________________ _ 

Address ________________________ __ 

C i ty, ___________ Zone ___ State __ _ 

D SAVE : On o rders fo r m o re than $5.00, en·  
c l o s e  check o r  money o rder and p u b l i sh e r  
p a y s  postage a n d  hand l i n g .  S a m e  return 
p r i v i l e g e .  

D F R E E  CATALOG : P l ease send m e  c o m p l ete 
l i s t i n g  of  McGraw- H i l i  Paperback Books. 

·Cloth edition avai lable 

courses of the International Sch,ool of 
Physics "Enrico Fermi," consists of lec
tures given at Varenna on Lake Como 
in the summer of 1961.  Among the par
ticipants were R. H.  Dicke (Mach's 
principle and equivalence), Fred Hoyle 
(cosmological tests of gravitational theo
ries) ,  J .  Weber (theory of methods for 
the measurement and production of 
gravitational waves), B. Bertotti (the 
theory of measurement in general rela
tivity) and H. Bondi (gravitational 
waves) . 

THE CHAMBERED TOMBS OF SCOT-
LAND, VOLUME I ,  by Audrey Shore 

Henshall. Aldine Publishing Company 
($20 ) .  The first volume of a corpus of 
the Scottish prehistoric chamber tombs, 
consisting of minutely detailed descrip
tions, abundantly supported by maps, 
plates, ground plans and other illustra
tions. For each of the five groups of 
tombs the text deals with distribution, 
siting, typology, ritual and contents. 
This is an invaluable scholarly publica
tion assembling the basic elements for 
British prehistory. 

Notes 

CONTRIBUTIONS TO URBAN SOCIOL
OGY, edited by Ernest W. Burgess and 
Donald J .  Bogue. The University of Chi
cago Press ($ 12 ) .  This cooperative vol
ume consists of articles that document 
the main findings of urban sociology by 
a group of graduate students at the 
University of Chicago during the past 
50 years, 

EVOLUTION: THE MODERN SYNTHESIS, 
by Julian Huxley. John Wiley & Sons, 
Inc. ($2 .65 ) .  A paperback reprint of 
Huxley's most valuable work, a major 
contribution to the theory of evolution. 

MAGNETISM, edited by George T. 
Rado and Harry Suh1. Academic Press 
($37 ) .  Two volumes have appeared so 
far of this comprehensive treatise that 
affords a summary of present knowledge 
of magnetically ordered materials .  Vol
ume I covers magnetic ions in insula
tors ; Volume III, spin arrangements and 
crystal structure, domains and micro
magnetics .  

ORIGIN OF THE SOLAR SYSTEM, edited 
by Robert Jastrow and A. G.  W. Cam
eron . Academic Press ($8 ) .  Proceedings 
of a conference held in 1962 at the 
Goddard Institute for Space Studies, 
including articles on the history of the
ories of the origins of the solar system 
(D. ter Haar and A. G. W. Cameron), 
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MODERN 
MATHEMATICS 
from McGraw-Hill 

1 .  M AT H E M AT I C A L B A F F L E R S  
Compiled and Edited by 

ANGELA DUNN 
In press-Approx. $5.95 

, 

2. Brains, Machines, and Mathematics 
A fascinating examination of the analogies between the 

brain and "thinking" machines. By Michael Arbib. 152 pp., 

$6.95. 

3. Introduction to Differential Manifolds 
A basic introduction to the structures central to modern 

geometry. By Louis Auslander and Robert E. MacKenzie. 232 
pp., $9.95. 

4. Mathematical Handbook for Scientists and Engineers 
Definitions, Theorems, and Formulas for Reference and 

Review. By Granino A. Korn and Theresa M. Korn. 443 pp., 

110 tables. $17.50. 

5. Operational Mathematics, 2nd Edition 
A virtually new version of the encyclopedia workbook 

with questions and answers. By Ruel V. Churchill. 331 pp., $7.95. 

6. Complex Variables and Applications, 2nd Edition 
Thoroughly revised, clarified; with important new mate

rial, added exercises. By Ruel V. Churchill. 297 pp., $7.50. 

7. Fourier Series and Boundary Value Problems, 
2nd Edition 

Extensively updated new edition of this standard work. 
By Ruel V. Churchill. 250 pp., $6.75. 

8. Numerical Methods for Scientists and Engineers 
Timely presentation of new knowledge gained in use of 

computers. By Richard W. Hamming. 432 pp., $11.00. 

• I 
• 

Buy These Books 
at Your Bookstore 

or Send this Coupon Today: 
M c G � A W . H I L L  

If you have a penchant for unlocking mathematical conun
drums, you should find this book irresistible. Here are more 
than 1 50 real gems from the famed Litton Industries series 
"Problematical Recreations," with some prepared especially 
f9r this  intriguing book. 260 pp. of challenging fun ! 

9. The Fourier Interval and Its Application 
A unified treatment of the wealth of topics related to this 

subject. By Athanasios Papoulis. 327 pp., $10.75. 

1 0. Nonlinear Mathematics, 2nd Edition 
The first important organized presentation of this subject. 

By Thomas L. Saaty and Joseph Bram. 384 pp., $12.50. 

1 1 .  An Introduction to Topology and Modern Analysis 
Covers topology, operators, and algebra of operators, bib

liography, and symbol index. By George F. Simmons. 392 pp., 

$8.95. 

1 2. A Survey of Numerical Analysis 
A comprehensive account by 1 4  nationally-known ex

perts. Edited by John Todd. 608 pp., $12.50. 

1 3. Advanced Engineering Mathematics, 2nd Edition 
Newly revised, superbly organized exposition for engi

neers and physicists. By C. R. Wylie, Jr. 658 pp., $9.95. 

r - - - - - - - - - - - - - - ,  
McGRAW-H ILL BOOK CO. , Dept. V-SA-64 I I 330 West 42 Street, New York 1 0036 

I Send m e  t h e  book(s) c i rcled below fot 1 0  days on a pprov a l .  I n  I 10 days I w i l l  remit for book(s) I keep, p l u s  a few cents for de· 

I l ivery costs, and ret u rn u nwa nted book(s) postpa i d .  SAVE I 
M O N EY: We pay del ivery costs if you rem i t  with t h i s  coupon. I Sa m e  exa m i n ation a n d  return privi lege. I 

I 1 2 3 4  5 6 7 I 
I 8 9 1 0  1 1  12  1 3  I I I I N A M E  (pri nt) I 
I A D D R ESS 

I 
I I 
I C ITY STATE Z I P  CODE I 
L For price and  terms outside U.S. write McGraw·H i l i  I nt ' l .  NYC V·SA· 64 J - - - - - - - - - - - - - -
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The This unique series of books is written b y  professional 
mathematicians to make important mathematical ideas 
understandable to interested laymen. It is published 
under the supervision of a distinguished editorial panel · 
of the School Mathematics Study Group. Here are the 
first thirteen titles : 

New 
Mathematical 

1 .  NUMBERS : RATIONAL AND IRRATIONAL b y  Ivan Niven 
2. WHAT Is CALCULUS ABOUT? by W. W. Sawyer 
3. AN INTRODUCTION TO INEQUALITIES by E. Beckenbach 

and R. Bellman 
4. GEOMETRIC I N EQUALITIES by 

N. D. Kazarinoff 
5. THE CONTEST PROBLEM BOOK : 

High School Contest Problems of 
the Mathematical Association of 
America 

6. THE LORE OF LARGE NUMBERS 

libra� 
�m 
~ 

by Philip J. Davis 
7.  USES OF INFINITY by Leo Zippin 
8. GEOMETRIC TRANSFORMATIONS by I.  M.  Yaglom 
9. CONTINUED FRACTIONS by C. D. Olds 

10. GRAPHS AND THEIR USES by Oystein Ore 
1 1 .  HUNGARIAN PROBLEM BOOK I, based on the Eotvos 

Contests, 1894-1905 
12. HUNGARIAN PROBLEM BOOK II, based on the Eotvos 

Contests, 1906-1928 
13. EPISODES FHOM THE EARLY HISTOHY OF MATHEMATICS 

by Asger Aaboe 

Paperbound, $ 1 .95 each, now at your bookstore 
Published by RANDOM HOUSE, INC. 

Special edition for high school teachers and students pub
lished by the L. W. Singer Company, 249 West Erie Blvd., 
Syracuse 2, N. Y., 90¢ each 

Latest Scientific 
I nformation 
From USS R  WILLARD VAN 

ORMAN QUINE 
Subscribe 
Now for 
1965 
Russian Scientific 

Magazi nes and Journals 
i n  Russian i n  many fields 

ET 
TH 0 Y 
AND ITS 
LOGIC 

• Acoustics • Cybern etics 

Primarily an introduction to ab
stract set theory and to various 
axiomatic systematizations of the 
subj ect. "This book is most re
markable for its way of present
ing the subject matter. A definite 
system of set theory is  offered, 
but at the same time alternative 
ways are indicated and partly 
explored at every turn."-JOHN 
VAN HEIJENOORT. 

• Aerono utics 

• Atomic Energy 

• Automotion 

• Biology 

• Ano lytical  

Chemistry 

• Biochemistry 

• Biophysics 

• Col loids 

• Engineering 

• Geogra phy 

• Geology 

• Mathematics 

• O ptics & 
Spectroscopy 

• Thermodyna mics 

Write for com p lete 1 965 catalog 
listing many more Russ ian s cientific 
periodicals in your field.  

FOUR CONTINENT BOOK CORP. 
Dept. 303, 1 56 FI FTH AVE., N.Y. 1 0, N.Y.  
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A Belknap Press Book .  $5.95 

and by the same author : 

MATHEMATICAL LOGIC 
Revised Edition. $5.25 

FROM A LOGICAL POINT OF VIEW 
Second Edition, Revised. $4.50 

Ask yom' bookselle1', 0" tv" ite to  

ARVARD UNIVERSITY PllESS 
Cambridge, M ass. 0 2 1 3 8  

star formation (Lyman Spitzer, Jr . ) ,  for
mation of the planets (Fred Hoyle) ,  for
mation of the solar nebula (Cameron),  
meteorites and the early history of the 
solar system (Edward Anders) .  Illustra
tions. 

THE LIVER : MORPHOLOGY, BIOCHEM
ISTRY, PHYSIOLOGY, VOLUME I ,  edited 
by Charles Rouiller. Academic Press 
( $26 ) .  The first installment of a two
volume treatise on present knowledge 
of the liver as based on morphological, 
biochemical and physiological studies .  
Illustrations and an extensive bibliog
raphy. 

FOUNDATIONS OF EXPERIMENTAL EM
BRYOLOGY, edited by Benjamin H .  Wil
lier and Jane M. Oppenheimer. Pren
tice-Hall, Inc. ($7.95 ) .  A collection of 
original papers by such noted pioneers 
as W. Roux, Hans Driesch, Edmund B .  
Wilson, Theodor Boveri, Ross G .  Har
rison, Otto Warburg, Frank R. Lillie, 
C. M.  Child and others . Illustrations .  

ELSEVIER'S MEDICAL DICTIONARY, 
compiled and arranged by A. Sliosberg. 
American Elsevier Publishing Compa
ny, Inc. ($45 ) .  A five-language medical 
dictionary-English/American, French, 
Italian, Spanish and Getman-arranged 
on an English alphabetical base. 

TRISTES TROPIQUES, by Claude Levi
Strauss .  Atheneum ($2.45 ) .  An inexpen
sive reissue of an anthropological study 
of primitive societies in Brazil by a 
leading student and field worker. Many 
illustrations . 

A HANDBOOK OF PRACTICAL AMA
TEUR ASTRONOMY, edited by Patrick 
Moore. W. W. Norton & Co. ,  Inc. 
($5 .95 ) .  An observational guide for the 
serious amateur astronomer, with in
structions on everything from the selec
tion of telescopic equipment to astro
nomical calculations. Illustrated. 

METHOD OF STATISTICAL TESTING, by 
Yu. A. Shreider. American Elsevier Pub
lishing Company, Inc. ($ 15 ) .  A transla
tion from the Russian of papers on 
different aspects of the Monte Carlo 
method. 

ESSAYS ON THE THEORY OF NUMBERS, 
by Richard Dedekind. Dover Publica
tions, Inc. ( $ 1 ) .  A reprint of Dedekind's 
two classic essays, the first "Continuity 
and Irrational Numbers," in which he 
sets forth his famous concept of the 
cut, which defines a real number; the 
second "The Nature and Meaning of 
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To people who have always meant to own 

THE WORLD OF MATHEMATICS 
The famous four-volume library edited, with commentaries, by James 
R. Newman ( over 100,000 copies have been sold in the original hard
bound edition currently priced at $25)  is available complete and 
unabridged in paperback - four volumes, boxed, at only $9.95. 

Partial Contents 
G E N E R A L  S U RVEY - Jourdain : The 
Nature 0/ Mathematics. 
H I STORICAL AND BIOGRAPHICAL _ 

Turnbull : The G reat Mathematicians ; 
Newman : The Rhind Papyrus ; Plu· 
tarch : A rchim edes ; 12 others. 
ARITHMETIC, NUMBERS AND T H E  ART 
OF COUNTING - Archimedes : Poppy 
Seeds and The Universe ; Ball : Calcu· 
lating Prodigies ; Newton : The Binomial 
Theorem ; 6 others. 
MATHEMATICS OF SPACE AND MO
TION - Clifford : The Science of Space, 
The Space Theory of Matter ;  Euler : 
The Seven Bridges of Konigsb erg: A 
Famous Problem. Kline : Projective Ge
ometry ; 7 others. 
MATHEMATICS A N D  THE PHYSICAL 
WORLD - Galileo : Mathematics of Mo· 
tion ; 1\1oseley : A tamie Numbers ; Boys : 
The Soap Bub ble ; Mendel : Mathemat· 
ics of Heredity ; 18 others. 
MATHEMATICS AND THE SOCIAL SCI
E N C E S  - M a l t h u s : Mathematics of 
Wealth ; Rich ardson : Statistics 0/ Dead
ly Quarrels ; Hurwicz : On the Theory 
of Games ; 7 others. 
T H E  LAWS OF CHANCE - De LaPlace : 
Concerning Probability ; Peirce : The 
Red and The Black ; 5 others. 
T H E  MATHEMATICAL WAY OF T H I NK
ING - Peirce : The Essense of Mathe· 
matics ; Mach : The Economy 0/ Sci. 
ence ; 3 others. 
MATHEMATICS AND LOGIC - Boole : 
The Mathematical A nalysis of Logic ; 
Nagel : Sym bolic Notation ; 3 others. 
T H E  UNR EASONA B L E N E SS OF MAT H E 
M A T I C S  - Kasner and Newman : Para. 
dox Lost and Paradox Regained ; Hahn : 
The Crisis in Intuition. 
BECOMING O N E'S OWN MATHEMA
T I C I A N  - G .  Polya : How to Solve It 
( excerp t )  . 
T H E  VOCABULARY OF MATHEMATICS 
-Kasner and Newman : New Names lor 
Old. 
MATHEMAT I C S  AS A N  ART - Sullivan : 
Mathematics as an A rt .  
V A R I O U S  C L E V E R  MACH I N E S  - Von 
Neumann : Theory 0/ A utomata ; Tur. 
ing : Can a Machin e Think ? Shannon : 
A Chess.Playing Machine.  
T H E  U N G E NTLE USES OF MAT H E MAT
ICS - Lanchester : Mathematics in War. 
fare ; Morse and Kimball : How to Hunt 
a Su bmarine. 
A MATHEMATICAL THEORY OF ART -
Birkhoff : Mathematics of A esthetics. 
MATH EMATICS I N  LITERATURE -Swift : 
Cycloid Puddin g ;  H uxley : Young A r .  
chimedes ; 3 others. 
MATH EMATICS AND MUSIC - Jean s :  
The A1athematics 0 /  Music. 
MATH EMATICAL D I V E RSIONS, PUZ
ZLES, AND F A N C I E S  - selections by : 
Stephen Leacock, Lewis Carroll, W. W. 
Rouse Ball, 7 others. 
T H E  MATH EMAT I C I A N  EXPLA I N S  HIM
S E LF -Hardy : A Mathematician's Apol. 
ogy ; Poincare : Mathematical Creation ; 
How Ideas A re Born ; Von Neumann : 
T he Mathematician . 
MATH EMATICS A N D  MORALITY -
G. D. Birkhoff : A Mathematical Ap. 
proacl� to Ethics. 

The most extensive collection ever, published, for layman and expert, 

of the great literature of Mathematics from the Rhind Papyrus of 

Egypt to Einstein's theories. P,·esented in fom· handsome illustrated 

volumes with 500 drawings, halftones and facsimile reproductions. 

THE WORLD OF MATHEMAT· 
ICS, published in 1956, be· 

came an instantaneous and 
spectacular bestseller. Since 
then this superb collection has 
found its way into more than 
1 12,000 homes in the original 
higher priced, hard·bound edi· 
tions. 

Over the years it has become 
apparent that, for many thou· 
sands for whom the collection 
would be most rewarding, the 
$25 price has been too high. 
So we explored every possible 
way of producing a handsome, 
readable, durable set al far 
less. The result is  the four· 
volume paperback WORLD OF 
MATHEMATICS. Not a word has 
been cut. The type page is 
exactly the same a s  i n  the 
original edit ion.  The paper,  
while of lighter weight, is  of  
excellent quality. The princi· 
pal cost difference is in the 
binding and in our savings on 
substantial printings. We are 
extremely pleased with the 
handsome paper· cover bind·  
ing. The result, at $9.95 for the 
boxed set,  is  surely one of the 
great book bargains of all time. 

From Vajda on Matching 
Pennies to the Theories 

of Einstein 

From Archimedes on Poppy 
Seeds and the Universe to 
Shaw's The Vice 0/ Gambling 
and the Virtue 0/ Insurance -
here are 133 great books, es· 
says,  articles  and stories -
more than a million words. All 
are woven together with a clear 

a n d  brill iant 130,000 word 
commentary by James R. New· 
man, member of the Board of 
Editors of Scientific A merican 
l\1agazine. 

Every Field of 
Mathematical Thought 

Do you know what the small· 
est thing in the Uni verse is?  
The biggest ? The fastest ? 
Read D'Arcy Thompson's essay 
on Magnitude. From Von Neu· 
m a n n ' s  c l a s s i c  T h e o ry 0/ 
Games to the mathematics of 
music-even of metaphysics and 
gol f-every field of mathemat· 
ical thought is  represented. 

Two b a s i c  b o o k s  are i n .  
cluded in full : Jourdain's The 
Nature 0/ Mathematics and 
Turnbull's The Great Mathe· 
m,aticians. 

Only a very small fraction 
of the authors and titles can 
be included in the partial con· 
tents listed here. In their en· 
tirety they are irresistible to 
all who respond to the miracle 
of  the human mind that dares 
to chart the galaxies, weigh 
e a r t h  a n d  a t o m ,  o u t g u e s s  

c h a n c e ,  i n v e n t  t h e  s t r a i g h t  
line, a d d  irrational numbers, 
and describe infinity. 

How to Take A,lvantage 
of This Offer 

In order to make this great 
library of books more easily 
available, your set not only 
will be sent for a 1O.day trial 
examination but, if desired, it 
may be purchased on the easy 
lerms offered below. 

To examine it in your home 
for 10 days, simply fill out the 
order form and mail it  today. 
A set will be sent to you at 
once. If you are not absolutely 
sure that you and your family 
will place the value of THE 
WORLD OF MATHEMATICS a t  
much greater than i t s  cost, re· 
turn it to us and owe nothing. 
Otherwise, you may (if you 
wish ) remit only $ 1 .95 in 10 
days and $4 monthly for two 
months, plus postage, as pay· 
ment in fulL At all bookstores, 
or mail coupon to : SIMON AND 
SCHUSTER, Publishers, Dept. 
8 5 ,  630 Fifth Avenue,  New 
York, N .  Y. 10020. 

�- - - - - - - - - - - - - - - - - - - = l O - D A Y  T R I A L  E X A M I N A T I O N  
SIMON and SCH USTER, Publish ers, De pt. 8S 
630 Fifth Avenue, N ew York, N.  Y. 1 0020 

Please send me . . . . . . . . . . . . . . . . . .  sets of  THE WORLD OF MATHEMATICS ; i n  four soft·bound volumes, boxed , over 2500 pages, i llustrated . If  after browsing through i t  leisurely 
for 10 days I am not com pletely delighted , I will return the 
set ( s )  and owe nothing. Otherwise I will remit only $9.95 
per set - in three payments consisting of $1 .95 within 10 
days, and $4.00 per month for two months ( plus postage) 
for each set. 

D CHECK HERE i f  you prefer to examine the De Luxe Edi· 
tion - four handsome, hard-bound volumes, gold. 

stamped , boxed. Same IO·day examination offer. If you d ecide 
to  keep the De Luxe set ( s) , remit only $5 per set within 10 
days, then $5 per month for each set for four months, plus 
full postage charges with the last payment .  

Name . . . . . . . . • . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . • . . . . .  ( PLEASE PRINT) 
Address . . . . . . . . . • . . . . . . . . . . . . . . . . . . . . . . . . . . . . . • . . . . . . . .  

City . . . . . . . . . . . . . . . . . . . . . . . . . .  Zone . . . .  State . . . . . . . . . . .  . 

D ADDED SAV INGS:  Check here if you are enclosing $9.95 
per soft.bound set ( $25 per De Luxe hard.bound set) 

as payment i n  full.  Then WE will pay all postage. Same 10· 
day privilege of return for full refund applies. 
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A new 
key 

to unlock 
old doors 

S C H O O L  MATH E M ATI C S  STU DY G R O U P  

The appearance of the first SMSG texts signalled 

a new approach to the teaching of mathematics. 

The established leader in this field ,  the SMSG 

texts a re designed to give the student the basic 

ski lls and a deeper understanding of the concepts 

and structure of mathematics. Since its beginnings 

SMSG has been the new approach that stimulates 

the student-and the teacher. 

SMSG texts and commentaries for grades four 

through twelve are available from Yale University 

Press. Write for a free brochure. 

Yale University Press 

School Mathematics Study Group 

92A Yale Station 

New Haven, Connecticut 06520 

Y A  
L E 

Numbers," which lays a logical founda
tion for whole numbers . Paperback. 

THE MITOCHONDRION, by Albert L .  
Lehninger. W. A. Benjamin, Inc. ($9 ) .  
This boo.l< summarizes all the cyto
logical, biochemical, physiological and 
structural information on the mitochon
drion, which generates the power of 
an aerobic cell. Electron micrographs, 
tables of data, drawings and bibliog
raphies. 

HISTORY OF HYDRAULICS, by Hunter 
Rouse and Simon Ince. Dover Publica
tions, Inc. ($2 ) .  A paperback reprint of 
a scholarly, well-written general history 
of hydraulics that has been kept free 
enough of mathematics to be accessible 
to almost any nonspecialist interested 
in the history of science. Many illustra
tions. 

THE LOWER METAZOA, edited by Ells
worth C .  Dougherty and others . Uni
versity of California Press ($ 17 .50 ) .  A 
collection of some 30 monographs on 
the comparative biology and phylogeny 
of the lower Metazoa. 

A MILLION AND ONE NIGHTS, by 
Terry Ramsaye. Simon and Schuster, 
Inc. ($3 .95 ) .  A paperback reissue of 
Ramsaye's engrossing history of the mo
tion picture from its beginnings through 
1925. Fully illustrated and attractively 
told by a journalist who devoted a good 
part of his life to the motion picture 
industry and probably knew more about 
the period he covers than anyone else, 
this is a delightful book. 

A DICTIONARY OF GEOLOGY, by John 
Challinor. Oxford University Press ($5 ) .  
The second edition o f  this handy refer
ence book has been revised, and new 
material has been added to cover the 
interval since the last publication . 

THE CHEMISTRY OF THINKING, by 
George Humphrey and R. V. Coxon. 
Charles C Thomas, Publisher ($6 .75 ) .  
An approach t o  cerebral function based 
on the findings of experimental psychol
ogists and biochemists, much of the 
work being devoted to a summary of 
evidence regarding chemical reactions 
that occur in nervous tissue. 

CHILDHOOD AND SOCIETY, by Erik H. 
Erikson . W. W. Norton & Company, 
Inc. ($6 .50 ) .  A second revised and en
larged edition of a thoughtful, sensitive 
and humane study of the relation be
tween children and the society in which 
they must grow up. 
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1. F I N I T E  M AT H E M A T I C A L  STR U C· 
TURES by lohn G. Kemeny, Hazleton 
Mirkil, I. Laurie Snell, and Gerald L. 
Thompson. Slanted toward the physical 
rather than the social sciences, this intro
duction to modern mathematical thought 
emphasizes the finite case--enabling care
ful treatment without excessive mathemat
ical machinery. 1959, 487 pp., $13 .35* 

2. N EW D I R ECTIONS I N  MATH EMATICS 
Conference arranged by lohn G. Kemeny 
and Robin Robinson; edited by Robert 
W. Ritchie. Where is mathematical re
search heading? A report of a Dartmouth 
conference at which leading mathemati
cians analyzed modern trends and ex
plored future developments in research 
and education. 1963 , 124 pp., $5.95* 

3. I NTRODUCTION TO FIN ITE MATH E
MATICS by lohn G. Kemeny, I. Laurie 
Snell, and Gerald L. Thompson. This 
successful book offers an introduction to 
logic, set theory, partitions, probability 
theory, matrix theory, game theory, linear 
programming and mathematical models 
-and shows the importance of mathe
matics to the social and biological sci
ences. 1957, 372 pp .,  $ 1 1.95* 

4. FIN ITE MATH EMATICS WITH BUSI
N ESS APPLICATIONS by lohn G. Kem
eny, A rthur Schleifer, Ir., I. Laurie Snell, 
and Gerald L.  Thompson. Designed es
pecially for the business administrator, a 
volume presenting concepts of finite math
ematics applicable to a wide range of 
problems in production, marketing, fi
nance, accounting, and personnel . In the 
P-H Quantitative Methods Series. 1962, 
482 pp., $11 .95 

5. RANDOM ESSAYS ON MATH EMAT
ICS, EDUCATION A N D  CO M PUTERS by 
lohn G.  Kemeny .  These essays mount a 
concerted attack against outmoded teach
ing methods that squelch the excitement 
(')f mathematics, and show how computers 
and educational reform solve problems 

Prentice -Hall 
books 

in mathematics 
are designed to 

meet modern needs 
and /uture 
challenges 

facing 20th century man. May 1964, 
163 pp., $4.95 

6. MATH EMATICAL MODELS IN PHYSI
CAL SCI ENCES edited by Stefan Drobot. 
The proceedings of a University of Notre 
Dame Conference, sponsored by the Na
tional Science Foundation and presented 
here in a single volume, delineate the 
role of mathematics as an instrument 
for developing interdisciplinary research 
among physicians, chemists, and mathe
maticians. 1963 , 193 pp., $5.00 * 

7. CALCULUS OF VARIATI ONS by I. M. 
Gelfand and S. V. Fomin; translated from 
the Russian and edited by Richard A .  
Silverman. An introduction to the calcu
lus of variations, emphasizing fundamen
tal geometric and physical ideas. Topics 
in this volume of particular interest to 
physicists include the Hamilton-] acobi 
theory, Noether's theorem, conservation, 
laws, and applications to field theory. 
1963 , 232 pp., $ 1 1.00* 

8. MATHEMATICAL DISCOU R SES: The 
Hea rt of Mathematica l Science by Car
roll V. Newsom. A lucid explanation of 
how the evolution of mathematics is re
lated to the development of our culture. 
Dr. Newsom emphasizes the significance 
of mathematics in the sciences, philoso
phy, logic, and in knowledge generally. 
J anuary 1964, 125 pp., $6.00* 

9. GROUP TH EORY by W. R .  Scott. The 
aim of this new text and reference is to 
provide correct proofs of the basic the
orems in group theory, and to develop as 
much of the superstructure as possible 
within a single volume. Both finite and 
infinite groups are covered, with empha-

sis on the latter. September 1964, 464 
pp., $13.25* 

10. LECTURES ON DI FFERENTIAL GE
O M ETRY by Shlomo Sternberg. For re
search mathematiciam and students, this 
book covers in depth the elements funda
mental to modern differential geometry
algebraic preliminaries, integration on 
manifolds, calculus of variations, Lie 
groups, differential geometry of Euclid
ean space, G-structures. May 1964, 390 
pp., $ 16.00 

1 1 .  PROBAB I LITY: An I ntroduction by 
Sam uel Goldberg. Based on many years 
of teaching experience, a modern intro
duction to the mathematics of probabil
ity, employing the language and notation 
of sets. Dr. Goldberg deals fully with 
the essentials needed by all who use 
probability concepts, apply statistical tech
niques, or measure the effects of chance 
phenomena. 1960, 322 pp., $ 11.00* 

* Text edition also available for quantity 
sales 

r - - - - - - - - - - - - - - - - - - - - - - - -
PR E N T I C E-HALL, I NC. 

Box 903, Dept. CSA 

Englewood C l iffs, N .  J.  

Send me,  postpa i d ,  the books whose num
bers I have c i rcled below. ( P l ease i n d icate 
if m o re than one copy of a s i n g l e  book is  
d e s i red.)  

2 3 4 5 6 7 8 
9 1 0  1 1  

I enclose paym ent o f  $ . . . . . . .  . I un-
de rsta n d  that if  I a m  not satisf ied the 
books may be ret urned for ful l  ref u n d  
with i n  10 d a y s  after t h e y  a re rece ived. 

NAM E 

A D D R ESS . . . .  

PRENTICE-HALL, INC. Englewood 
Cliffs 

New Jersey 
o Please send me free 1964 cata log of 

Profess i o n a l  Reference Books. 
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Tod ay ,  th e b i g  wo rd i n  sate l l i tes  i s  "sy n c h ro n o u s . "  
Th e f i rst was N ASA's Sy n c o m -j u st c h a l k i n g  u p  a fu l l  
y e a r  of fa i l u re-f ree s e rv i ce .  I ts  s i ste r- " P u b l i c  S ate l l i te #1 " -
w i l l  b r i n g  E u ro p e  c l ose  as yo u r  p h o n e , l et y o u  s e e  eve n t h e l o n g e st 
ove rs e as T V  p rog rams " l i ve "  a n d u n i nte rru pte d .  

There was more than a little skepticism 
in 1959 when Hughes engineers began 
work on a synchronous satellite. The 
problem was to boost a satellite to a 
precise altitude of 22,300 miles and po
s i t ion it so it would travel with the 
earth's rotation - in effect "stand still" 
over a point on earth . 

Each such "star" would be in constant 
sight of a third of the earth . Since it re
mains "parked" it  could beam signals to 
and from the inexpensive type of ground 
stations which have stationary antennas. 
These will be affordable probably by 
all nations with the need. The net re
sult : uninterrupted, 24-hour interconti
nental communications. Improved tele
phone, wireless, wirephoto and TV com
munications would not be the only bene-

U N R E T O U C H E O  P H OT O  OF P R E S I D E N T  

K E N N E D Y  S E N T  V I A  S Y N C O M  L A S T  

S U M M E R  D U R I N G  T H E  H I S T O R I C  E X 

C H A N G E  O F  P H OT O S  W I T H  P R E S I D E N T 

A Z 1 K I W E  O F  N I G E R I A .  

"
P U B L I C  S A T E L L I T E  Ii ' "  (R I G H T) 1 5  

S C H E D U L E D  F O R  L A U N C H B Y  T H E 

C O M M U N I C AT I O N S  S A T E L L I T E  C O R 

P O R A T I O N  E A R L Y I N  1 9 6 5 .  "
E A R LY 

B I R D "  W I L L L E T  Y O U  D I A L  E U R O P E  

� l R E CT .  S E E  O V E R S E A S  T V  P R O G R A M S  

L I V E "  A N D  U N I N T E R R U PT E D ,  

2 6 8  

fits. Other uses might include : instant 
inventory control on global basis, truck 
to truck military field communications, 
aircraft flight control, navigation and 
meteorology. 

Thus, a great deal rode on Syncom when 
it was launched on July 26, 1963. But in 
the year since, skepticism has all but 
evaporated. Syncom has transmitted the 
voices of thousands of people and other 
kinds of signals for over 2,500 hours . It · 
has set a record of more than twice the 
communication time logged by other 
satellite types. An almost incredible se
ries of space feats occurred, too. After 
arriving at launch altitude over the In
dian Ocean, Syncom was "walked" half
way around the world to a six-month 
stay over Brazil and recently was taken 

for another "walk" to its present position 
over the Pacific. 
These achievements helped bring the 
first truly global communications sys
tem closer to reality when the Commu
nications Satellite Corporation chose a 
S yncom-type s atell ite to b e  "Public 
Satellite # 1 ." Any American will be able 
to make a call via "Early Bird's" facili
ties .  It will almost double present trans
Atlantic telephone capacity; while being 
instantly ready to bring you historic TV 
programs from overseas. 
Hughes is also active in other areas of 
the technology. One of these - ground 
stations-can be available when needed. 
Hughes is now under contract to NASA 
to further extend man's knowledge of 
space with Advanced Technological 

S I M P L I C I T Y  OF T H E  S Y N C H R O N O U S  S A T E L L I T E  C O N C E PT I S  I l l U S T R AT E D .  

P O S I T I O N E D  A T  A N  A LT I T U D E  O F  2 2 , 3 0 0  M I L E S .  O N E  O P E R A T I N G  S Y N C O ". 

T Y P E  S AT E L L I T E  C A N  c a V E R  A T H I R D  O F  T H E  E A R T H .  

S Y N C O M  U N D E R G O I N G  C H E C K O U T  (R I G H T) B E FO R E  L A U N C H  A Y E A R  A G O .  

N O T O N E  O F  I T S  2 . 0 0 0  P A R T S  H A S  FA I L E O  - R E L I A B I L I T Y  W H I C H  H A S  

E N A B L E D  I T  T O  B R E A K  C O M M U N I C A T I O N S  S A T E L L I T E  R E C O R D S .  

Creating a n e w  world with electronics r - - - - - - - - - - - - - - - - - - ,  
I I : HUGHES : I I 
L _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  J 
H U G H E S  A I R C R A F T  C O M P A N Y  
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Satellites being built for NASA. One, a 
650 lb. "space lab" will further test the 
"gravity gradient" stabilizing principle. 
Such satellites could act like the moon 
- always presenting one face toward 
the earth. 

Satellites are just one of the advariced 
technologies in which Hughes plays a 
leading role. This work-devoted to dis
covering nature's secrets and making 
them serve in man's betterment-is help
ing create a new world with electronics. 

Engineers and scientists with interest in 
joining Hughes activities, are invited to 
inquire. Please write Mr. D. A. Bowdoin, 
Hughes Aircraft Company, Culver City 
5, California. Hughes is an equal 
opportunity employer. 
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* _ creative period of scientific discovery. HERMANN WEYL NORMAN STEENROD • � * Our list includes such seminal works as LUTHER PFAHLER SAMUEL ElLENBERG � 
:tt Albert Einstein's The Meaning of Rel-

A
J�i�N:���

ER �A��fi:�HITNEY 
*' 

� ativity, John von Neumann and Oskar DAVID VERNON WIDDER GORDON T. WHYBURN *' �:• � 
Morgenstern's Theory of Games and EDWARD J. McSHANE JOHN VON NEUMANN ft-:- ..... Economic Behavior, Martin Schwarz- CLAUDE CHEVALLEY AND OTHERS � 

... _ child's The Structure and Evolution 01 HARALD CRAMER MARSTON MORSE, ED. • ..... ,. S. BOCHNER A. W. TUCKER, ED. � ... 

� the Stars, and Chen Ning Yang's Ele- S. LEFSCHETZ * 
� 

mentary Particles. 
Related series: *' �.: � 

Advances in pure mathematics, and INVESTIGATIONS IN PHYSICS ft-:- ..... their applications in all science, are in- Robert Hofstadter and Eugene P. Wigner, editors � 

* _ dicated by the books listed above. HIGH SPEED AERODYNAMICS • � * AND JET PROPULSION � 

� RAND CORPORATION RESEARCH STUDIES � 

13 ��: ft w. � *Invented to dem onstrate Ne w to nian -...r \oIL. 
,. 5_ 

principles of astronomy, the Rittenhouse PRINCETON STUDIES IN MATHEMATICAL 
-_: � 

orrery at Princeton was damaged during ECONOMICS Oskar Morgenstern and * - the Revolutionary War, repaired in the • � * early 19th Century, and restored in 1952- H. W. Kuhn, editors � 

� 
53. It is now in the Firestone Library at Q L:...L-
Prin

.
ceto!l' Brooke H�ndle's biography, "JI DavId RIttenhouse, wdl be published in � �5 � 

October. (/17 /11/1 i/JI/M/1 UNIVERSITY fti � * - /W/UtlW/VPRESS · � * � 
� *' 
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UNUSUAL VALUES FOR STUDY OF 
MATH EMATICS 

IN THE MODERN WORLD 
Demonstrates basic analog com-

I��tt�g
uls��rc�g�.

-�i�r?SI�:. I���� 
ers, roots, log. operations, trIg 
problems, physicS formulae. elec

tricity and magnetism problems. Operates on 2 Oash
ligh t batteries. Electric meter and 3 potentiometers 
mounted on die-cut box. Answer Indicated on dial. 20'" 
long, 9'" wide. 2'" deep. 
Stock No. 70,341-S. . ............. 514.95 Postpaid 

NEW! CIRCULAR SLIDE RULE! 

POCKET SIZE-FAST-
EASY TO USE! 

Be a Math Whiz! New Circular 
Slide Rule multiplies, divides, 
figures fractions, percentages. 
squares, cubes, roots. propor
tions, circumferences, areas, re
tail prices, fuel consumption. 
Eliminates the confusions of or

dinary slidc rules. Priced far lower. Faster. easier to 
learn and use. Constructed of 2 aluminum discs with 
plastic indicator. 3H'" diameter. Directions included. 
Stock No. 30,336-5, . . . • . . . . . . . . . . .  ,.54.95 Postpaid 

SOLVE PROBLEMS! TELL FORTUNES! PLAY GAMES! 

NEW WORKING MODEL 
DIGITAL COMPUTER 

ACTUAL MINIATURE VERSION 
OF GIANT ELECTRON Ie 

BRAINS 

Fascinating new see-through model 
computer actually solves problems, 
teaches computer fundamentals. A!lds, subtracts, multi
plies. shUts. complements, cn,rrles, memorizes. counts, 
compar('s. sequences. Attractively colored, �gld plastic 
parts easily assembled, 12" x 3Mz" x 4*". Incl. step-by
step assembly diagrams, 32-page Instruct1ion book cover
ing operation. computer language (binary system). pro
gramming, problems and 15 experiments. 
Stock No. 70,683-5 ...... , ... , ........... 55.00 Ppd. 

TEACH THE LAWS OF PRO BABILITY 
WITH THIS ENLIGHTENING KIT 

Now a highly memorable way to 
demonstrate the laws ot proba
bility and chance. Roulette wheel. 
slot machine. and chuck-a-luck 
actually work. Heavy cardboard 
cutouts are used to form two 
pairs of over-size dice. A package 

of shot. ror probability board studies also 8uPI)lIed. D� 
tailed Instructions. suggestions plus blbHography. 

Demonstrated on "TV Continental Classroom." 
Stock No. 70,335-5. . .......... 54.00 Postpaid 

WOODEN SOLID PUZZLES 
12 Different puzzles that will 
stimulate your abll1ty to think 
and reason. Here is a fasci
nating assortment of wood 
puzzles that will provide hours 
or pleasure. Twelve dlfTerent 
puzzles. animals and geometric 
forms to take apart and reas
semble. give a chance for all 

the family. young and Old. to test skill. patience and, 
best of all. to stimulate ability to think and reason while 
having lots ot fun. Order yours now. Stock No. 10,205-5. . .... ,$3.00 Postpaid 

LOW.COST 27.PI ECE GEOMETRIC SOLIDS SET 

I t. ll 
ll··· ... ... · 
• -. l. 

r • • 

Attractive. 1I0lid orange. plastic mntcheJ 
@et of 27 miniature a:eometric pieces: 
includell basic solids. rea:ulor PQly
hedrons, prisms. conic8. 8pheroids. Jdeal 
80lid lII:eometry teaching aid for teachers 
with low budceh. limited storage space. 
Low cost permits each student to have 
his own set, Provides interesting back· 
ground And shadow effects for table 
top photographel1'l: invaluable to artists. 
mechanical drawing students: colorful. 
ornamental items for Icienee or knick· 
knack shelf. Made to take rugged 
p unishment. ApproJ:. �· t.o U" at wid
est dimensionll: }( to J.i oz. wgt. Com

plete ..... ith instruction! for computing areal! and volume�, d6finition� 
of each shape, �ulI:gest"d uses and I)rojeets. 
Stock No. 70,615_5 .. 54.50 Pos-tpaid 

MAil COUPON FOR FREE CATALOG' 
YOURS FREE FOR THE ASKING 

'Vrite today for completely new and 
enlarged 148 page catalog full of in
teresting optical and scientific items. 
Inciudt's a wide variety of optical parts 
(imported, war surplus) and hard to 
get items for the experimenter and 
hobbyist. Request cataLog "8". 
EDMUND SC IENTIFIC CO., 
Barrington, N.J. 

SEND NEW GIANT CATALOG "s" 
Nome .. 

Address .... 
City " .. ," "" ...... " ...... Zone .. . ", .. .stote ........... "" .. ".". 

19 DI FFERE N T  READ
I NGS AT A GL A N C E  

Startlin, scient"fie Rchievement, yet eom
pletely pmcticlll and functional. Designed for 
the space age by world renowned edenti�t. 
Dr. Athelstan SpilhaulI, Dean of Tech
nology, University of Minnesota. Hand

some conversation !lieee-constantly up-to-dllte encyclopedia of the sky. 

J��rs.
SIl\�h

n
ads

s �fthcde���c�f ���
y 

bh:����ttf��,
itcl�n�:�e, �i��s�ooS�t'��� 

aeum, display window, hotel, etc, I!nr&"e dial shows sun position, daily �un 
rise and lIet, moon Ilosition, moon rise and set, phase of moon, low lind high 
tide time, current stare of tide, day and month of year, current Jlo.�ition of 
stars in aky, time of etar rise and star set, rclatiollships of sun, moon ;lnd 
stars, sidereal or star time, Left dial showl! local time. Right dinl shows 
world time inciudillJ( mnior U,S. cit'es and Universal (Greenwich) time. 
Operate� on house current-require� only one Mimple set tin&" for any geo
&"taphic location. l\'Ieasurea 16'" high :'II: 11 J.1i'" wide :'II: 4;"'" deep. Presenta
tion plaques available. Complete satisfaction guaranteed or money rc' 
funded, 
Stock No. 1201-5 . ,Shp. Wt. 12 Ibs • . . 5175 F.O.B. (+ 55.00 F.E.T.) 

Bargain! 3" Astronomical Telescope 
See the stars, moon, phases or 
Venus, planets close up! 60 to 180 
power-famous M t. Palomar Re
flecting type. Unusual Buy! Equip
ped with Equatorial mount; finder 
telescope; hardwood tripod, In
cluded FREE: "STAR CHART": 
272-p a g e  " H A NDB O OK OF 
HEAVENS", "HOW TO USE 
YOUR TELESCOPE" book. 
Stock No. 85,050-5 ...... , , ..... , ...... S29.95 pstpd. 
47�" Reflecting Telescope-up to 255 Power, all
metal pedestal mount. 
Stock No. 85,105-5 ... 519.50 F.O.B. Barrington. N.J. 

Make Your Own Powerful Astronomical Telescope 
G R I N D  Y O U R  OWN 
A S T R O N O MI C A L  MI R· 
ROR. Kits contain mirror 
blank, tool. abrasives, di· 
agonal mirror and eye
piece lenses. You can build 
instruments ranging in value 

from 875.00 to hundreds of dollars. 

Stock No. D i am. Mirror Thickness 
70,003-S 4!4" % ... 
70,004-S S'" 1" 
70,005-S 8" 1 3/." 
70,008-S 10" 1 � ... 
70,007-S 12J,-2" 2Y. ... 

Price $ 7.50 
11.95 
19.50 

��:;� } 

ppd. 
ppd. 
ppd. 

f.o.b. 
B arr ington 

'FISH' WITH A WAR SURPLUS �. 
GIANT MAGNET 

Bring Up Under-Waler Treasures c_- . 
:;w

a�:ru� 1 rr�b�t�l:g��� l
o�:nPI�� �t�:�h�� .= .� 

your boat-retrieve outboard motors, - -

Hshlng tackle, anchors. other metal val u-
abies. Alnico V-Type Magnet has terriflc 
IHting power-2000 Gauss rating-lifts over 125 Ibs. ori 
land-more under water. Many Industrial uses, too; re
cover tools and parts from inaccessible spots, hold work 
In place, rid shop floors of metal fragments, pins, etc . 
Stock No. 70,571-S 5-lb. Magnet ......... , .... , ... $12.50 Pstpd. 
Stock No. 70,570-S 3J,-2-lb. L ifts 40 Ibs .... ........ $ 8.75 Pstpd. 
Stock No. 70.572-S 7Y2-lb. Lifts 150 Ibs.. ..$18.75 Pstpd. 
Stock No. 85,152-S 15%·lb. Magnet, 

lifts 350 Ibs.. . .$33.60 FOB 

TERRIFIC BUY! 
AMERICAN MADE! 

Up 10 3" Working Distance 
Wide 3-Dimensional Field 

Used in production, in research or at 
home: tor inspections, examinatiollfol, 
counting, checking, assembling, 2 sets 
of objectives on rotating turret. Stand
ard pair of wide field lOX Kellner eye 
pieces give you 23 power and 40 powcr 
clear, sharp erect lmage. Helical ra�k 
and pinion focusing. Interpupillary dIH" 
tance adjustable. So good we'll SH1P 
ON A JO-DA Y FREE TRIAL. 

Order Stock No. 85,056-5 . . . . . . . . . . • • . . . .  Iull price 599.50 F. O. B. 

OltDllt IJ' srOCIC HUMerR • SIHD CHICIC Olt IIIOHIY OltDIII. SATlS'ACTIOH GUAIIAHUID! 

EDMUND SCIENTIFIC CO., BARRINGTON, N. J. 
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TO MANAGERIAL ECONOMICS UNDER 

UNCERTAINTY. Robert Schlaifer. Mc
Graw-Hill Book Company, Inc., 1959. 

CONTROL THEORY 

ADAPTIVE CONTROL PROCESSES: A 
GUIDED TOUR. Richard Bellman. 
Princeton University Press, 1961. 

DYNAMIC PROGRAMMING IN CHEMICAL 

ENGINEERING AND PROCESS CONTROL. 

Sanford M. Roberts. Academic Press, 
1964. 

SELECTED PAPERS ON MATHEMATICAL 
TRENDS IN CONTROL THEORY. Edited 
by Richard Bellman and Robert 
Kalaba. Dover Publications, Inc., 
1964. 

COMPUTERS 

AUTOMATIC DIGITAL COMPUTERS. M. V. 
Wilkes. John Wiley & Sons, Inc., 
1956. 

A COLLECTION OF _MATHEMATICAL 

PROBLEMS. Stanislaw Ulam. John 
Wiley & Sons, Inc., 1960. 

THE COMPUTER AND THE BRAIN. John 
von Neumann. Yale University Press, 
1958. 

SELF-ORGANIZING SYSTEMS: PROCEED

INGS OF AN INTERDISCIPLINARY CON

FERENCE. Edited by Marshall C. Yo
vits and Scott Cameron. Pergamon 
Press, 1960. 

TEACHING COMBINATORIAL TRICKS TO 

A COMPUTER. D. H. Lehmer in Com
binatorial AnalysiS: Proceedings of 
Symposia in Applied Mathematics, 
Vol. 10, American Mathematical So
ciety, 1960. 

MATHEMATICAL GAMES 

HANDy-BOOK OF LITERARY CURIOSITIES. 

William S. Walsh. J. B. Lippincott 
Company, 1892. 

ODDITIES AND CURIOSITIES OF WORDS 

AND LITERATURE. C. C. Bombaugh. 
Dover Publications, Inc., 1961. 

PLAYING WITH WORDS. Joseph T. Ship
ley. Prentice-Hall, Inc., 1960. 

THE AMATEUR SCIENTIST 

THE LASER. A. Yariv and J. P. Gordon 
in Proceedings of the IEEE, Vol. 51, 
No. 1, pages 4-29; January, 1963. 

OPTICAL MASERS. Arthur L. Schawlow 
in Scientific American, Vol. 204, No. 
6, pages 52-61; June, 1961. 

PHOCEDURES IN EXPERIMENTAL PHYSICS. 

John Strong, Roger Hayward, H. Vic
tor Neher, Albert E. Whitford and 
C. Hawley Cartwright. I'rentice-Hall, 
Inc., 1938. 
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This Monroe calculator has a memory like a woman's 

DRESS BY DONALD BROOKS OF TOWNLEY. HAT BY .... OOLFO. IQ.213 CALCULATOR BY MONROE. PHOTOGRAPHED AT THE PALAZZO DELLA CIVILTA IN ROME BY HIRO. © 1964 

... it can recall information even you've forgotten. 

© 1964 SCIENTIFIC AMERICAN, INC



"If I have seen farther than Descartes, 

it is by standing on the shoulders of giants." 

Sir Isaac Newton 

"Giants" that help chemical research 

today are not all flesh and blood. 

Some are large and complex machines 

that can open new doorways for the 

imagination. 

For example, with certain types 

of computers we can make complex 

calculations at great speeds -

even forecast how a compound may 

behave before we make it. 

The main benefit of autom ated 

instrumentation, however, is more 

time for our researchers. More 

time to do the dreaming, thinking, and 

hard work that only a creati ve human 

being can accomplish. 

Allied Chemical Corporation 

61 Broadway, New York 6, N.Y. 

}\y,ied 
. �i�(]emical 

Divisions: 

Barrett • Fibers • General Chemical 

International · National Aniline 

Nitrogen • Plastics • Semel-Solvay 

Solvay Process · Union Texas Petroleum 

In Canada: 

Allied Chemical Canada, Ltd., Montreal 
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